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ubstaucc, at) (he basis in what relates to statics, dynam- 
and byilrostatics, although the matter is arranged 






lor t 



iv AdvertisemenL 

according to a different system ; and Gregory, with many 
changes and substitutions, has been principally used in 
that which is comprehended under hydrodynamics. 

This volume constitutes the first part of a course of 
Natural Philosophy. The next, containing Electricity 
and Magnetism, will be published in a few weeks. 

Cambridge, Sept 24, 1825. 



CONTENTS. 



FULIMINAET ReICABKS AND DEFINITIONS 



STATICS. 



Uniform Motion . . . • .IS 

Forces and the Quantity of Motion . • • l6 

Equilibrium between Forces directly opposite . • .18 

Compound Motion ..... 20 

Composition and Decomposition of Forces • • .25 
Moments and their Use in the Composition and Decomposition 

of Forces ...... 31 

Parallel Forces which act in different Planes . - .39 
Force:^j the Directions of which are neither in the same Plane 

nor parallel to each other .... 41 

Centre of Gravity . . . . . .44 

Application of the Principles of the Centre of Gravity to par' 

ticular Problems . . . . t 51 

Properties of the Centre of Gravity . . . -70 

General Principle of the Equilibrium of Bodies . 76 

D^Alemberfs Principle y and Concluding Deductions . . 77 
Application of the Principles of Equilibrium to the Machines 

usually denominated Mechanical Powers . . 80 

Rope Machine . . . . . .80 

Lever . . .... 91 

Pulley . . . . • . .103 

Wheel and Axle ...... 109 

Inclined Plane . . . . . .117 

Screw ....... 125 

Wedge . . . . . . .129 

General Law of Equilibrium in Machines 131 



ELEMENTARY TREATISE 



MECHANICS. 



Prtliminanf Remarks and Dffinitiotu. 

1. Mattkr has been variously defined by philoEophers, 
I some have even doubted whether we can be morally cei'lain 

•fits «xi$[encc. It is not our intention, nor does it belong to the 
nature of our subject, to enter into discussions of thi& hind. Re- 
lying solely upon experiment, we give the name of }rumer or bodif, 
lo whatever is capable of producing, through our organs, ccrtoin 
ipioaEc sensations; and the power of exciting in us these 
>, constitutes for us so many properties, by which we 
nlse ihc presence of bodies. But among these properties, 
f are absolutely esscniial in order lo our having a pcr- 
r eepUon of matter. These are txtfnsirrn and imptnttTohUily, of 
whkh llie sight and touch arc the iirsl judges. 

2. ']'hc character derived from extension is self-evident ; 
when we see or touch a body, this body, or, if you please, the 
power which it has of affecting us, resides in a certain portion of 
space. The place which it occupies is therefore delerminatcj 
and by this very circumstance it is extended. 

3. When we pass our hands over the surface of a body, we 
perceive that the matter of which it is composed, is without us; 
moreover, two distinct portions of mailer can never be made lo 
Mincide, or identify themselves, the one with the other, in such 

inner that the same alisolute points of space shall at the 
I tine fyic us the sensation of both. In this consisie the 
f of impenetrability. 



3 ^ Preliminary Re$narks. 

To show how this property, together with that of extension, 
is necessary to constitute a body, I will refer to familiar phenom* 
ena in which these properties are observed separately. 

If an object be placed before a concave mirror, there will be 
formed, at a certain distance from the mirror, an image of the 
object. This image, distinct from the parts of the space that 
surround it, is extended but not impenetrable. The hand may 
be thrust through it without experiencing the smallest resistance, 
and the parts that come in contact with the hand, vanish instead 
of being displaced. A piece of wood or stone does not admit of 
being thus penetrated. Jfloreover, by means of a second mirror 
properly disposed, an image of another object may be made to oc- 
cupy the same place with that of the first, without the latter being 
displaced, or in any way deranged. Indeed the same coincidence 
may be effected with a third, a fourth, or any number of images. 
These images are extended, but not impenetrable ; they Breforms^ 
but not sensible matter. I say sensible matter, for we shall see here- 
after that light which constitutes these images, is itself probably 
composed of material particles of an insensible tenuity, which 
move witl^nazing velocity, and only pass by each other in this , 
case at iimnense intervals, by which they are separated from 
each other. 

4. It is here proper to speak of certain phenomena which 
seem, at first sight, to be opposed to what we have laid down 
with regard to the impenetrability of matter, but which, ex- 
amined more attentively, only tend to confirm it. 

When a solid body is suffered to fall into any fluid, as water for 
example, it sinks and seems to penetrate the fluid ; but it in fact 
only separates and displaces the parts that compose it, for if the 
vessel containing the fluid be formed with a narrow neck toward 
the top, like a bottle, the fluid will be seen to rise as the 
body enters, and to a greater or less height, exactly in propor- 
tion to the size of the immersed body. What has taken place 
therefore, is only a division and separation of parts, and not 
strictly a penetration. The same may be said when an edged 
tool is forced into a block of wood, only the parts of the wood 
are separated with more difficulty than those of water. The same 
may be said also when a nail is driven into clay, lead, or gold, 
in which cases it only makes an opening sufficient for its admis- 
sion. Indeed the mass thus pierced is not entirely separated. 
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but the pans are nevertheless pressed and crouded logcthcr ; and 
if we examine ihose which surround the opening, caused by the 
nail, we shall liud sensible marks of ihis pressure. The nail in lis 
torn -may likewise be pierced by steel, and this again by other 
bodies. 

We hence infrr ihat bodies, even the most hard and compact, 
are not computed of matter absolutely continuous, but of parts 
aggregated logcthcr, and placed at distances, which, under the 
iniluGnce of external causes, may become greater or less. It 
is on this account that the dimensions of any given mass of mat- 

Iare capable of being increased by heal, or diminished by 
i, that the particles of salt admit of being separated and dis- 
mted, and as it were, lost among the particles of water ; that 
renry attaches itself to a piece of gold immersed in it, and in- 
ualea itself into the interior of this compact substance. These 
rtures and dissolutions sometimes lake pla«e without any ap- 
parent augmentation of bulk, this bulk being estimated according 
to the exterior surface of the bodies in question, without regard 
being had to the void spaces, sensible or insensible lo us, which 
may be found lo exist among their parl^. In all this there ts 
only separation and mixture without any actual penetration of 
m aterial particles. 
^^B This want of material continuity In bodies is known under 
^^^K general name of pnros-il^. and we call ports the interstices or 
^^Hopty spaces by which these panicles are separated from each 
^KltlM!r. Porosity seems to be a property common to all bodies, 
^^Bllhoiigu it docs not belong to the essence of matter, since we can 
^^Hooccive of sensible bodies which arc entirely destitute of void 

^1 ■ fi. TTitis admitting that bodies may bR considered as com- 
^^nMed of smaller parts which constitute their essence, wc may 
^^Ue Mked, what is the fonii and magnitude of these parts. As to 
^Hfte ua/^itude^ it should seem that it is extremely minute ; for 
^^^ whatever extent we carry the division, in the case of gold, 
^^^p example, by the processes of wire-drawing, filing, and beating, 
^^Hb icnatlest particles preserve invariably all the properties that 
^^^Hong lo the entire ma^s. Crystallized bodies reduced to an 
^^^KUM impalpable powder, u[>on being examined with a micro* 
^^^Bpe,arc found to exhibit the same forms and the name angle.% 
^^^Hell ehiiractcriKc ihc whole mass uf the crystal, Wc have 
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examples of a division carried to a still greater extent in odours, 
the sense being affected in this case by particles proceeding 
from the odoriferous body that are absolutely invisible and 
impalpable. From these few instances, and a thousand others 
that might be mentioned, it is evident that a body without chang- 
ing its character, without ceasing to be of the same identical 
nature with the largest masses that surround us, may be divided 
into parts, the smallness of which eludes the power of the senses, 
and almost that of the imagination. 

6. The question has been much discussed, whether matter 
by infinitely divisible ; but it is now pretty generally agreed 
that the dispute is about words. If the point in question relate 
to abstract geometrical divisibility, there can be no doubt of the 
truth of the afSrmative ; for however infinitely small we suppose 
a particle, from the very circumstance of its being extended, we 
can always conceyre this extent divided into two halves, and 
each of these into two others, and so on without end {Calc. 4). But 
if we mean by the question an actual physical divisibility, nothing 
can be decided absolutely one way or the other. It seems however 
by all we can learn, that we should at some stage of the division 
arrive at material particles which would not admit of being brok- 
en, or altered, or transmuted the one into the other ; for to what- 
ever chemical operation they are subjected, into whatever com- 
binations they are made to enter, however they may be brought 
to constitute a part of living beings, they always return to their 
former state, with their original properties unchanged. The 
infinite variety of processes of this kind through which the same 
material particles have been made to pass since the world was 
created, does not appear to have produced the smallest alteration. 

7. But how can such a system of particles exist collected 
together in the form of solid and resisting masses, as we sec they 
are in a great number of bodies, in all indeed when they are 
properly examined ? This state, as we shall see hereafter, is pro- 
duced and maintained by the natural powers with which all 
parts of matter are endued, and which cause them to tend to- 
ward each other, as it wtre hy an attraction. But if there existed 
only forces of this kind, the particles would continue to approach 
till they came into actual contact with each other, that is, until 
they were arrested by the impenetrability of their parts, which 
would not admit of the contraction and dilatation which are con- 
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standy observed in bodies. We accordingly infer that there is 
a general cause of interior repulsion in bodies, by which the 
ictire forces are continually balanced. This cause which 
ides in all bodies, seems to be refcrrible to the principle of 
It. The particles of each body, actuated at the same time 
by these two opposite forces, naturally put themselves in a state 
of equilibrium, resulting from a compensation of energies, and 
they approach and recede, according as the forces to which they 
arc exposed from without favor the attractive or repulsive 
principle. Ii is with lhe.se minute bodies as it is with the plan- 
four system, which are found to move and oscillate, as it 
orbits of variable forms and dimensions, without the 
lem being destroyed, or the general equilibrium being dis- 
1. Prom these di tic rent conditions of equilibrium arise, as 
shall see bercid^ier, all the secondary and changeable forms 
bodies, such, for example, as are denominated feriform, liquid, 
-Mod solid, crysiaUized, hard, elastic, &,c. 

8. In all the phenomena which present themselves, the 

panicles of matter act, or rather are acted upon, as if they were 

perfectly t'neri, that is, deprived of all power of self-direction. 

They can be moved, displaced, stopped, by causes foreign to 

ibemsclvcfi, but we never have been able to discover the least 

trace of any thing like choice or will proper lo the particles 

ihemscK'es. If the ball which rolls upon a billiard tabic in con- 

wt|uciicc of the impulse that is given to it, loses by little and 

Ubtlc its velocity, and at length comes to a stale of rest, it is 

■paUrcly the effect of the continual resistance that it meets with 

Hkioin the roughness of the cloth with which it comes in contact, 

BmI from the particles of the air through which it passes. Make 

Dbe cloth more smooth, or the air more rare, and the same impulse 

Bnmkl keep it longer ui motion ; substitute for the cloth a marble 

HU) highly polished, or a band of stretched wire, the elasticity 

Bf -which is still more perfect, and the ball would continue its 

Btotinn for a much longer time: from all which it is to be infer- 

nod, (hat if the obstacles were completely removed, there would 

Heifi diminution of the velocity fn-st communicated, and the 

Ipation would never cease. A stone thrown from the top of a 

HtvtT, and urged at the same time by the impulse of the hand 

■id by gravity, will come to the grotmd after proceeding a 

^Ktnio dutance, lo)>iiig at the same time its horizonial velocity, 

; it to the panicles of air against which it impiiigeH. 
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But let us suppose the air removed or annihilated, and the pro- 
jectile force (in the direction of a tanget), to be sufficient to carry 
the stone as far from the earth as gravity would cause it to 
descend each instant, and the stone would describe a circle 
round the earth, and if there were nothing to stop or obstruct it, 
it would thus continue to revolve without end. We have indeed 
this principle exemplified in the motion of the moon, which re- 
volves in a void about the earth ; we see moreover the same 
«jnewed, perpetual motion in the planets which pass in like man- 
ner through spnces destitute of all material resistance. We are 
hence lead to believe that matter is incapable of effecting any 
change in itself, either with respect to motion or rest, and once 
put into either of these states, it would continue in this state so 
long as it should remain undisturbed by any cause foreign to itself. 
This indifference to motion and rest, this want of all power of 
self-direction, has obtained the name of inertia. There is one 
class of bodies, however, that seem to form an exception to this 
law of matter. It comprehends those which we call animated^ 
which put themselves in motion or stop themselves by an act of 
the will ; but even in these the material elements which consti- 
tute their parts or members, and these members themselves, are 
perfectly inert. It is their union or combination that possesses 
the quality of life. Separated, they have no longer this power, 
but return to the condition of ordinary matter. We are entirely 
in the dark with regard to the cause of this remarkable difference 
in the bodies that surround us. As to what constitutes a state of 
life, we can pretend to no knowledge whatever. But seeing 
matter under all other circumstances destitute of the power of 
self-direction, and knowing also that in living beings it loses this 
faculty by death and by sleep, we are led to regard it as foreign 
to the essence of matter, and to consider the volition of animated 
beings, a> the act of an immaterial principle which resides within 
them. We are unable to say in what part this principle is seat- 
ed, or in what it consists, and still less how, being immaterial, it 
is capable of acting upon matter ; but with the little attention 
that we have paid to ourselves and to the objects about us, 
these obscurities, unfortunately too common, in which our imper- 
fect knowledge has left us, ought not to be made the grounds of 
an objection against the essence of things with which we must be 
contented to remain unacquainted. So that we here proceed philo- 
sophically, according to the rule adopted in other cases, by 
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bringing togetber things (hat arc analogous, and making the 
motion of aiumatcd beings to depend upon a cause foreign 
to tnattcr ; matter being found inert under all other circumr 
stances in whicb wc have been able to examine it. Another rea- 
son is given in the schools of philosophy for attributing sponta- 
neous DioiioD lo an immaterial principle; naniclj, that the will, 
by the verjf nature of its acts, can proceed only from a simple 
being, and that consequently it cannot belong to a substance 
essentially compounded, or at least divisible and decomposable, 
hice mailer; bill this metaphysical argument would carry us too 
&r from our suljjrei. Wc content ourselves with merely sug- 
ge^ng it; for all experimenial purposes, it will be sutTicienl to 
conuder the immateriality of the principle of volition as a di^ 
-.Jipction founded upon analogy, and the inertia of matter as a 
J property in the actual slate of the world. 

9. Wc are moreover made acijuainted by experiment ^ith 
ferrrnl other properties of raniicr which are also acciden- 
tal, that is, which seem not to be absolutely necessary in 
order that material bodies may manifest themselves to our sens* 

Kbat Ihc co-exiatence of which with the primitive conditions of 
)erial[iy is important to be known, since it supplies the want of 
rr evidence, in a great number of cases in which the essential 
properties do not admit of being recognised. Such, for example, 
i>prwp'^y. Among natural bodies which we can see and touch, 
nooc ift to be found which is not heavy, that is, which does not 
lend to fall toward the centre of the earth when left to itself; 
and since ihtjse proiwrties arc always found to accompany each 
Bthrr, the presence of the one is with respect to us always a 
«ul5ci<^nt ground to Infer tlie existence of the other. Thus, al- 
though wc ctin neither see nor touch the air, as we can see and 
|.l0Ucb olbrr boflies, still wc believe it to be a mateHal substance, 
i heavy, capable of being confined in vessels and of 
bibitbg other phenomena, all similar lo those which belong to 
keavy fluid. A careful examination of these properties teach- 
|it» »l length that there are airs of very different kinds, which 
fe all M many substances differing essentially from each other 
% Ihe action which Uiey arc capable of exerting on other bodies, 
i which is exerted in turn upon them by these bodies. 

10. Monotcr atlTOC-livn is one of those contingent properties 
h supplies what is wanting in (he evidence furnished by the 
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immediate testimony gf the senses. 1 have said that the particlesof 
all known bodies exert upon one another attractive and i^puisivoi 
forces. On the other hand when we can demonstrate the exis- 
tence of these forces in an unknown principle, we infer that this 
principle is material. Thus, light is not tangible, it is not, so far 
as we can perceive, extended ; it has no weight, or at least none 
capable of being appreciated by our balances. It is so subtle as to 
elude all the ordinary methods by which matter manifests itself 
to the senses. But by causing it to pass through transparent 
bodies, as glass, water, &:c., it deviates from a direct course in its 
passage, and is bent precisely as if It were repelled by a force 
proceeding from the surface, and attracted on the other hand 
within by the particles which compose the transparent body. 
We know also that it employs a certain time, very short indeed, but 
yet capable of being estimated, in passing from luminous bodies 
to us. In fine, by subjecting rays of light to certain tests, we 
find that transparent bodies attract and repel them diU'erently 
on certain sides from what they do on others. From these prop- 
erties, taken together, we are led to conclude that light is a ma- 
terial substance, composed of particles extremely small, the form. 
of which is symmetrical on certain faces, which are susceptible 
of particular attractions and repulsions, and which move in free 
space, and through transparent bodies, with a given and deter- 
minable velocity. 

11. There are still other principles which act upon material 
bodies without being either visible or tangible, or susceptible 
of being weighed by our balances, which even present much 
fewer indications of materiality than light, and which not- 
withstanding are believed to be material substances. Such 
is the unknown principle of cleclridltf. Nothing absolutely ma- 
terial has yet been detected in the cause of electrical phenomena, 
nothing indeed which does not admit of being explained without 
the supposition of matter. Still in its distribution over bodies, 
in its passage from one to the other through the obstacles which 
separate them, this principle acts in a manner so exactly con- 
formable to the laws of et[uilibrium and motion which belong to 
fluid substances, that we can on this hypothesis calculate with 
the utmost precision, and in all their details, the phenomena that 
are to take place tmder given circumstances. It seems extreme- 
ly probable, therefore, that the principle in question is a flu- 
id, and thai it is accordin^lv material. The same reasoning 
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isppUcflble to the principle of mt^ntUtm, which manifests itsrlt* 
p Mveral metaU. 

12. We have still less evidence of any thing material in the 
ciple of Ami. Not only does it want, like the preceding, the 

itiible properties bj which matter is characterized, but the 
of its motion and equilibrium, not being completely known, 
a^inol arrive at the same probable conclusion in this case as 
ptiie former. By following it however in our experiments, we find 
ini il did^iies itself in bodies, passes from one to another, modifies 
t dliposition, the distances, and atlracUve properties of their 
icle*. But all this does not prove incomes libly, that the 
cip]« in qucBtion is itself a body. The strongest argument 
ivor of its materiality is derived perhaps from certain anal- 
h lately discovered, between the radiant properties of heat 
i those of iifjht, which lead us to believe that one of these 
iri)ilc9 may change itself gradually into the other, that 
^ they may acquire and lose successively the modifications 
' which ihcy are respectively distinguished. The develope- 
Knt of these analogies furnishes a most important subject of ins- 
Veligation. 

13, ll wilt be perceived from what has been said, that all 
bodies of a sensible magnitude, the maleriaiiiy of which can be 
imiDcdlately determined, consist in the grouping together of a 
■luhiiude of material particles of eztrpme minuteness, in which 

a the mode of aggregation is the only circumstance 
t consdiutes a body solid, liquid, or gaseous. There are 
■over Btrong reasons for believing, as we have seen, that these 
» arc inert masses, incapable from any inherent power 
r own, of modifying themselves, and susceptible only of 
f obeying causes from without ; whether this want of choice and 
Jf-dtrectJon is, in fact, as observation seems lo prove, a general 
d eauential cbarac [eristic of matter, or whether we so regard 
k ioteUcciiially for the purpose merely of considering by the m- 
i those properties which remain to matter, after it is depriv- 
ihis. Now material particles being considered as in this 
i, there will hence arise, in the phenomena which their 
I presents, certain necessary conditions, which are 
all bodies, independently of the chemical nature 
^^consiituenl ports, being the simple consequences of 
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their materiality. Such are the general laws of equilibrium and 
motion, which are deduced indeed mathematicallj from the sin" 
gle property of inertia. 

14. We have already used the words rest^ motion, andforce^ 
as making a part of ordinary language. It now becomes neees- 
sary to fix their meaning with precision. We begin with defin- 
ing the place in which the phenomena under consideration are 
supposed to occur. In order to this let us conceive of space 
without bounds, immaterial, immoveable, and of which all the 
parts, similar among themselves, are capable of being penetrated 
by matter without opposing the smallest resistance. Whether 
space in this sense exist in nature or not, is of little consequence ; 
the definition presents to us merely an abstract extension. Now 
imagine in this space the particles of which we have been 
speaking, the material elements of bodies, and let us first consider 
with respect to them the mere circumstance of their existence. 
This simple fact will be capable of two distinct modifications; it 
Oiay be that the same particle shall remain without change in its 
actual place, or that by the influence of external causes it shall ^ 
leave its place to pass to some other part of space. The first 
of these states constitutes absolute rest^ and the second motion* 

15. But we can conceive further, that two or several particles 
are displaced at the same time, and impressed with a common 
motion, preserving with regard to one another their respective 
positions. Then if we consider them with reference to immove- 
able space, they will actually be in absolute motion; but if we 
consider them simply in their mutual relations to one another, 
these will continue the same as if the whole group had remained 
at rest ; and if there were upon one of these particles an intelli- 
gent being who should observe all the others, it would be impos- 
sible for him to decide from this observation ^one, whether the 
whole system were in motion or not. The permanence of these 
relations in the midst of a common motion, is what we understand 

' by relative rest. This will be the condition of a number of bod- 
ies placed in a boat and abandoned to the course of a smooth 
stream. This is indeed the condition of all the bodies about us so 
long as they remain fixed to the same point of the terrestrial 
surface. They are at rest among themselves ; but the earth 
which turns daily on its axis, impresses upon them a common 
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molton, and at the same lime bears them ail together in its orbit 
rouitd the sun, which pcrhapii in ils turn carri^^ the earth and 
ihe whole system of planets toward some distant constellation. 
ReU'ive rest, thererore, is really the only kind of rest which can 
:tiially lake place among (he objects to which our attention is di- 
eted. It is at least all that we can ever be certain of observing. 

16. We are hence led to make a similar distinction with 
t to motion, and to separate the absohlf motimui of.bodies, 

tsidered wilh reference lo immoveable space, from the relative 

3 of po»iiiori which may happen among ihem. These last 

efore may be called relalive moliims, whether ihat body of 

B system to which they are referred, be itself in motion or al 

The changes of place, for example, among the heavenly 

•d'wi, which we obsen-e from ihe surface of ihe earth, arc not 

wluiebut relative motions, because the earth to which we 

fer them, as a tized centre, has actually a motion of rotation 

s and a progressive motion about the sun. Even when _ 
f calculation we have inferred from these observations the ac- 

I modons of the heavenly bodies as they would appear, if 

II fram the sun, we cannot alfirm positively that these arc 
oJntc motions, since it may be that the sun and the whole 

Uictary system have a common motion in space. 

17. According to the idea of inertia which wc derive from 
ncDcr, we must regard the state of motion and that of rest, 
mpte accidents of matter, which it is incapable of imparting 

t itwif, and which it can only receive from without, and which 
■ received, it cannot alter. When therefore we see a 
body pa&sing from one of these states to the other, we must re- 
gard this change as produced and determined by the action of 
external causes. These causes, whatever they may be, arc 
denominated /orcM. Nature presents us wilh an infmilo number 
i>f them which arc al least in appearance of dill'crcnt kinds. 
Such are Ihe forces produced by the muscles and organs of liv- 
ing animals, the cxerciae of which, for the most part, depends 
*olcly oa the will. Such are also the forces of physical agents, 
a* the cipaitsion of bodies by heal, and their contraction by 
L&c. Thcrt^ are moreover others which seem to be inhe- 
I ID coruiin bodies, as the attraction of the magnet for iron, 
ll tbai which is manifested among: ciccti'iricd hodie;. 
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From the very nature of matter as thus presented to our con* 
sideration, it will be seen that a body once put inio a state ofmo^ 
tion or rest^ by any cause whatever, must continue in that state forerh 
er, if no new cause is made to act upon it. If it cannot give itself 
motion when at rest, it canhot stop itself when in motion, for this 
would be equivalent to giving itself motion in the opposite direc- 
tion; neither can it change its velocity or direction, for this 
would equally imply a new force. Thus, motion is naturcUlif 
equal or uniform and rectilinearm 

18. When several forces are applied at the same time to a 
body, they are mutually modified by the connexion which exists 
among the different parts of the body, and which prevents each 
from taking th,e motion which the force exerted upon it tends to 
produce. If these forces happen entirely to destroy each other, 
so that the body remains at rest, we say that the forces are in 
equilibrium, or that the body is in equilibrium, under the action 
of these forces. 

19. Mechanics is the Science which treats of the equilibrium 
and motion of bodies. That part, the object of which is to dis* 
cover the conditions of equilibrium, is called statics.* We give the 
name of dynamics^ to the other part which has for its object to 
determine the motion which a body takes, when the forces ap- 
plied to it are not in equilibrium. The general laws of statics 
and dynamics are applicable to fluids ; but on account of the 
peculiar difficulty attending the consideration of tbk class of 
bodies we are accustomed to treat them separately. That part 
of .the mechanics of fluids which relates to their eqilibrium is 
called hydrostatics^l and that which comprehends their motions, 
hydrodynamics.^ 

20. In our inquiries on these subjects, we first proceed upon 
the supposition that there are no other bodies, and no other forces, 
in nature, except those under consideration. Thus all bodies 
are supposed to be destitute of weight, and free from friction, 
resistance, and obstructions of every kind. Regard is afterwards 
had to these causes ; but to estimate their effects, it is necessary 
to begin by investigating each point separately. 



♦ From iTTHfii^ I stand. tFrom hinfin, ptrwer. 

I From Ci0p, water, and iTtnfM, § From i^0f and i'lnufu^. 



STATICS. 



Of Uniform Motion. 



91. A body is said to have a uniform motion when it passes 

lally over the same space in the same time. 
In order lo compare the motions of two Ixidiea which move 
Vttu&Minl}', it is necessarj lo consider the space i^hich eacli des- 
cribes to the same determiti&te time, as one minute, one second, 
tc This space is what is called the velodty of the body. 

^^ Sa. The voiociiy of a body therefore is, properly speaking, 
^Hty (he Apace which this body is capable of describing uniform- 
^^in the interval of time which we take for unity. 

Thus in the uniform motion of two bodies, the time being 
reckoned in seconds, if one passes over five feel in a second, and 
e other six feet in a second, we say that the velocity of the 
C is fire feet, and that of (he seccmd six feet. 

|^33. But if, the second being always taken as the unit of time, 
a loM that a body passes over 100 feet in 5 seconds, 100 feet 
K not express the velocity, since this space is not thai which 
mors to the unit of time, a second ; but it will be perceived, 
t in cnch second It would pass over a fifth part of ihis 100 
I, er ^ feci ; that is, in order to find ihc volocity, I divide the 
nber 100, the paru of the space passed over, by 5, the niim- 
if units in the elapsed time. Hence universally, tlu velocity U 
f fo Iht rpatr dividtd by the limr ; for it is clear, that if we 
; the whole space into as many equal parts, as (here arc 
;hc liuie elapsed, ench pari will lie the spacj described 
lilts unit of lime, and will conseijiienlly be the velocity 
a onr definition. Thu» culling v the velocity and t 
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the space. passed oyer in any portion of time denoted by <, we 
shall have 

this is one of the fundamental principles of mechanics. 

24. The equation r = —, gives not only the measure of the 

velocity, but also that of the time and space. Indeed if we con- 
sidered t and s as unknown quantities successively, we shall 
have, by the common rules of algebra, 

Thus, to find the time me divide the space by the velocity ; andj to find 
the space we multiply the velocity by the time. 

If, for exan^le, it is asked what time is required to describe 
300 feet, when the body in question has a uniform velocity of S 
feet in a second ; it is evident that it would require as many sec- 
onds as there are 5 feet in 200 feet ; that is, we should have the 
time sought, or the number of seconds, by dividing the space 900 
by the velocity 5 ; we shall find for the answer 40 seconds ; or, 
in other words, a number of seconds equal to the quotient arising 
from dividing the space by the time. 

In like manner, if it is asked what space would be described 
in 20 seconds by a body moving with a constant velocity of 5 
feet in a second ; it is manifest that it would describe 20 times 5 
feet ; that is, it is necessary in this case to multiply the velocity 
by the time. 

Thus, although we have here employed algebraic characters, 
it is not because they are necessary to the investigation of these 
fundamental truths, but because, by means of them, the proposi- 
tions, and their dependence, the one upon the other, are more con- 
cisely expressed, and more easily remembered. Indeed it will 
be seen by the above example, that the first principle, expressed 
algebraically, being once fixed in the mind, the two others are 
readily deduced from it by the most familiar rules. 

25. It will be easy now to compare the uniform motions of 
two. or of a greater number of bodies. If it is asked, for exam- 
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pie, what is the ratio of the velocities of two bodies which des- 
cribe the known spaces », s% in the times /, f respectively ; by call- 
ing r, 1/3 the velocities of these two bodies respectively, we shall 
have 

» = y, and ^' = -^, 
whence 

that is, Uu velocities are as the spaces divided by the times. 

In a word, if it is proposed to compare the velocities, the spaces, 
or the times, the principle above laid down, will give the express- 
ion for each of these particulars with respect to each body ; we 
have therefore only to compare together these expressions. For 
example, if we would compare the spaces, the fundamental prop- 
osition V = --^, gives # = V / ; we have in like manner for the 

second body / = v' l' ; whence 

8 : s' I : vt : v' fj 
that is, the spaces are as the velocities multiplied hy the times. 

26. Of these three things, namely, the space, time, and velocity, 
if we would compare two together, when the third is the same 
for each body, we have only to deduce from the same funda- 
mental theorem, the expression for this third particular, with 
respect to each body, and to put these two expressions equal 
to each other. If, for example, we would know the ratio of 
die spaces when the velocities are the same, we should have 



* = 



= J, and i''=y5 2». 

whence, since by supposition v = v\ we have — = — 7 , and ac- 
cordingly 

that is, the velocities being equal^ the spaces are as the times. It will 
be found in like manner that, the times being equal^ the spaces arc as 
the velocities ; and that the spaces being equaly the velocities must be 
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inverselif as the times. Indeed we have in this last case t s= « /^ 
and / = 9 i' ; from which we obtain, when s s #', 

V : v' : : t' : t. 

Thus the single proposition v = •-- furnishes the means of compar- 
ing all the circumstances of uniform motion. 

Of Forces and the Quantity of Motion. 

97. The sum of the material parts of which a body coif- 
sists, is called its mass ; but in the use we shall nmke of the 
word is to be understood the number of material parts of which 
the body is composed* 

Force, as we have said, is the cause which either moves or 
tends to move a body. 

As forces interest us only by their effects, it is by the effects 
of which they are capable, that we are to measure them. Now the 
effect of a force is to cause in each particle of a body a certain 
velocity. Accordingly, if all the parts receive the same velocity, 
as is here supposed, the effect of the moving cause has for its 
measure the velocity multiplied by the number of material parts 
contained in the body, that is, by the mas^. Therefore, aforu 
is measured by the velocity vJkich it is capokle qf iny^ressing upon « 
known mass multiplied by this mass. 

28. The product of the mass of a body by its velocity is call- 
ed the quantity of motion of this body. Forces are therefore measure 
edby the quantities of motion which they are capable of producing 
respectively. Thus, if we designate the above product by/i, the 
mass by t?i, and the velocity by d, we shall have p = m v. This 

Lion gives r — — '*"'' — — -2_ 
that, 

1. The mooing force of a body and its mass being knowny we 
shall find the velocity by dividing the mofoing force by the mass ; 

2. The moving foru and the velocity being knovm^ we shall find 
the mass belonging to this velodh/ and moving forct, by dividing the 
moving force by the velocity ; 



equation gives v = -^, and m == -£-; from which it will be seen 
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Uniform Motion. 
A. // the moving forcrs are equal, the vcloc 



,d, a 



The truth of these propositions is easily sboivii hy pu| 
successively the value of m equal to ni', ihiU of v ecjuW 
antl that of ;i equal to ^ ; the equations thus obtained, redutM 

cd and convened into proportions, form (he several propositioDi 

above stated. 
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^H Remark. 

^[ 30. The mass or number of niaierial parts of a body, de- 
peods upon i!s bulk or volume, and what is called its f^imiV^, that 
ts, the p-eater or less degree of closcuess or proximity among 
Its partklrs. As all bodies have more or less of void space 
ifatn ihcm, their quantities of matter are not proportional t 
r bulks ; since, under the same bulk, the quantity of mattaj 
^greater according as the parts arc more crouded and con^V 
pri'ssed together. A body is said (o be more deiue than anoth- 
er, when under the same bulk it has more matter -, and on the 
^^llier hand to be more rare than another, when under the s 
^^Uk it has less matter. 

^V Accordingly, by means of the density of a body, we arc able,4 
wbra the bulk is known, to judge of the number of material parts 
whkb compofe it \ so that the density may be considered 
M Kpreccnting the number of material parts in a given bulk. 
wc say that gold is 19 limes as dense as water, we meai 
gold contains 19 times as many parts in the same spacf 

By eotisidering density as expressing the number of materii 

rtsnf a determinate bulk, taken as the umf ofbulk, it is evided 

It in onlcr to find the mass, or total number of material par^ 

8 body whose bulk is known, we should t^imply multiply ttij 

lily l-y the bulk. If, for example, ihe dent^ity of h 

of gold be re pre sen ti d by 19, the quantity of mailer cof 

led in 10 cubic in-hes woidd be 10 limes 19. 1 hus, des 

ihc mass by nt, the bulk by b, and the density by o, 1 

bavc 

m = h X 0. 






U bcnce be easy lo compa 
ft ibe ilcDsitics of bodies. 
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e together ihe masses, the bulk 
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^'Mft^\'t^r% as ihe particles of matter of whatever kind tend bj 
*W Iforw trf jmvity to move with the same velocity, or exert the 
^cMUM" i^^^i^v^r^ thr combined action arising from this cause will be 
I'^^^smhk^waI to the number of psrticles ; that is, the weight of a 
Uh^y U ;i^s it* iW<it\\ other things being the same. The relative 
M^i^^hl^ \x|' th^ diAVrtMU kiiuis of matter under equal bulks, are 
V^IK^) iKc s>yi(^^A* jfnn^Xr^ of the bodies respectively, the weight 
\vf ^HUV \^:Atl^r^ iu » vacuunYi. at a particular temperature, being 
U^Jkcn nAx thl^ uiut* Thus^ if a cubic inch, a cubic foot, &c., of 
5^^1\l kv \i^ Uttfc^ h^xk^r than the same bulk of water, under the 
v^u^-^ s u\Hji«i^;j^Kni^ as lo temperature, tc^ the specific gravity 
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A\s \\v xilMtt rc^W^jsirtil JUcv^^Ss a:?^ we have said, by their ef- 
»Vv -V vhvU Kv t^v ^Ik^ \(<jUMfcUlK^ ^^ iHMioQ wUch they are capable 
sv| i^xstusa^ iv^svtiw^ in jJ^ AfWrmioate mass. But not to 
vmKi^KV ^v^ ttKM^^Y v^\ts j^t «H>r* we shall consider each nass^ 
\vik UKi>> .i.\ vvJwW Vv^ * 5iitt^ point, at which we suppose the 
v\u4v Niw%MU^\^\ v4 DfcMHvr ^ b ^ body of which it takes the 
^vh^v\ WvvSv^U \w k^sr^sjJibrr that there is in fact in every 
issl,\ i^ ^s«aui vKivM^h ^kuck molion is transmitted as if the whole 
uv vxx Nsv^v N vNt>s vwtiMlvU tker^ We shall, moreover, unless the 
svKUU«M \ vx V v^^^^>^^ ;ji|^h^ consider bodies as composed of 
|vu4K K\\ >^U\sJlmv^\ Kw\l^5«icl connected together in such a man- 
us^' 'Vt M\M ^N^ >Avtuut K^f ^tvjr change in their respective situations 
>\\ vbv^ ^s iKvk^ v4 W^v IkMrcif whatever. 

^U^ ThU Uhi^ jMTWiked, let us suppose two bodies m^n^ 
\\^ W j^Mi iu UHUHviK the first from A toward C, with a ve- 
^ l\H il^v ^x iU\^ *^AWvU tV\Utt C toward ji with a velocity v. When 
lluvM^ UkI c vv^^^;^ 10 ttieet, they will be in equilibrium, if the 
i|vuuuu Y ixf lUolHM^ iu «« is equal to the quantity of motion in n j 
that lis it* M4 u U cquul to n v* 

ImU^eU it U evident, that if m is equal to n, and the velocity 
14 is oqual to \\ there must be an equilibrium ; for in this case, 
whatever reason there may be for supposing m to prevail over 
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^gbl also be given far supposing n to prcvml over m, sinci 
i by hypuihesis iii all respecis equal. 

\ 33. Lci us suppose noA, that m is double of n, but that j 
|(|he saiue time ik double of u, that is, that n passes over I« 
lei, for example, in a second, while m passes over one foot in I 
nod. It is clear that we may consider m as composed of t;^ 
s e<]ual «ach (o n; and that at the instant of meeting, 1 
mj rcprestni the body n as having a velocity of one foot in 
WQtl, to which is added at the same instant, another velocity A 
e foot in a second. Wc may then conceive, that in a 
the mass n expends one of its velocities against a portion of I 
mass m etjual to itself, and its other velocity against the remaJ 
tng portion of »i of the same magnitude. 

If now, instead of supposing the masses m and n in the ratio 
of 2 lo 1, and their velocities in the ratio of 1 to 2, we suppose 
ihcm in any other ratio, it is evident that we may alwa 
ciive the greater mass as decomposed into a certain number d 
portions e<jiial each lo the smaller, and of which each shall da 
KT *" **** smaller, a velocity equal to its own. We may thepi 
ecoasidcr the following proposition as established. 

t badiu which act directly against each other in I, 
ighi linf. arc in equilibrium wlun their 'luaitliiits of motion a 
; thai is, when ihc product of the mass of the one into tn 
►city with which it moves, or lends to move, is equal to the 
hjct of ihe mass of the other into its actual or virtual velociiy. 

! This proposition is lo be regarded as general, whether the 
ft bodies move freely and directly the one against the othai 
irhclher they act against each other by ihc intervention of i 
I inflexible and without mass, or whether they arc considere 
■ polling ill opposite directions by means of a thread m n incaj 
■.Vile of being extended. And reciprocally, if two bodies are jf 
«|uiUbrhim, we may conclude that their moiions are direcds 
Mite, and that their quantities of motion are equal. 

\ 34. We infer, moreover, that if three or a greater number o 

> im, It, o, &C., movmg, or tending to move, in the same pig z ' 
^t Udc, with velocities u, v^w, &c.. are in equilibrium, the sum 
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of the quantities of fnotion of those which act in one direction is 
equal to the sum of the quantities of motion of those which act 
in the opposite direction. For, they being in equilibrium, we 
may always suppose that, m and n acting in the same direction, 
n destroys a part of the motion of o, and that m destroys the 
remaining part. Now if we represent by x the velocity that o 
loses by the action of n, we shall have o x, for the quantity of 
motion destroyed by the action of n ; we have accordingly 

n T) = x* 
The body wi, therefore, will have only to destroy in o the remain- 
ing quantity, namely, ow — ox; we liave consequently 

mu =^0 w — ox; 
or since o x = n v^ 

mu =: w — ni), 
that is,^ 

mu + nv ss ow. 

Of Compound Motion. 

35. We still consider the masses to which the forces under 
consideration are applied, as concentrated each in a point* 

We call compound motion that which takes place in a body, 
when lu-ged at the same time by two or more forces having any 
given direction with each other. 

Fig. 3. If a body m moving in the line CJ5, receive upon arriving 
at the point •/?, an impulse in the direction AD, perpendicular 
to C£, this impulse can produce no other effect, except that of 
removing the body from CB. It can neither augment nor dimin- 
ish the velocity with which, at the time of receiving the impulse, it 
was departing from AD. Indeed, since AD is perpendicular to 
CB, there is no reason why a force acting in the direction AD 
should produce an effect to the right, rather than to the left, of 
this line, and as it cannot act in both these directions at once, 
it can have no influence either way. 

The same reasoning will hold true, if we suppose that th^ 
body m, moving in the line AD^ receives, upon arriving at A^ an 
impulse in the direction AB» This impulse will neither add to nor 
take from the velocity with which the body m was departing 
from AB. 
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36. 1/ tmo forfr' p and (j, the dirtclions of which are at^^i*- 
righl angUs to rach other, acl at the sume hutani upon a body m, and 
Aeforc£ q w tucti as by its "o/r and hwlantanetnis aflion to caxae the 
body toptut mtr AB in a dtlemtinatt lime, as otu second, and ti't 
/«Tti p w mch a> In cause tkr tody to pags over AD in the tome lime^ 
■w tiry that In/ the joint action of the hnoforcrs, q and p, tht body m 
vUl in tht route time pasx mier the diagonal AE, of ibt pantile lograin, 
DABE, t^ich hat for ita tida these same lines, AB, AD. 



Since the two forces act at ihe same instant upon the given 

kIj, nr waay suppose it moving in the line AD, and that at (he 

inetant of its arriving at the point A, it receives the force q in a 

ilin-clion perpendicular to AD. Now according to article 35 

iiic force q can neither increase nor diminish the velocity with 

^^jrhich it was at this moment departing from AB; if, therefore, 

^nkroiigb ihc point D we dratv DE parallel to AB, the tM>dy must 

^Ultlteetitl of a second be somewhere in ibc line D E, all parts of 

^Kvhicb are equally distant from^iJ. 

^V The same reasoning may be adopted with regard to the 
^^brce q, liy which it will be seen, thai if through the point B, we 
draw BE (jamllel to AD, the body must at the end of a second be 
ioniewhere in BE, But there is only the point E which is at Ihe 
same lime in DE and BE ; therefore at the end of a second the 
body will be in £. 

It is also evident, that whatever course the body takes, 
by ihc ifi-'tlanlaneous action of the forces, this course must be 
a straight line since, from the instant that the forces are ex- ^ 
fried, the body is abandoned to itself, and there is no catise 
to JDcEinc it one way rather than another. Accordingly, as this 
body passes through A and E, and without any thing to change its 
direciiun, the course must be AE, that is, the diagonal of the 
parallelogram DABE. 

Wc will add moreover, that the body describes AE with a 
Tiifcirm motion, since after the joint action of the two foi-ces, it 
- lefl equally without any cause to alter its rate of moving. i 

37, Since the two forces p and. q, acting simultaneously upon 
'.•-body m, have no other cflccl than to make it describe the 
I <9)ual ,1E, vif infer, that instead of two forces whose directions 
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are at right angles to each other, we may always substitute a 
single one, provided that this single one is such as to cause the 
body to describe the diagonal of a right-angled parallelogram^ 
the sides of which would be described in the same time, each 
separately, by the action of the force of which it represents the 
direction* 

The single force AE^ which results from the action of the 
two forces AB^ AD^ is called the resultant of these two forces* 
As the lines AB^ AD, represent the effects which the forces q and 
p are singly capable of producing, and AE the effect which they 
are able to produce conjointly, we may regard AB^ AD^ AE^ as 
representing these forces themselves. 

We may thus consider any single force AE^ as being the result 
of two other forces AB^ AD^ the directions of which are at right 
angles to each other, provided that, the first being represented by 
the diagonal AE^ the others are represented by the sides AB, 
AD^ of this same right-angled parallelogram* For the single force 
•4JS, therefore we may substitute the two forces AB^ AD^ since 
these two will in fact only produce AE. 

38. In general, whateoer be the angk formed by the directions of 
Fig.5,6. the two forces p and q which act at the same time upon a body m, this 
body will still describe the diagonal AE, of the parallelogram DA 
BE, the sides of which represent^ in the directions of the forces^ the 
effects which they are separately capable of producing ; and the body 
will describe this diagonal in the same time in which by the action of 
either of the two forces j it would have described the side which rtprtr 
stmts this force. 

Through the point A let the line FAHhe drawn perpendicular 
to the diagonal AE^ and through the points D and B, let DF, B/f, 
be drawn parallel, and DGj BI^ perpendicular to the diagonal AE. 
Instead of the force />, represented by AD^ the diagonal of the 
rectangular parallelogram FAGD^ we may take the two for- 
87. ces AF^ AG. For the same reason, instead of the force 9, 
represented by the diagonal AB, of the rectangular parallelogram 
' AHBI^ we may take the two forces AH^ AL We may therefore, 
instead of the two forces/) and 9, substitute the four forces AF^ 
AGjAH^ AI ; and these cannot but have the same resultant as 
the two forces p and q. Now of these four forces^ the two AH^ 
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.■i^", contribute uotbiiig lo ihe resultant, because they act in op- 
posite directions, aud are equal to each oilier. Indeed it will 
be readily seen, ihat, fi-om [he nature of a parallelogram, the 32. 
two triangles DGji, Klli^ are equal ; therefore DG = Bl, and 
lenliy jiF = AH. 
sfothetwo forces .4/, ^G{j?o. 5.), since they are encrtcd ac- 
ing to the same line, and are directed the same way, the result 
be the sum of the two effects jIG, AI ; and iii jig. 6, since A!, 
are exerted according to the same line, and are opposed the 
to the other, the result must be the difference of the two effects 
AI. But as the triangle ElB is equal to DGA, wa shall 
If e ifig. 5.) 

At+ AG = Al + El = AE; 
<A-6.) 

A! — AG = Ar~EI = AE. 

cooclade, therefore, that rhe four forces .^/', AH^.'IG, AI,wd 

mrcfuently the two forces AD, AB, have no other effect, than 

the force AE, represented by the diagonal of the parallelogram 

tkiBE, of which the two sides AB, AD, denote the forces q, p. 

Ob proposition is known by the nameof the parailelogrant of/urca. 

39. We have in what precedes, represented the two for- 
ft, if, by the lines AD^ AB, which they are capablcpig.^^! 
of making the body m describe in the same time, that is,^' 
by the velocities which they would communicate; although, 
iccordtng to what we have said, the true measure of any 33. 
in the quantity of motion that it is capable of producing. 
It a» (he quajiiiiies of motion are in the ratio of the velociiies, 
:n ihc mass is the same, as is the fact in the present case ; ^■ 

ays, as we have now done, take Ihe velociiies AD, 
as representing the two forces. 

If. instead of having immediately the velocities which the 

forces j9, q, arc capable of giving to the body »i, we had the 

ititJes of motion which they would produce in known masses, 

lOdld take AD,AB,\a the ratio of these qnanlilies of motion. 

example, 1 know the forces ji, q, only by this circumstance, 

le force p Is capable of giving a known velociiy u, to a 

I mass « i and that the force ij is capable of giving a vcloe- 

.lo a koown mtiM o ; 1 should take 

AD : AB :: nu: ov. 






e may i 



S4 Suuks. 



For, according to what has been shown, ./JA AB^ are to be taSceu 
in the ratio of the velocities which thej are capable of giving to 
the body m. Now the first being capable of producing the 
quantity of motion n u, is capable of giving to the body m the 

23 velocity . For the same reason the second, or the force 9, is 



n u 
m 

ov 
m 



capable of giving to the body m, the velocity — • The lines AD^ 
ABy are consequently to be taken according to the following pro- 



portion ; 



m m 



but » tt V 

— : — :: nu : ovm 
m m 

We see therefore that AD^ AB, must be in the ratio of the quan- 
tities of motion n u, t, which are the measures respectively of 
the forces />, q. 

What has now been remarked, will be found useful in com- 
paring the effects of different forces applied to different bodies* 
ZB. The general proposition above demonstrated is of the great- 

est importance, as almost every thing we have to offer, consists in 
an application of it* 

r 

40. From what has been said, it will be seen that it is imma* 

terial whether we regard a body as urged by the combined action 

Fig3,6.of the two forces AB, AD^ whioh make with each other 

any assumed angle, or whether we regard it as urged by the 

single action of a force represented by the diagonal AE. 

And reciprocally, it amounts to the same thing, whether we 
consider a body as urged by ? single force AE^ or by two forces 
represented by the two sides of a parallelogram of which the 
single force AE is the diagonal. Let a body, for example, be 
supposed to pass from ^ to £ by a uniform motion in one second, 
or let it be supposed to move through AB at such a rate as to 
describe it in one second, while in the same time this line is car- 
ried parallel to itself along AE ; in this case, as in the former, 
the body will merely describe the line AE* 

41* The two forces AB^ AD^ meeting at the point A, are 

Geoni. necessarily in the same plane. Since, therefore, they have 

for their resultant the diagonal AE, which is in the plane of 
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tb* paralklograni, we may infer generally that any two forces 
which ouiir in the same point are always in the aame plane 
wiib ibcjr resutianL 

Of the Cmnptaition and Decomposilimi of Forcu, 
1 42. Not only is it possible, by ibe principle above establish- 
I, to reduce l;vo concurring forces to one, and to decompose 
■ inio two others ; but we can in general reduce lo a single 
ice, as many other forces as we please, when they are in the 
toe plane, or when they unite at the same point ; and recipro- 
By, we can decompose one or several forces into as many other 
rccs as wc please. 

43. Bat before we proceed to explain (his, we must observe 
ilwhena force /i acts upon a body either by pushing or by Fis. 7. 
kwing it, it is of no consequence at what point of the direction 
iJiii force we suppose the action to be applied. For example, 
ihe force p be exerted upon the body m by means of a rod 

iblc ami without mass, or by a thread incxtensible and 
loul mass, it is the same thing, whether the force p be applied 
U the point B, op at the point C, or whether it be of such a nature 
as to admit of being exerted at any point D, on the other §ide of 
Ibe body. So long as its action is employed in the same dircc- 
Ihc eflect will be the same. Distance can have no influ- 
excepl so far as (he action of the power transmits itself by 
aid of some instrument, as a lever or a cord, the matter of 
'hich would partake of the action of the power, all which iii- 
stniinen(& we at present leave out of consideration. 

Thus, if two forces p and i, exerted in the same plane, ac- Fig. 8. 
ling to the lines £C, DB, draw or push a body by the two 
lU K, D, this body is urged in the same manner as it would 
if the two forces were both employed at iheir point of meet- 
A, the directions being supposed to remain unchanged. 
This being premised, we proceed to the consideration of the 
ipontioD and decomposition of forces. 

44. Let there be four forces, p, ij, r, w, directed in the man- Fig. b. 
r rcpTMented in the figure,* and all in the same plane. Let us 



ute tx 

il-' 
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imagine the direction of the force f , prolonged till it meets that 
of the force q in the point A ; AD, AE, being supposed to be 
the spaces that the forces /), y, can respectively cause the same 
body to describe, in a determinate time, as one second ; if we 
form the parallelogram AEID, the diagonal AI will represent the 
resulting effort of /> and j, and may consequently take the place 
of these two forces. 

Let us conceive now that AI prolonged, meets in B the di- 
rection of the force r, and having taken BL equal io ^AI, if we 
take BF for the space that the force r is capable of making the 
same body describe in a second ; the force AI being supposed 
to be applied at £, since this force is represented by BL = AI, 
from its action combined with the force r = BF, there will re- 
sult a single force represented by the diagonal BG, of the par- 
allelogram BLGF. This force, therefore, will take the place 
of the forces r and AI, that is, it will take the place of the three 
forces r, q, and p. 

Lastly, let us imagine that BG prolonged, meets in C the direc- 
tion of the force w, and let us make CK = BG. Let CH represent 
the space which the force w is capable of making the same 
given body describe in a second, then by supposing the force 
BG = CK, applied at C in the direction CG, from the union 
of this force with the force w there will result a single eflfort re- 
presented by the diagonal CAT, of the parallelogram CHNKm 
This force, therefore, will take the place of the forces «• and CK^ 
or of w and BG ; it will consequently take the place of the four 
forces;?, q, r, w, and is accordingly the resultant of these four forces. 

It is evident, therefore, that any number of forces, when 
exerted in the same plane, may be reduced to a single force, 
and the manner in which this may be done is also manifest. 

45. It will jbe seen moreover from the above example, how 
we may always substitute for a single force as many others as we 
please, and what are the requisite conditions for effecting this. 

Instead of the single force BG, for example, we may, by form- 
ing the parallelogram BI/xF, of which BG is the diagonal, take 
the two forces represented by BF, BL ; and as we may suppose 
each of these two forces applied at any such point of their direc* 
tions respectively as we choose, we can transfer BL to AI, (the 
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inl -1 being at any assumed distance from B,) and form upon 

, nnolher parallelogram AEID ; ihen for ibe force A! may 

t mibftUluted two forces represented by AE, AD; so that for 

Pike single force BG. we shall have ihe ihrec forces BF,AE, 

ADt the effect of which will be equivalent lo that of BG. 

46. We remark here, that, since there is no other condition 

required for determining the forces AD, AE, except that they 

be cKpressei] by the sides AD, AE, of the parallelogram ADIE 

of nbich Al is the diagonal, which condition may be fulfilled 

in an infinite number of ways, whether the parallelogram ADIE 

^^^ in the same plane with the parallelogram FBLG or in any 

^^pucr plane, wc can decompose any force whatever BG into as 

^Btony others as we please, and which shall be in such planes as 

^^Be plea«c. . We shall see hereafter the use that may be made 

^^HTthia method of compounding and resolving forces. 

4T, From what is above said, it will be perceived that we 
can require certain forces to pass through certain given points, 
and even lo be of certain determinate magnitudes, to be parallel 
lo certain given lines, iii a word, to satisfy certain given condi- 
tions. For example, if we had a force represented by the line 
AB, and we would substitute two others of which one should Fig, I 

Is through the point D, (in a direction parallel to a line LX, 
DSC position is given,) and which at the same time should be 
a certain magnitude LK, that is, such as would cause a given 
\y lo describe LAf, in the same time in which the force rep- 
ented by AB would cause this ^me body to describe the line 
<; the principles above established will enable us to solve the 
problem. 

Tlirougli the point D, we draw /C parallel lo LX, and meet- 
tag .46 produced in some point /; we lake IC =^ LK, and 
= AB ; then joining CE, we draw through the point / the 
be IH parallel to CE, and through E the line HE parallel to !C; 
I be the force requucd, and /// nill he the force which, 
tnbined with IC. would take the place of IE or of AB. 

TTic solution we have given will always be applicable, except 
Wn the line LX U parallel to AB, an3 we shall see soon what 
a be done in this case. 



36 Statics. 

4d. We remark further, that since the two component forces 
9ig, 6,6.^, q^ being represented by the two sides AD, AB, of the paral- 
lelogram DABE, their resultant must necessarily be represent* 
ed by the diagonal AE of the same -parallelogram ; by calling 
g the resultant, we shall have 

p : 9 :: AD : AE, 

q I g :\ AB I AE\ 
that is, 

p : q : 9 :: AD : AB : AE, 

:: BE : AB : AE. 

Now in the triangle ABE, we have 
S^^if' BE I AB I AE M sin BAE : sin BEA : sin ABE. 

^•^^ But on account of the parallels BE, AD, the angle BEA =2 DAt!, 
64. " and the angles .^BE, BAD, bemg supplements to each other, 
T"«-*®- sin ABE = sin BAD ; hence 

BE X AB I AE :: sin BAE : sin DAE : sinBAD-, 
and consequently 

p : q : 9 '-: sin BAE : sin DAE : sin BAD ; 

from which it will be seen, that if we suppose the force p ex- 
pressed by sin BAE, the force q will be denoted by sin DAE, and 
the force g by sin BAD ; that is, the two component forces and 
the resultant may be represented each by the sine of the angk com- 
prehended between the directions of the two others. 

In representing forces, therefore, we may employ indifferent- 
ly either the lines taken in the directions of these forces, or the 
sines of the angles comprehended between these directions, pro- 
vided we take for each the sine of the angle comprehended be- 
tween the directions of the two others. 

This last method of expressing forces has its peculiar advan- 
tages, as we shall see in what follows. 

Fig. 11, 49. If from the point .4 as a centre, and with any radius AC, 
•we describe an arc of a circle HCG, meeting in G and H the 
directions of the forces p, q, and let fall from the point C upon 
AD, AB, the perpendiculars CF, C/,and from the point H 
upon AD the perpendicular HL, it will be readily seen that CF, 
CI, HL, are the sines of the angles DAE, BAE, BAD, respec- 
tively ; we have accordingly 

p : q : 9 ;z CI : CF : HL. 
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50. Liet 118 suppose now, that while the directions of the two p. ^g. 
forces p, q pass through the tWo fixed points K^ JV, their point of 14. 
meeting ^ is removed further and further ; it is evident that the 
sines of the angles BAE, DAK^ BAD^ will approach more and 
more to a coincidence with the arcs CH, CG^ HG ; if therefore 

the point A is removed to an infinite distance from the fixed 
points AT, ^, CF, C/, flL, will coincide with the arc HG, 
which in this case becomes a straight line perpendicular to the 
two lines AK^ AX^ which are then parallel to each other and 
to the line AE\ and, since we have always U.^"* 

p : q : g :: CI : CF : HL, 

HL=CI + CF {Jig. 13). 

HL^CI—CF {fig.U). 

We conclude, therefore, that when two forces/), 9, are exerted in Fig. 15, 
parallel directions, ^^ 

1. That their resultant is in a direction constituting another 
parallel; 

2. That if we draw a line FI perpendicular to these directions, 
each of the forces will be r^resented by the part of this perpendica* 
lar comprehended between the directions of the two others ; 

3. That the resultant is equal to the sum of the two components^ 
when these act the same way^ and to their difference, when their action 
is opposed the one to the other. 

51. Since we have 

p : q : 9 :: EI : EF : FI, 
we have 

p I q II EI I EF, and ^p : g :: EI : FI; 
that is, of two parallel component forces and their resultant, ei- 
ther two are to each other reciprocally, as the two perpendicu- 
lars let fall upon their directions respectively from the same point 
in the direction of the third. 

52. If we draw arbitrarily any line ABC, we shall have Geom. 

BC : AB : AC : : EI : EF i FI, ^^' 

and consequently 

p : q : g :: BC : AB : AC-, 

that is^if a straight line be drawn at pleasure, cutting the directions 
ytwo parallel forces and their resultant, each of these forces will be 



80 Statics. . 

represented bjf that part of the straight line which is comprehended 
between the directiints of the two otlitrs. 

53. It will hence be readily perceived how we ought to pro- 
ceed in order to find the resultant of several parallel forces ; and 
reciprocally, how we can substitute for a single force, any number 
whatever of parallel forces. 

If, for example, it were proposed to reduce to a single force 

Fig. 15. the two parallel forces />, 7, which act the same way ; any straight 

5Q, line ABC being drawn ; as the resultant g is equal to p + 9, it 

is only necessary to find the point B through which this resultant 

80 must pass. Now we have 

pi g II BC I AC, 
that is, 

P • P + 7 • • ^^ • *^^* 
We have therefore only to take between the two points A, C, a 

337. " point JB such that J5C shall be equal to " 

r 

Fig. 16. If the t\Vo parallel forces are opposed to each other, the re- 
^, sultant will be equal to their difference /> — ?? or 9 — p. Sup- 
pose p greater than 7. Having drawn the line AC at pleasure, 
it will be necessary to prolong AC beyond A, with respect to C^ 
by a quantity AB, such that we shall have 

W' p I Q .:. BC I AC 

or 

p : p — q :: BC : AC] 

in other words, it is necessary to take BC equal to ^- — ^ . 

P — 9 

If 9 is greater than /?, the point B will be in AC produced 
beyond C with respect to A. 

Fig. 17. 54. If we ijad a third force r, we should first find the resultant 
^ of the two forces />, 9, and then seek the resultant g of the 
two forces ^ and r, as if there were only these two ; that is, we 
should proceed in precisely the same manner as we have done in 
the preceding article. 

55. Hence, reciprocally, if we would decompose any force g 
1^* ^^' ^^^^ ^^^ QthQr* parallel to it, we should take arbitrarily a line 
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AF parallel to the direction of p; and having assumed this 
line as the direction of one of the components, we take arbitrari- 
ly for the value of this component any quantity p smaller than 
*^ if it is proposed that the two components should act on oppo- 
site sides of the force 9 ; the second component q must in this case 
be equal to j> — p; and in order to find its portion, it is only 
necessary, having drawn any straight line CBA^ to take in AB 
produced the part £C, such as to give the proportion 

q : p :: AB : BC; 
then through the point C we draw /C, parallel to ££, and this 
will be the direction of the force 7. 

But if the two component forces are required to be on the 
same side (in which case they will be directed opposite ways), 
then we take for^ any quantity, whether greater or less than g^ 
and if it be greater it will be directed the same way with p, and 
if less, it will have a contrary direction with respect to p. Hav- 
ing drawn a line AF parallel to JEB, as the direction of/), we take 
upon any assumed line BAC the point C, such as will give 

p — porp — p : p :: AB : AC ; 

and C will be the point through which the force q must pass par- 
allel to the given force p; and the point C will be beyond A with 
respect to J5, when p is greater than p ; and it will be between A 
and JB, when p is less than p. 

56. Since what we have now said of the force p with respect * 
to the components /?, 7, may evidently be applied to each of 
these latter forces, it will be seen how we may substitute for any 
single force, as many others as we please, the directions of which 
are paralleL 



Of Moments and their Use in the Composition and Decomposition of 

Forces* 

57. The propositions we have established, are sufficient for 
the composition and decomposition of forces, whatever be 
their magnitudes and directions, provided they act in the same 
plane. But the different kinds of motion which we have to con- 
sider, require more simple and more expeditious means for de- 
termining the resultant of forces, and its direction. 
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^^6- 18, 58^ If from any point F taken in iheplane of any paraUdogram 
ABCD, we lei fall vpon the contiguous sides AB, AD, and the 
diagonal AC, Oie perpendiculars FE, FH, FG, the sum of the pro^ 
ducts of the two contiguous sides by the perpendiculars respectively let 
fall upon them^ will be equal to the product of the diagonal by its per' 

Fig. 'i^'pendicular^ when the point F is neither in the angle BAD, nor in 
the vertical angle KAL. If on the contrary^ the point F is either 
' in the angle BAD, or in the vertical angle KAL, the d^erence of 
the products of the two contiguous sides by their respective perpendu> 
ulars will be equal to the product of the diagonal by the perpendicu* 
lar let fall upon it. 

Produce the side BC till it meets in / the perpendicular FH^ 
and join FA, FB, FC, FD. The triangle 

Fig. 18. FAC = FAB + ABC + FBC = FAB + ADC + FBC. 

Now % 

Ceom. 1. The triangle FAC=^ -^C xFG ^ 

2. The triangle FAB = Jil^IE.. 

3. The triangle ADC having AD for its base, and IH for its 
altitude, 

ADxIH 



176. 



ADC = 



4. The triangle FBC = 



2 
BC X FI AD X FI 



Whence 

ACxFG _ AB X FE AD x IH AD x FI 
2 "" 2 ■'" 2 ■*" 2 • 

Now IH + i7 = FH\ therefore, by doubling the whole, we 
have 

ACxFG^ABxFE + ADxFH. 

Fig. 19. With respect to the triangle FAC^ we have 

FAC = ABC — FAB — FBC=:ADC—FAB — FBC, 
that is, 

AC xFG _ AD X IH AS x FE _ BC x FI ^ 
2 "" 2 2 2 ^ 

or, since BC = AD, and IH—FIs= FH, the whole being 
doubled, 

ACx FO^ADx FH—AB x FE. 
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. Since we have before shown thai any two forces and 
r resultant may lie represenled by the sides and diagonal of 
-ailelogriiRi, formed upon (he directions of these forces, itp, 
a forces, represented hy the lines jIB, AD, in which case 
r resultant c would be represented by .^C,any point /'being 
n in the plane of these three forces wi(hout the angle BAD, 
i without the vertical angle KAL, we have always 

<,xFG=pxFE + ^x FIl\ 
i when the point F is taken in the angle BAD, or in the vertical 
^Ic KAL, we shall have in like manner 

ifxFG = qxFH~p)(FE. 

60. The product of a force by the distance of its du^ctioR 
from a fixed point is called the moment of this force. Thus 

tf X FH is the moment of the force 5 ; and p x FG is the mo- 
toeot of Ute force p. 
£1. As a force is estimated by its quantity of modon^ thai 
bt by ihe product of a determinate mass icito the velocity 
Ivhich it is capable of giving to this mass, the moment of any 
Torcc has for its measure the product of a mass by its velocity, 
and by the distance of its direction from a fixed point. 

G2. If the perpendiculars FII, FG, FE, are considered as 

s inflexible and without mas^, connected together and fixed 

B the point F, in such a manner as to admit only of their turning 

nit this point ; and we suppose that the fo'rces/i, ^, and their 

Efesultant p, are apphed at the extremities E, fl, G, we shall sec 

BI these three forces tend each to turn the system in the sarae„. .. 
dirpcti on about Ihc point/*; and that Ihe two forces 9, p, tend., 
to turn the system in a ditfcrent direction from that in which the 
the force p tends to turn it. 






We infer, therefore, that the trvmrnt of the remlla»t,lakm with 

i^Jixtd point F, is always etpial to the sum or to the diffrr- 

of Ikf momrnls of tkt tieo comprmtnts, according as these compo- 

Itnd to lum Iht body or syslrm in the same direction, or in op- 

ite dincHonf, about this fxed point. 



£3. We conclude, moreover, that in general, whatever it the 
numUr of fortu p, q, r, w, ^e^ and vkalevtr ihtir magnilrtdes and fig_ 2ft 
Mtrk. S 
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directions, praoided they act in the same plane, the moment of (he YtsuU 
tant of all these forces, taken with respect to a fixed point F, assumed at 
pleasure in this plane, will always be equal to the sum of the moments 
of the forces tending to turn the system in one direction cAout this 
point, minus the sum of the moments of those which tend to turn it in 
the opposite direction. 

Fig. 20. Indeed, if we suppose that ^ is the resultant of the two forces p, 
q, ^ that of p' and r, and p that of ^ and •• ; if we suppose, more- 
over, that II represents the moment of (/, and yi-' that of pf, then by 
letting fall the perpendiculars FA, FE, FG, FD, FB, upon the 
components p, q, r, w, and their resultant g, we shall have 

1. liz=:pxFA + qxFE, 

2. fi' =zfi — r X FG, 

3. px FB = fi' — w X FD, 

adding therefore these three equations together, and suppressing 
those quantities that cancel each other in the two members, we 
shall have 

QXFB=ipxFA + qxFE—rxFG — wX FD; 

from which it will be seen, that the moments of the two forces r, 
«•, which tend to turn the system from right to left, are of a con- 
trary sign to that of the forces p, q, which tend to turn it from 
left to right. 

64. If the point F were exactly in the direction of the resul- 
tant, the moment of this force would be zero ; but, since it is equal 
to the sum of the moments of the forces which tend to turn the 
system in one direction, minus the sum of the forces tending to 
turn it in the opposite direction, we conclude that the difference 
of these two sums of moments, taken with respect to any point 
whatever in the direction of the resultant, is zero. 

And reciprocally, if the sum of the moments of the several forces 
which tend to turn a system about a given point, minus the sum of 
the moments of those which tend to turn it in the opposite direction 
about this same point, is zero ; it must he inferred, that the resultant 
passes through this points 

65. As these propositions hold true, whatever be the angles 
formed by the directions of the forces, they are applicable, when 
these angles are infinitely small, that is, when Uie directions of 
the forces are parallel. 
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B&. Wt may thus derive a very simple method of obtaining 
ibe pOEttioa and magnitude of the resultant of any number o~ 
forces, when they all act in the same plane. 

Let us suppose, in the first place, that they are all paralld 
and, not to make the problem more complicated than is 
sary, let us suppose thai there are ouly ihrcc forces ; it will h 
easily inferred how we are to pi-oceed in case of a greatej 
nunbcr. 

Accordingly, let there be the three known forces p, q, r, the Pig- 21 
two Bnl being directed the same way, and the third having a 
contrary direction. Having drawn arbitrarily any line FABC, 
perpendicularly to the directions Ap^ B q, &,c, ne will suppose 
that O U the point through which the resultant p is to pass. 
Then, having taken at pleasure a point F in FABC, we shall have, 
according to what has been demonstrated, 

px FA-{-qH FB — rxFC=gX FD. 
the disUnces FA, FB, F ', and the forces p, q, r, being 
it will be easy to deduce from the above equaiion, the 
of the distance FD, through which the resultant wo 
pass, if the valtte of this resultant g were known, in ordcj 
find it, wc take another point <p in AF produced, and by procei 
iflg as above, we have 

p X vA + q X VB — rX9>C = gx vD. 
from this second equation we subtract the first, recollectii 






^B — FB = vF, 
ipD — FD = vP, 



^H VA— FA = q,F, 

^K ffC—fC = ¥>/', 

^^pe khall have 

^H pX9iF + qXfF^TXV^F=:SX9'F 

^ifcal is, the whole being divided by ^F, 
P + q — T = e. 
^^ If we examine the process now pursued, we shall see that 
^^Bpes not depend in any degree upon the number of forces, but 
^^pat it is applicable, ^haievcr this niJtnber may be. We must infer 
^Vnerefore, that the resultant of any number of parallel forces is 
Ct(ual to the xum of those which act in one direction minus the 
>um of those which act in the opposite direction. 
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If now in the equation 

px FA + qX FB—rX FC-9X FD, 
found above, we put for g its value p + q — r, just obtained, we 

shall have 

px FA + qx FB — rX FC = (p + q — r)xFD, 

from which we deduce 

z^T^^ p X FA -^ q X FB — r X FC 
^^- p + q-r 5 

or, bearing in mind, that the process by which we have arrived 
at this result, does not depend upon the number of forces em- 
ployed, we infer, as a general conclusion, that in order to deter^ 
mine at what distance from a given point the resultant of several par^ 
allel forces passes^ from the sum of the moments of the forces which 
tend to turn the system in one direction^ we mu^t subtract the sum 
of the moments of the forces tending to turn it in the opposite direo- 
tion^ and divide the remainder by the sum of the forces which act in 
one direction^ minus the sum of those which act in a contrary direC' 
tioru* 

67. If the point F, assumed arbitrarily, should happen to be 
so taken as to fall in £), through which the resultant passes, the 
distance FD being zero, its value 

p X FA + q X FB — r X FC 
p -j- q — r ' 

since the force p tends to turn the system about the pomt i) in a 
direction opposite to that in which the force q tends to turn it, 
becomes 

— p X DA + q x D B — rX DC 

p + q — r ' 

and is equal to zero ; we have consequently 

— p xDA + qxDB — rxDC:=o, 



* We must take care not to confound the forces which act in op- 
posite directions, with those which tend to turn the system in oppo- 
site directions. Two forces which act in opposite directions often 
tend to turn the system in the s^me direction. This depends upon 
the point to which the rotat^D, or the moments, is referred. The 
Fig. 21. two forces g, r, for example, act in opposit# directions, but they 
both tend to turn the line BC in the same direction, about a point 
taken between B and C; and if we consider the rotation with refer- 
ence to the point F, the force q tends to turn FC in a direction op<- 
posite to that in which the force r tends to turn it. 
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or 

qX DB:=ipX DA +.r X DC. 

Moreover, as the point -F, taken arbitrarily, may be higher or ^ 
lower, as we please, the point D has not been supposed to be in 
one point of the direction of the resultant rather than in another ; 
it follows, therefore, that the moments of several parallel forces^ 
taken with respect to any point whatever in the direction of the resul- 
tant^ are such, that the sum of the moments of the forces which tend 
to turn the system in one direction^ is always equal to the sum of the 
moments of those which tend to turn it in the opposite direction. 

68. Therefore by taking with contrary signs the moments of 
the forces which tend to turn the system in opposite directions, 
and by taking also with contrary signs the forces which act in 
opposite directions, we may infer as a general conclusion ; 

1. TTiat the resultant of any number whatever of parallel forces 
is always equal to the sum of all these forces ; 

2. TTiat this resultant^ which is parallel to the component forces ^ 
passes through a series of points each of which has this property^ that 
the sum of the moments^ taken with respect to this pointy is zero. 

The above propositions are of the greatest importance. We 
shall see soon with what facility they enable us to find the centre 
of gravity of bodies. We proceed now to the consideration of 
forces the directions of which are inclined to each other. 

69. Let there be any number of forces/), </, r, &c., all exert- Fig. 22. 
ed in the same plane, let the force /?, acting according to ji£, be 
represented by AE^mid let the force 9, acting according to BG, 

be represented by MP, and the force r, acting according to CL be 
represented by CL. Through a point -F, taken arbitrarily in the 
plane of these forces, suppose two straight lines FC\ FB\ mak- 
ing any angle with each other (and for the sake of greater sim- 
plicity, let this angle be a right angle) ; and let us imagine the 
forces/), 9, r, or AE^ BG^ CL^ decomposed each into two others, 
one of which shall be parallel to FC\ and the other to FB'^ and 
which will consequently be represented, each by the correspond- 
ing side of the parallelogram, the diagonal of which represents 40. 
the given force. 

It is clear from what has been said, that the forces AV^ BH^ 66, 68. 
CAT, being parallel, will have for their resultant a single force 
JJN^ parallel to AV^ BH^ &c., the value of which will be 
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AV + BH+CK* 

and which will pass at a distance DD from FC\ equal to the 
expression below, namely, 

yvn ^ ^^ X AA' + BH x BR + CK x CC 

dV+BH+CK 

In like manner, the forces AI^ BR^ CM^ parallel to FB'j arc 
reduced to a single one DO^ parallel to AI^ &c., and equal to 
AI +BR — CJIf, and which (by supposing that D is the point 
where the direction of this force meets that of the force WD) will 
pass at a distance D'D from FB\ equal to the following express- 
ion, namely, 

/y/n- ><J X AA'' + BR x BB'' — CM x CC 

AI + BR—CM 

This being supposed, the forces />, y, r, and their directions, 
(that is, the angles which they make with the known fixed lines 
FC, FB\ or with their parallels,) being considered as known, we 
know in each of the triangles AEI^ BGR^ CLK^ the hypothenuse 
and the angles. It will accordingly be easy to determine the 
Trig. 30. lines AI, BR, KL, or CM, and the lines IE or AV, RG or BH, 
and CK. We shall consequently know the values of the two 
resultants AV + BH+CK, and AI ^ BR — CM. Moreover, 
as we cannot but know the distances AA\ AA\ BB, BB^, &c., 
since the position of the points A, B, &c., where the forces are 
applied are supposed to be given, we are acquainted with all the 
quantities which enter into th^ expression of the distances DD, 
t/D. It will be easy, therefore, to determu^the point D, where 
these two resultants meet. Accordingly, tShg - 

DO = AI + BR — CM, diud D^r =z AV + BH + CK, 

and forming the parallelogram DNTO, we shall have the diagjo- 
nal DT for the resultant g, of the two partial resultants, parallel 

• We must not lose sight of what was said art. 39. By the forces AE^ 
BO, &c., we are to understand that the lines AE, BG, &c., are to 
each other as the quantities of motion capable of being produced by 
the forces p, q, &c., in the masses to which they are applied. It is 
to be observed, likewise, with respect to the forces AV, BH, &c., 
that we mean by them quantities of motion, which are to the quanti- 
ties of motion represented by AE, BQ, &c., w AV, BH, &c., are to 
ABi BQ'i &c., respectively. 
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to FC and FB", ibal is, for the resultant of all the proposed 
forces. 



O/parolUl Forces which act in difcrmi Planes. 

70. Let there be three forces j), y, r, directed according lo Fig, 2». 
ihe lines W;t, S^, Cr, parallel to each other, but situated in 
tiiirercnl planes. 

Imagine a plane .VZ lo which ihe three straight lines Ap, itc, 
are perpendicular, and another plane ZV to >vhich they are par- 
aPel, and lel A, B, C, be the three points where these lines meet 
the plaoc XZ. 

The two forces p, r, are in the same plane, the intersection of 
which with the plane XZ is the straight lino AC. These two335,324. 
forces may therefore be reduced to a single one p', equal to 50. 
p+ r, itnnng a direction parallel to that of the components, and „ 
fassjiig through a point D, such thatp x AD = r X CD. 

The two forces (Z, 5, arc in the same plane, the intersection 
of which with the plane XZ is BD. These may accordingly be 
reduced to a single one p, equal to q' + q, that is, equal to 

p-^q+T, 
having a direction parallel to that of p' and r, and passing through 
a point E, such thai / X DE = q X BE. It follows, therefore, 
frotn this and what is said above, that anif tmniher of forces, the 
dtnetiant oftthich are parallel, may be reduced lo a tingU one, equal 
to At nan of those jnhick act in one direction, minus the sum of Owat 
liaA act in the contrary direclton, whether the given forces are m 
At tame or tit difftrtnl planes. 

Let lU now inquire more particularly how we are to delete 
■ine through what point the resultant passes. 

If from the points A^ D, C, B, E, we draw the lines AA', 
DD, CC, BB, EE, perpendicularly to the common intersection 
•(the two planes XZ, ZV; on account of the parallels AA', DD,' 
CO, we shall have 

AD : CD :: A'D' : CC, 
'■."» the equation p X AD = r X CD, found above, gives 
AD : CD :: r : p; 
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hence 

A'D I CD I. rip, 

and consequently 

pxA'D'=zrX CD. 

In like manner from the parallels DU, EE, BB, we ob- 
tain, 

DE : BE :: DE : BE, 

and from the equation j/ X DE = 9 X BE, we have the propor- 
tion 

DE I BE :i q \ g'-, 
therefore 



whence 



DE I BE 11 q I gf 

:i q : p + r; 



(j} + r)xDE^qX BE. 

m 

Let us now take in the intersection ZFof the two planes, a fixed 
point F, and seek the distance FE of this point from the point 
E, corresponding to £, through which the resultant passes. It 
is clear that 

A'D =zFD — FA\ CD =z FC — FD^ 
DE = FE — FD, BE = FB—FE. 

Substituting these values for their equals in the two equations, 

pxAD = rX CD, (p + r)xD'E' = qX BE, 
we shall have 

pxFD — pxFA = rxFC—rX FD, 

and 

. {p + r)x FE — {p + r)FD=zqx FB'—qX FE. 

The first of these two equations gives 

{p + r)xFD=pxFA + rX FC; 

substituting this value for its equal in the second equation, we 
obtain 

{p + r)X FE —p xFA' — rxFC=qxFB — qX FE-, 
or, the terms multiplied by FE being collected into one factor, 

{p + q + r) X FE =ip X FA' + q X FB + r X FC, 

which gives 

pp^ P^y^'FA'+q xFB +r X FO 

"" P + q + r 



Forcfs twt parallel acting 'ii different Planen. 

Now ihis expression for ihe ciislance FE", is precisely 1 
which we should have found for ihe distance at which 
rrailtani passes, if ihe llipee forces p, ij, r, had all been in the 
plsDc ZV, and had passed through the poinLs A', C, if, corrcs- 
fttadmin, lo Ibe pointR Ji, C, B, through which they actually pass. 
It, therefore, we imagine ihc straight line FX perpendicular t 
iht plane Zf, we shall find the distance /"A", of the icsultai^ 
frooi this straight tiiie, by takitig the sum of the moments willl 
reference to this line (as if the forces, retaining their distances 
iTspeciively from this line, were all in the plane ZV, to which 
ttus line is perpendicular), and dividing this sum uf the raomeni«* 
f the sam of the forces. 

To deiennine the point E, therefore, it only remains to fits 
e diMance £*£, or (by taking EE" parallel to ZF) the disismce"" 

which this same force passes, from ZF. Now it is oiani- 
* from what we have said with respect to the distance F£T, 
Itl in order to fitid Lhe distance FE", we have only to imagine 
■plane passing through Z/", perpendicular to the direction of ihe 
pees, and then to take the sum of the moments with re>peci to 
'' (the interjection of this plane with the plane ZK), as if ttu 
forces, without changing their distances respectively fror 
plane Zy, were all in the plane XV, and to divide this sum of tb^*] 

B1CJV& by the sum of the forces. We should ihen have every 
g which is necessary for Using the point E, through which 
resallanl passes. 

(y Forcea iMf Diriclions w/" jMch are neither In lhe same P. 
paralhl lo each othfr. 

71. Let^,5,r, be ihree forces directed in the manner rcpre-pi^ „ 
■led in the figure, and situated in liiree different planes. Su[h — 
poic any [Jane XZ meeting in H the direction of p, in F th< 



Rll mart be observed, ooce for all, that by the iceoeral term, 51 
le ni<imeiitf>, is lo be uaderslood Ihe sum of the moments of the 
r» that tend lo turn the system in one direciioa, minus the sum 
lOse which tend to turn it in the opposite direction, tiy sum of 
brOM, aho, b to be umlentuod the sum of those which net In one 
itioo, miom Ihe eum of tboie wbJcb act in the oppoaitc direction. 
tfh. a 



4S Statics. 

direction of 9, and in L the direction of r. As a force may be cob- 
sidered as applied at any point whatever in its direction, let us 
suppose the three forces to be applied at the points fl, Fj L, and 
to be represented by the lines HV^ FT^ LK^ prolongations respec- 
tively of the directions of the several forces below the plane XZ* 
Let us also imagine planes passing through the lines AH^ BF^ 
CL^ perpendicularly to the plane JTZ, the intersections with XZ 
being represented by the straight lines G//JV, EFY, DLM. This 
premised, it is, evident that we may decompose each of the forces 
in question into two others, one of which shall be in the plane 
XZ^ and the other perpendicular to this plane. We can, for ex- 
ample, decompose the force HV into two others, one directed ac- 
cording to HX^ and the other according to HO, perpendicular 
to the plane XZ; so that for the three forces HVy FT, LK, may 
be substituted the six forces 

i/.V, FY, LM, HO, FS, LI, 
the three first of which are in the plane XZ, and the three last 
perpendicular to this plane. 

Now the three forces HN, FY, LM, may be reduced to a 
^* single one, which shall also be in the plane XZ; and the three HO, 

FS, LI, may likewise be reduced to a single one, which shall be 
'^0, perpendicular to the plane XZ. Accordingly, whcUever be the ntim- 

ber of given forces, and whatever their directions, we may always 

reduce them to two at the most, one being in the direction of a knonm 

plane, and the other perpendicular to this plane. 

Although the demonstration of this proposition may appeal* 
to be adapted only to those cases where all the forces meet the 
plane XZ, it will be seen, with a little attention, that it has a gen- 
eral application. For, after having reduced all the forces that 
meet this assumed plane to two, we may conceive this plane, 
without ceasing to meet these two resultants, so placed as to 
coincide with the directions of those that were at first parallel 
to it ; «nd the ^ven forces must be either parallel to the assum- 
ed plane, or such as being produced will meet it. 

72. With respect, therefore, to forces exerted in different 

planes, the result is not the same as that with respect to forces 

whose directions are in the same plane. The latter forces, as we 

70. have seen, may always be reduced to a single one* The former 
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[reduced to two,,which do not admii of being represented hy 
except in the case where the resullaiil of ihc forces which 
wa in the plane XZ, happens to meet the resultant of the forces 
perpcodicular to this plane. 

73. H'e can accordingly, in I hp manner alio ve explained, find 

; two rcruliantg of any number of forces directed in diilerent 

lanen. But, although the method here pursued may be useful 

p certain cases, there arc many in which ii is not the most con- 

Wc proceed, therefore, to make known another. 
|LeI^ be any one of the proposed forces, and ^fi the line uhich Fig. i 

[■rcaent.% it. From any fixed point A' draw the three straight 
bes XZ, XY, XT, perpendicular each to the plane of the other 
These mutually perpendicular lines are called rcclangular 
», If now, upon ^B as a diagonal, we form the reclan- 
r parallelogram ADBC, having its plane perpendicular id the 
r YXT, and its side BC parallel to XZ ; and then upon BD 
I a diagonal we form the rectangular parallelogram DFBE, 
■viiig its plane parallel to the plane YXT^ and its sides BF, BE, 
allel to the straight Hues XT, .(TV, respeclively ; it is evident 
1. That for the force v^Bwc may substitute the force BCparallel 
to XZ, or perpendicular to the plane YXT, and the force BD par- 
allel to this latter plane ■, 2. That for the force BD we may 
nbetilute the force BE parallel to XY, or perpendicular to (he 
plane ZXT, and the force BF parallel to XT, or perpendicular 
Dtbe plane ZXY; so that the force />, or ^/J, is decomposed Into 
ree forces parallel to three rectangular co-ordinates, or (which 
I the same thing) into three forces perpendicular to three mutu- 
■jr perpendicular planes. 

Now what has been said of the force p is evidently applicable 

i anj other force not perpendicular to one of the three planes. 

lUicrefore all (he forces like^, be considered as thus decompos- 

; and we afterwards reduce to a single force all ihe forces per- 

:ular to ibe plane ZXT, the same thing being done with re- ^ 

?ct to all the forces perpendicular to the plane ZXY, and also 

b respect to all the foi-ces perpendicular to YXT, it will be seen 

lot we may reduce any number of forces, directed in different 

iDCs, to three forces perpendicular to three planes, those pUncS 

■iog perpendicular respectively to each other. 
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If either of the ^ven forces happeh to be pdrtillel to oAe of 
the straight lines XZ^ XY^ XT, its components parallel to the 
two other straight lines, a« obtained by the abo^e Mfeihotf, wohM 
be each equal to zero. 

Such are the general principles of the compositioH and de- 
composition of forces. 



Of the Centre of Gravity* 

74. Before we proceed to treat of the particular effects pro* 
duced by the forces whose general properties we have been con- 
sidering, it is necessary to speak of the centre of gravity, a sub- 
ject of the greatest importance in all inquiries relating to the 
motion of machines and bodies of a known structure. 

By gravity, we mean the force which urges bodies downward 
in vertical lines, or directions perpendicular to the surface of 
tranquil waters. If the earth, or the surface of these waters, 
were perfectly spherical, the directions of gravity would all meet 
at the centre. But although this surface is not perfectly 
spherical, the deviation is so inconsiderable, that, for the objects 
we have more immediately in view, we may, withotit s^sible 
error, regard the directions of gravity as meeting at the cent^ 
of the earth. 

The earth being considered as a sphere, its radius is estimat- 
ed at 3956 miles, or 20887680 feet. From this it may be read- 
ily inferred, that it would require at the surface of the earth an 
extent of about 100 feet to subtend an angle of one second at the 
centre. Thus, with respect to a machine of 100 feet in length, 
the directions of gravity at the extremities would want only otie 
second of being parallel. Hence, on account of the great distance 
of the centre of the earth, compared with the dimensions of any ma- 
chine, we may regard the directions ofgraroity as paralkL We may 
also for the same reason, consider the force of gravity , exerted upon 
different parts of the same body, as the same in point of mctgnt/tnie, 
and capabk ofgivir^ the same velocity in the same time^ 
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75. By the cmirt of gravity of a body, op »yfitem of bodies (that 

M, any assemblage whatever of bodies), we mean that point 

rough which passes the renuliani of all the particular foi-ces ex- 

) by the gravity of the st^vcral parts of the body, or system 

mt bodic-s, in whatever position the body or system is placed. 

If, for example, in the actual position of the triangle ABC, the ^'E- 
resultant force of all the actions of gravity, upon the several parts of 
B triangle, passed through a certain point G of its surface, and in 
Mthcr position a be, it should pass through the same point G, this 
inl is what we calf the centre of grftvity. We shall see here- 
after that the resultant in question passes through the same point 
in all possible positions of the given body. 

_ 7C. The centre of gravity is easily determined by means of 

^Kwbat we have said upon the use of moments in finding the resul- 
^nut of several parallel forces. 6 

^^ft Lei there be any number of bodies m, n, o, whose masses we ^'S- ^T. 
^^BB considep for the present as concentrated in the points A, B, 
^^Ksitaatcd in the same plane. Let u be the velocity which 
gravity tends to give to each in nn instant ; 

u K m, u X n, u X o, or um,un, u o, 
will be the quantities of motion, or forces, with which the bodies 
tend to move according to the parallel directions .^"v?, B"B, C'C. 
In order, therefore, to iind the position of the resultant, we take the 
B of the roomenu with regard to any point F, assumed at pleas- 
•, in a line perpendicular to the directions of the forces, and 
Tide this sum by the sum of the forces ; we have therefore for 
B raloc of the distance TO", at which this resultant passes, 
tyy, umx F^'-i-»»X FB' + UP xFC" 
'" - «„ + „„ + „„ 

\ by suppressing the common factor m, 

1Y„ m X F/1" + nx FB' + ox FC- 

«•= ^iTfirro — ^- 

c manner, if we draw the lines 44\ BB, CC, parallel to 

', and (vrminating in the vertical FC ; and suppose moreover, 

lal the point G, taken in [he direction of the resultant, is the 

centre of gravity sought, by drawing GG also parallel to PG", 

n ihaH have 
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FG'z^zGG, FB'^BB, FA" ^ JIA, FCr^CCi 
whence 

^,g _ mx A'J +nxBB + oxCC ^ 

m + n + ^ 

that is (by considering the masses m, n, o, as representing the for- 
ces, thevelocitjr u being common), the distance of the centre of gravity 
of several bodies from an assumed straight line^ is found by dividing 
the sum of the moments of these bodies {taken with respect to this 
line) by the sum of the masses. 

Let us now conceive the system of bodies m^n^ o^ reversed ia 
such a manner that FA\ instead of being horizontal, shall become 
vertical, &c. ; it is apparent, that in order to find the distance of 
the resultant from the line FA'\ now vertical, it will be necessary 
to take the sum of the moments with respect to FAl^ and to di- 
vide this sum by the sum of the masses ; which gives 

G"G = ^ ^ ^'^ ~h n X B"B + X CX 

m + n + 

Having found the distance of the pointG from two fixed known lines 

Top. 1. FA^\ FO^ the position of this centre G is evidently determined. 

It is here taken for granted that the distances AA^ A'A^ WB^ 

BJB'V&cV, are known, since the point through which /Vl', FC, 

are drawn, is assumed at pleasure. 

77. If the distances Jt'A^ B'B^ &c., are each zero ; that is, if 
all the bodies are in the same straight line FA^" the sum of the 
moments with respect to this line is zero; the distance G"G is 
therefore zero. Accordingly^ if several bodies^ considered as points^ 
are in the same straight line^ their common centre of gravity is aho 
in this line. 

78. If the lines FA'^ FC^ are either of them drawn in such 
a manner as to have bodies situated on each side of it, instead 
of the sum of the moments, we should say the sum of the mo- 
ments that are found on one side, minus the sum of the moments 
that are found on the other side. As to the denominator of the 
fraction which expresses the distance of the centre of gravity, it 
will always be comfk)sed of the sum of the masses, since all the 
forces, by the nature of gravity, act in the same direction. What 
is here said is applicable to any number of bodies, which, being 
considered as points, are situated in the same plane. 
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The lines FA', FC, are called tU axrs of the m<mcnts. 

79. If now wc suppose ihe point F, whicli we at first took 
ibiti^rilj, lo be in G, G'G and G'G become each equal tu zero, 
lierefore lie sum of the moments with respect to FA", and Ihe 

D of the moments with respect to /"C, must in this case be each 
cijaal lo z«ro. 

80. We now say, ihat if the sum of the moments of several 
ies wilh respect lo the straight line TS, passing; through the Fig. 28. 
It G, is equal to kpi^; and the sum of the moments wilh res- 
pect (o the straight hnc DE, perpendicular to TS, and passing 

also through G, is in like manner eijual to zero; the sum of the 
moments wilh respect to any other straight line LH, passing 
through the same point G, will also be equal to zero. 

Indeed, having let fall upon the lines DE, TS, LH., the pei^ 
peadkalarA AA", AA",JA"'; if we sup|>ose thai the point /is 
that in which AA meets LH, from the right-angled triangle GA'I, 
He have 
m sin CIA' : GA' :: sin DGL : A'l, 



Kdii 



COS DGL : AA :: sin DGL : A'l = ^'^ 



AAjin DGL 
Vos DGL ' 



AI = AA —Al = AA' — 



AA"i 



DGL 
s DGL * 



Kow from the right-angled triangle lAA'", we have, radius beii^ 
supposed equd] to 1, 

I '. At :i sin A I A ■' : A A'" 

: : COS DGL : AA" =AIxcos DGL jl 
that ia, substituting for AI its value above found, 

AA'" = AA' cos DGL — :!3A'' x sin DGL ; 
hence, if we multiply by the mass n> to obtain the moment, i 
'Tiall hnvc 
.'. X AA'- ^mx AA' X cos DGL ~mx AA" x sin DGL \ 

.A Other words, the moment of the body m with respect to thi 
axis LH, is equal to the cosine of ihc angle DGL, multiplied bj\ 
the Him of the moments wilh respect to the axis DE, minus ihi 
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sine of the same angle DGL, multiplied by the guiii of the mo- 
menlii wilh respect to the axis TS. 

Now it is manifest, that with regard to any other body n, we 
should arrive at a similar result, wilh the exception only of the 
signs according to which the bodies are on the same or on ditTe- 
rent sides of LH, Consequently, if we take the sum of all the 
moments with respect to the axis LH, we shall find liat it is 
equal to the cosine of the angle DGL, multiplied by the sum of 
tbe moments with respect to DE, miaus the sine of the angle 
DGL, multiplied by the sum of the moments with respect to TS. 
But each of these two last sums is by supposition equal to zero - 
consequently iheir products by the cosine and sine respectively 
of the angle DGL, will be each etjual to aero ; therefore, also, Ike 
gum of tht fnornenla wifk rtspecl lo any axis vihatevtr LiH, wKxeh 
passes through ih^ centre of gravity G, is equal to zero, 

81. Hence we infer that the resultant action of all the partic- 
ular actions of gravity, which are exerted upon the several parts of 
a system of bodies, passes always through the same point of this 
system, whatever be its position ; for it is not with respect to 
the direction of the resultant that the sum of the moments of the 
several parallel forces may be equal to zero. 

Moreover, although the inquiry hitherto has been only res- 
pecting bodies whose centres of gravity are in the same plane, 
the method is not the less applicable to the case where the parts 
of the system are in different planes. 

82. If die bodies, siill regarded as points, are not in tbe same 
3. plane, let us imagine a horizontal plane XZ, and from each of 

the gravitating points p, q, r, let the vertical lines Ap, Bg, Cr, 
be supposed to be drawn ; and in order to determine the point 
E, through which passes the resultant p E, in the direction of 
which must be the centre of'gravity, we take the moments with 
respect to two fixed lines FX, FZ, assumed in the horizontal 
plane, perpendicular to each other ; we take, I say, the sum of 
the moments, as if the bodies were all in this horizontal plane ; 
and having divided each of the two sums of moments by the 
sum of the masses or forces p, q, r, we shall have the two distan- 
ces £'£, E"E. It will only remain, therefore, (o find at what 
distance EG, below the horizontal plane, this centre is aituated> 



iogv 
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Now if we bnagine ihp figure rpversed, the plane XT. becom- 
log vertical, and Z^' horizontal, il will be seen thai in order to 
lennine the distance £"0, corresponding and equal lo EG, the 
nee songlit, it is necessary, according lo the method above 
(Nirsued, to lake the sum of ihc moments with respect to ZF, as 
if the bodies were all in (he plane Zr,and to divide this sum by 
the sum of ihe masses ; we have then every thing ihal is requi- 
site in order to fix the position of liie ccntic of gravity. 

83. Hence, by recapitulating what we have said, this prob- 
len reduces itself to the following particulars ; 
L(l.) When the several bodies, considered as points, are situated 
Pthe Game straight line, we lake the sum of the moments with t ig- s^^ 

^i to a fixed point F, assumed arbitrarily in this line, and 
divide this sum by the sum of (he masses, and the quotient will 
be the distance of the centre of gravity G from the point F. 

(2.) When the several bodies, considered as points, are all in 
ihe same plane; through a point F, taken arbitrarily in tliisrig. 2Tj 
plane, we suppose two lines Fj", f C, to be drawn at right an- 

Koeacb other; and having let fall perpendiculars upon each 
ise two lines from each gravilaiing point, we imagine that 
gravitating points are applied successively lo the lines Fjf^ 
where their perpendiculars respectively fall. We then 
as in the case just staled, what would be the centre of 
ly G* in FA", and what would be the centre of gravity 
FC ; drawing lastly through these two points the lines 
C*G, GGy parallel respectively to FC^ FA", and their point of 
meeting G will be the centre of gravity sought. 

(3.) When the several bodies, considered as points, are in 
diflerenl planes, we imagine three planes, one horizontal, and P'6- 23. 

Ihe iwo others vertical and perpendicular to each other. From 

-.each gravitating point we suppose perpendiculars let fall upon 
ich of these three planes \ we then take the sum of the moments 
irith respect to each plane, and dividing each of these suras by 
a of the masses, we shall have the three distances of the 
»trc of gravity from the three planes respectively. 

I 84. It must be recollected, moreover, in what is above said, 
A when the bodies are on different sides of the line or plane 
b rrsprct to which the moments are considered, it is necessa* 
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rj to take with contrary signs the moments of bodies that are 
found on opposite sides. 

85. We will here make a remark, that is suggested by what 
has been said, and which will enable us to abridge, in many 
cases, the process of finding the centre of gravity, as well as the 
solution of other problems. 

Since the distance of the centre of gravity is expressed by 
the sum of the moments divided by the sum of the masses, if this 
centre happen to be in the point, line, or plane, with respect to 
which the moments are considered, the distance being zero, the 
sum of the moments must also be zero. Therefore, the sum of 
the moments zoith respect to any such plane as may pass through this 
centre of gravity is zero. 

86. Hitherto we have considered bodies as so many points, 
and we have seen how the centre of gravity of all these points 
may be determined, whatever b^ their number and position. 
Now a body of any size or figure whatever, being only an as- 
semblage of other bodies or material parts, which may be con- 
sidered as points, it follows that, by the method above pursued, 
we may determine the^centre of gravity of a body of any figure 
whatever.' 

Also, since the centre of gravity is simply the point through 
which passes the resultant of all the particular efibrts^made by 
the several parts of a body in virtue of their gravity, and since 
this resultant is equal to the sum of all these particular efiforts ; 
it follows, that we may in all cases suppose the whole weight of a 
body united at its centre of gravity, and the weight would have 
the same efiect upon this point, when thus united, that it would 
have in its actual state of distribution through all parts of the 
body. 

87. When, therefore, it is proposed to find the common centre 
of gravity of several masses of whatever figure, we begin by 
seeking the centre of gravity of each of these masses, which is 
attended with no difficulty. Then, the weight of these masses 
being considered as united each at its centre of gravity, we seek 
the common centre of gravity, as if all these bodies were points 
situated where each has its particular centre of gravity. 



i 
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88. Accordingly, every thing which we have said hilhcrlo 
■Q the common cemrc of gravity of several bodies, considered 
points, is equally applicable lo bodies of whatever figure, if 

lake, iu estimating the moments, instead of the distaiice of 
body, the distance of its particular centre of gravity. 

89. Hence, finaWy, if several bodiai, of V!balevtr_figure,have iheir 
farticular ctntrts ff gravity in the same straight line, or in the same 
flaw ; iJttir common centre of graviti/ will, in the former cats, bt in 
Hu gkm ttraighf line, and in tht lalttr in the gi-cen plane. 



flication of tht PrincijiUs of the Crnt re of Gravity to particular 
Problenu. 

90. Let J'lB be a slrai|ht line uniformly heavy. Il will be Fig, an 
a at once without the aid of any dcnioiislraiion, that the mid- 
I poinl P, of its length will be its centre of gravity. Bui in 
jder lo illuMrale and confinn ihe theory of moments, developed 
■the preceding articles, let us seek the centre of gravily accor- 
g to the principles of this method. 
We imagine this siraijrht line divided into an infinite number 
Mints, of which Pyj represents one; and that each is multi- 
] by its distance from a fixed point, as the extremity Jl for 
mple. Wc then take ihc sum of these pro^Kts, and divide 
ty the sum of ihe parts of which Pp is one, thai is, by the 
e AB. Accordingly, if we call JlB, a ; AP, t ; we shall have 
B = J J ; and the moment of Pp will be eijual to x rf j:, which Cal. J. 
ast be iniegraied to obtain ihc sum of the moments. This sum 
efore will be equal to — ; and in order to have it for thecd. si 
whole extent of ihe line, wc must suppose » = a, which gives 
— for the entire sum of the moments. Dividing this by the sum 



Lof the masses, wc have 



- for the distance of the cen- 



fe of gravily from the point A. Thus, tlu centre of grmitif of a 
tti^l linf, vnif'irmli/ hcavi/, is iff midtlle p&int. as was before 
inifrsl. 
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Fie 31 ^^* Hence, (1.) In order to have the centre of gravihf of the 
perimeter of a polygon, it is necessary, from the middle of each 
of the sides, to let fall perpendiculars upon two fixed lines AB, 
AC^ taken in the plane of this polygon ; and, considering the 
86. weight of each side as united in the middle of this side, to seek 
the common centre of gravity of these weights in the manner 
abready explained. 

92. (2.) The centre ofgraoity of the surface of a parallelogram is 
the middle point of the line which joins the middle of two opposite 
Fig. 32. sides. For, by considering the parallelogram as composed of 
material lines, parallel to these two sides, each will have its cen- 
tre of gravity in the line which passes through the middle of 
these same sides. The common centre of gravity, therefore, 
of all the lines will be in the bisecting line. It will, moreover, 
be in its middle point, since this line, considered as sustaining the 
90. weights of all the other lines, is uniformly heavy. 

Fie. 83. ^^' (^0 To find the centre of gravity of a triangle ABC; we 
draw from the vertex A to the middle D of the opposite side jBC, 
the straight line DA, and from the point D we take DO =s 

i da: 

Indeed, the straight line DA, which divides BC into two 
equal parts at the point £), divides also into two equal parts 
every other UmL^, parallel to jBC; accordingly, if we consider 
the surface oj^he triangle as an assemblage of material lines 
parallel to jBC, the line DA, which passes through the particular 
centres of gravity of all these lines, will also pass through their 
common centre of gravity, that is, through the centre of gravity 
of the triangle. For the same reason, the line C£, which passes 
through the middle of AB, will in like manner pass through the 
centre of gravity of the triangle. This centre is consequently at 
the point of intersection G of the two lines CE and DA, Now, if 
we join ED, it will be parallel to AC, since it divides into two 

Geom. equal parts the sides AB, BC. The two triangles EGD, AGC, 
are accordingly similar, as well as the triangles ABC, EBD ; we 

Geom. have, therefore, • 

^' DG X AG :: DE : AC :: BD : BC :: 1 : 2; 

that is, DG is half of AG, and therefore one third of AD. 
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94* Hence, In order to find the centre of gravity G of a trape- 
zmdj we draw KL through the middle points of the two parallel Fig. 94 
sides, and from these same points K, L, we draw the lines KA, 
LD, to the vertices of the opposite angles A^ D ; then having 
taken 

KEz=lKA, LF=z^LD, 

we join £F, which will cut KL in G, the point sought. 

For, by reasoning as we have done in the casie of the triangle, 
we shall see that the centre of gravity G must be in KL. More- 
over, since JE, F, are the centres of gravity respectively, of the % 
triangles CAD^ ADB^ which compose the trapezoid ABDC^ the sor. 
common centre of gravity of the two triangles or of the trapezoid 
mostbeinJEJiP; it follows, therefore, that it is at the intersec- 77. 
tion G. 

To find the distance I»Cr, which we shall have occasion to use * 
hereafter, we draw the lines EH, FI, parallel respectively to AB ; 
and since 

KE=i\KA, and LF = ^LD, 
we shall have 

EH=:^AL, and FI = :^KD, 

or 

EHz=\AB, and FI ^ \ CD. 

For the same reason, 

KH^\KL, LI^^KL, 

therefore 

H/ = i KL. 

Now the similar triangles GHE, GFI, give 

EH : GH :: FI : Gh, 

whence 

EH + FI:GH + GI or HI :: FI : GI; 

that is, 

I AB + I CD : ^ KL :: i CD : GI-, 

therefore 

^^ "" ^ ^B + I CD "" AB+ CD ' 

and, because LG ^ LI + GI^ if we substitute for LI and GI the 
values above found, we shall have 
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f i? — » jrr -1- i KL yc CD 

_ \KLx{AB + 9, CD) 
"" JIB + CD 

We remark in passing, that if the height KL of the trapezoid 
were infinitely small, and the difference of the two sides AB^ CD^ 
were infinitely small, these sides ipi'.st be considered as equal, so 

i KL X .S AB 

ihat the distance LG would reduce itself to ^ — ^-^^ or 

I KL; that is, the centre, of gravity in this case is equally distant 
from the two opposite bases. 

Fig. 36. 95. To find the centre of gravity of the surface of any polygon^ 
we divide it into triangles, and having found the centre of gravi- 
^' ty of each triangle in the manner above shown, we determine the 
common centre of gravity of all the triangles, by considering 
them as so many masses proportional to their surfaces, and con- 
centrated each at its particular centre of gravity, agreeably to 
M. the method already adopted. 

It will hence be seen how we should proceed in determining 
the centre of gravity of the surface of any solid figure terminated 
by plane surfaces. 

96. In fine, it is not always necessary to have recourse to 
moments in finding the centre of gravity. If it were proposed 
for example, to determine the centre of gravity of the perimeter 
Fig. 36. ^f ^ regular pentagon ABCDE^ I should draw from the vertex of 
one of its angles A^ to the middle of its opposite side, a straight 
line AH ; likewise from the vertex of another angle JB, to the 
middle of its opposite side, a straight line £/, and the intersectioQ 
G of these lines will be the centre of gravity. 

Indeed the common centre of gravity of the two sides AB^ AE^ 
is evidently the middle c, of the line b a, which passes through 
their middle points. The common centre of gravity of the two 
sides BC, i)£, is for the same reason the middle of the line IK 
v^ hich passes through their middle points ; and the side CD has 
its centre of gravity in H, Now it is manifest that the line AH 
passes through the middle points c, e, and H; it accordingly 
passes through the common centre of gravity of the five sides* 
It may be shown, in like manner, that IE also passes through th^ 
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centre of gravily ; therefore this cenlre is at the interseclion C 

97. By pursuing the same land of reasoning which we adopted 
in rfae case of the triangle, it might be demonstrated that the 
point O is the cenlre of gravity of the surface of a regular 
pentagon. 

In gmcral, it may be shown, by the same method, that the 
"litre of gravity of the perimeter, as well as of the surface of any 
^lar polygon, of an odd number of sides, is the point of in- 
: r?«ciion of two straight lines, each of which is drawn Aom the 
icrtex of one of tlie angles to the middle of the opposite side. 
And when the number of sides is even, the centre of gravity, Fig. a" 
both of the perimeter and of the surface, b the point of intersec- 
T'U of tivo straight lines drawn through the middle points of two 
:irs of opposite sides. We might also extend this mode of rea- 
I'juing to the circle, by regarding it as a polygon of an infinite 
Bomber of sides, and we should find that the centre of gravity 
of (be circumference, and of the surface, is the cenlre. 

When the number of lines, surfaces, bodies, &c., is not con- 
siderable, the centre of gravity may be found by the method of 
articles 53, 54. Let the three points jI, B, C, for example, be the Fig, 3« 
centres of gravity of three lines, or three surfaces, or three 
fxidjrs, whose weights are represented by the masses m, n, n. 
Having joined two of these points, as B and C, by the line BC, 
«e divide BC at G', in such a manner as to give 
« : t. :: CC : BC 

n + o : « :: CB : CC; 

: 1 the point G' thus found, will be the centre of gravity of the 

i> weights n, 0. We now draw G'A, and suj^posing tlie two 

: is§cs n, 0, united in C, we divide, in the same way, G'A in the 

. . ersc ratio of the two masses m and ti + o, that is, so as to 

n-\-o : VI :: AG : GG, 

n + o + .« : n» : : ^G' : GG ; 
' \ the point G will be the common centre of gravity of Uie 
.■ic weights m, n, o. We might proceed iu a similar manner 
Tiib a greater number of bodies. 



bS Statics. 

98. It would be easy to deduce from what precedes an easy 
method of finding the centre of gravity of the surface and of the 
solidity of any cylinder or prism. Indeed it is evident that this 
centre must be the middle of the line that passes through the 
centres of gravity of the two opposite bases, since bodies of this 
form, being composed of laminae pr material planes, perfectly 
equal and similar to the base, may be considered as so many 
equal weights uniformly distributed upon this line. 

99. To Jind the centre of gravity G of a triangular pyramid 
'S- 39. s^BC^ jjpg draw from the vertex to the centre of gravity F of ike 

base, the straight line SF, and take in this line reckoning from F, the 
part FG = i FS. 

* 

To show that G is the centre of gravity required, from the 
middle D of the side AB, we draw DC, D5, to the opposite ver- 
tices C, 5, of the pyramid, and having taken DF = J DC, and 
DE = I DS, the points F, £, arc respectively the centres of 
^ gravity of the two triangles ABC, ASB. 

This being supposed, if we consider the pyramid as compos- 
ed of material planes, parallel to ABC, the line SF, which 
passes through the point F, of the base, will pass through a 
similarly point placed in each of the parallel planes or strata* 

408. * Thus the particular centres of gravity of the several parallel 
planes will all be in the line SF. For the same reason the par- 
ticular centres of gravity of the several planes parallel to ABS^ 
of which we may suppose the pyramid in like manner com- 
posed, are all in the line EC. Accordingly, the centre of gravi- 
ty of the pyramid is the point G, where the two lines SF, EC, 
situated in the plane SDC, intersect each other. Now if we 
draw FE, it will be parallel to CS, since DF being a third of DC, 
and DE a third of DS, these two lines are cut proportionally. 

199. The two triangles FEG, GCS, are therefore similar ; and the two 
triangles DFE, DCS, are also similar ; whence 

FG : GS :: FE : CS :: DF : DC :: 1 : 3; 

that is, FG is a third of GS, and consequently a fourth of FS. 

100. As any solid may be decomposed into triangular pyr- 
amids, knowing the centre of gravity of a triangular pyramid, it 
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•iU be f«sy, by Ihe melliud of inoiocnU, lo find ibe centre d 
iviljf q( any body whatever. 



101. Such is the gcnrral manner of finding the centre of g 
of bodies, ihe parts of which arc independent of each o 

or raihcr when we liave not ihc CKpresaion of the Inw bj w 
they are connected together. 

But when the parts of a figure or bqdy liave a relation 
can be expressed by an equaiion. the centre of gravity may \ 
(baud much more readily. 

102. Let it lie required lo find thecentreofgravity G.of any F>b-^ 
arc of a curve JiM; we imagine an infinitely small arc Mm, and 

ikc for the axis of the moments any line CA*, paralleJ lo ll 

inatrs, which are supposed to be perpendicular among tbei 

rivet. Suppose, moreover, ihat the distance of C fro 

■pn A of the abscissas = h,k being taken of any magnitude a 

pleasure. To oblaiii tlic distance GG' of the centre of gravity 

from the axis CW, we must take the sum of the moments of the 

tMm, and divide it by the sum of the aix« Mm; that js, by 

t arc AM. Now the arc Mm being infinitely small, the dis- 

»cc of its middle point n, from the straight line CA", may be 

Kisidered as equal to JU.V. We shall have, therefore, 

Mm X MM 

t the raomeDt of this infinitely small arc. But, calling AP, x,r 
i PMty, we shall have Mm = ^dx' + dy*, and 

MM= PC = A — i; 
refbre (A — x) vdr» + d^ is the moment of the arc Mm^ ' 
oim) consequently f {k — *) x^dx' ■+■ Jj", or ihc integral of 
(fc — *) V rf*' + it I/', is llie sum of the moments of all the infi- 
nitely small arcs M m, of which the arc AM is composed. Wej 
have, lhereibr«, 

GG' = ./"(*—*) -yTi^+Tf' 



fc 



ih mpecL to ihc arc AM. 1^'bicll is a. divisor in this quantity, 
have^vcn a method of determining it exactly, when that caiiCai. M 
be done; and another method of determining it by iipproxi-CHi.iirt. 
naitoa. 

AfrrJt. fl 
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By a course of reasoning similar to the above, we should 
find that the distance GG"^ of the centre of gravity from the axis 



AP, i,fl^^±^+JjL. 



Such are the general formulas which serve to determine the 
centre of gravity of any arc of a curve of which we have the 
equation, by means of the lines designated by x and y. 

103. If the arc of which we wish to find the centre of gravi-- 
ty, is composed of two equal and similar parts AM^ AM^ situated 
Fig. 41.QJJ gg^^jj gjjg respectively of the axis of the abscissas, it is evident 
that the centre of gravity G, will be in the straight line AP\ we 
have, therefore, only to find its distance from the point C. Now 
it is plain that the moments of the two arcs JIf m, J(fm', with 
respect to the axis A^AT, being equal, the distance GC will be 
equal to 

For example, let the arc MAM be an arc of a circle ; we 
Trig, have y ^=^^/a% — x*, a being the diameter. We shall easily find, 
Cal. 98. ^"^^ indeed we have already seen, that 



-T— s ; — i a<la: 

^ " Va X— x^ 

We shall have, therefore, 

gs,, , ^S\a{h — x\dx 



__ 1 



= a /*(A — x) dx (ax -^ x^) '* 

Supposing DOW for the sake of greater simplicity, that the 
point C is the centre, then AC = A = | a ; we shall have, there- 
fore. 



e«l. 88. 



2 i» (fc — x) x/dx^+ dy^ = af{^ a — x) dx (ax — a?")~ ' 

t= a Vox — X* ; 

an integral to which no constant is to be added, because when 
f = 0, this integral becomes zero ; as indeed it ought, since the 
sum of the moments is then evidently nothing. 

We have, therefore, finally. 



2f(h—x)dx\^dx^+dy* = a Vox— «», 



Cmire of Gravity inparliniiar Bodies. 
and consequeQilj. 

~ MAM - 4 " '* jH^j^' MAM 

which gives ihis proportion. 



^^maui 



MAM- : MM' :: CA : CG. 
Thus we oblain the following rule ; that Ihc diatante of tkt 
fre of a circle from tht centre ofgramly of any arc of this nrcle, 
a fourth proportiwwi to tht knglh ofllu arc, ill chord and radius. 
These formulas may be applied lo any other citrve. 
We pass now to the consideration of the centre of gravity 
of plane surfaces bounded by curved lines. 

104. Let it be required lo find the centre of gravity of ihc Fig. ■ 
rface APM; and let G represent Uiis centra. In order to ob- 

un the distance GG\ it is necessary lo take the sum of the 
ionteDt£ of the small trapezoids JW/'/im, with respect lo CA", 

nd lo divide tJiis sum by the sum of the trapezoids, that is, by the 

Inriace APM. Now the centre of gravity F of this small trapezoid 
lUst be in the middle point of ihc straight line n A', equally dis- 
Uii from MP and ni^, which point ive can suppose to be in MP, 
n account of tlie infinitely small height Pp. We shall have, 

ihereforc, FL = CP\ and the moment of /*/jr;i JV/ will be 
PpmM X CP, 

ibAI is, (A — x)ydx, calling always CA, h, and^P, x. There- 
e the sum of the moments will be/'(/i — a:) ^ d j, and conse- 

pmily the distance 

Jlf.U 
ll will be fiiiiiid, lilEcwisc, thai ttir dislancc 

105. The centre of an^' plane surface may be found, in ihe 
lae manner, by decom]>osing it into infrnitely small trapezoids. 

For eicample, let the surface in question be the triangle AJ^M^, 
ki) taltc the ba«JVA"aDd the height .-/C for the axes of the 
BwrarnU ; now calling AP, x, MM', y, and AC, H, we shall have '*' ■* 
MM" m* M = yd x; and the momeni of this trapezoid, with res- 
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pect to ^C, will be (fc — oc)yd x. Therefore, the oUstance GC 
of the centre of gravity fh)m the base, will bc*^-^ — aMM * 
Now calling c the base, we have 

AC X AP :i NK : JJfJJf; 

that is, 

- c r 

fe : « : : c : y = -J- ; 

therefore/ (A — x)ydx becomes/ (fc — x) — j — , or 

f c 

<_ (hxdx — x' dx\ 

the value of which is -^ (-| -|-J or ^(3k — 2x). Now 

the surface AMM is or ^^ ; therefore the distance 

GC of the centre of gravity of the surface from the base is 

1^ or i(3fc — 2x), 

which, when x = h, becomes ^ A, to which thi^ distance is there- 
fore equal. Now if we draw the line AGL^ the similar triangles 
ACL^G&Lyffve 

LG : LA :: GG' : AC :: ^h : h :: 1 : 3 ; 
JJ3 therefore LG ^ ^ LA^ which agrees with what has been h^fttt 
demonstrated. 

106. Let us now apply the formulas to curved lines. Sup- 
pose that APM is a portion of a circle whose diameter is a, and 
Fig. 44. whose centre is C ; we have then h = AC = ^ a. Now 

y = \^ax — x3 ; 
the quantity /( h — x)ydx^ becomes therefore 

Cd. 88. /(i« — x) rfx %/ox— x^ 

or/(i « — x) dx{ax — x») », which is an integrable quantity, 
and being integrated, gives \{ax — x*)* ; a quantity to which 
no constant is to be added, because it becomes zero, when x=0 ; 
as it evidently ought. We have, therefore, 

GO — ^ (ox — x^)! _ \PM^ 

APM "■ APM* 
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With rc^ci lo GC, Bincc y = 



,•),;. 



I 



c have, ihereforc, 

If the ({ueslion relattil to ihe entire segmenl, since it is evident 
ibat Uk- centre of gravity E, must be in the radius C^, which bi-^'B- ' 
•eels the arc, and ihat it must be at ihe same distance from M'K 
S£ the centre of gravitj of each of (he two semi-segments APM, 
^PM, we shall have 



B = i-^' 



CE = 



iVx8 



APM APM APM 

_ ^MSf' _ A MM-* . 

~ 2 APM JIMM- ' 

diat is, 'A* distance of the emtre of a circle from the cmtrc ofgravi- 
1^ tffontf onr of ils ifgjncnis, is rtfiia} to the twelfth pari of the cube 
irftkt tkord, dividtd ly tkt mrfact of this segiiiatl. 

107. The centre of gravity of a sector CjIA^jW may be easily * ^ 

by observing that E, the centre of gravity of the segment 
■V, G that of (be sector, and F that of the triangle, are all 
ihe radius CJ ; and that, according (o the principle of mo- 
ihc moment of the sector must be etjual to the moment of 
the Kg^cnt plus that of the triangle. We have then 

CM^M X CG = MAM X C£ + CMM' x CK 



■buDd, 

^^n the 



Now we have just found CE 

["'•'"'him = few 

LWc know, moreover, that CMM 



APM' 
therefore CE X MAM = 
PM X CP, and that 



hich may be chang- 
I PM'. 



CF = I CP, ■ 
I CMM X Cf is reduced lo f PM X cp'. Substituting, 
we, these values, we have 

CMAM yi. CG ^% pIS' + f P3f X CP» 
= %PM{FJi^ + CP") 
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= I PM X Otf*, on account of the right-angled triangle CPM^ 
consequently, 

^^ "" CMAM' • 

But the surface of the sector CMAM, is equal to the arc MAM 

CM 
Geom. multiplied by -—, therefore 

CQ = jPM XCM^ _ jPMxCM _ i MM x CA 
^^ MJIM' X CM MAM'- "" MAM * 

2 

That is, <fce distance of the centre of a circle from the ceutre of 
gravity of any one of its sectors^ is a fourth proportional to the arc, 
the radius, and two thirds of Hie chord of the arc. 

• 

The formulas above found may be applied to any other curvc^ 
as the parabola, &c« 

108. Wc now proceed to the consideration of ciirved surfa« 
ces, confining ourselves to those of solids of revolution. Reason- 
ing, then, as in the preceding articles, it will be perceived that 
the centre of gravity of each elementary zone, is in the axis of 

Fig. 46. revolution CA^ and that it must be regarded as at the centre P 
of one of the bases of this zone, considered as having an infinite- 
ly small breadth- But we have seen that the expression for this 

Ctl. 97. 2one is 2 ;f ^ \/dx^ +dy*, 7t representing the ratio of the diam- 
eter to the circumference. We shall have, therefore, (denoting 
always by ft, the distance AC of A, the origin of the abscissas, 
from -AW, the axis of the moments) 2n(h — x) y \/d x« +dy^ 
for the moment of this zone ; from which it follows that the dis- 
tance of G, the centre of gravity of the surface, from the point Q 
designating this surface by (^, will be 

/2 71 {h — x) y x/dx*+dy^ 

a 

109. Let us suppose, in order to apply this formula, that it 
is proposed to find the centre \)f gravity of the convex surface of 

^'^- ^'^' the right cone AJiJ^ ; we denote AP by x, PM by y, the height 
AC by A, CJ^ the radius of the base by a, and the side AJsP by <• 
On account of the similar triangles, ACJ^, Jtf rwi, we have 

AC : AJ^ :: Mr : Mm; 
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that is, 

h : e :: dx t \/dx* + dy^ = . 

We have also, on account of the similar triangles, ACJf and 
APM, 

AC : CJV:: AP : PM, 
that is, 



therefore 



a X 



f2nih—x)yy'dx*+dy* 



becomes /a, x (fc-.-*) X ^ X ^^ ; 

of which the integral is 

Now, the surface of the portion AMLMA^ or (t, is equal to Ceom. 

AM *^* 

— X circum PM. and we have 

AC : jJP :: ^JV : AM, = ^^^4^? 
therefore, 

therefore the distance of the centre of gravity of the surface 
AMLMA^ from the point C is 

, or |(3A— 2ap). 



n ae x^ 

Therefore, when a? = A, or AP = AC^ we shall have the distance 
CG, of the centre of gravity of the whole curved surface of the cone 

= i-(3A — 2fc) = iA; 
that is, the centre of gravity is found in the same manner as 
that of the surface of the triangle ANJf. 
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^\g' 48. ijQ^ p^,. ^ second example, we take the sphere. We now 
have y = Vax^x*^ a being the diameter, and 



— i ^^^ 



\^dx% + dyt = ^ ■ ■ J 
Cal. M. ^ax— ^^ 

thereforey*2 n(h-^x)y Vrfx« + dy« will become 

and this expression, C being the centre, which gives ft = | a, wiH 
be equal io Jn a{\adx — xdx)^ which being integrated, is 
n a{^ ax — | a?*) or ;v a x (^ a — | a?). Now we have found 
Cal. 98. ^^^ ^^^ surface tf of the spherical segment AMLMA^ was nax'^ 
we have, therefore, for the distance CG of C, the centre of the 
sphere, from the centre of gravity G = 



nax 
nax 



(ia— Jx) = ia — ix = C/J — i^P; 



that is, the centre of gravity G is in the middle of the altitude jfPof 
this segment* Hence we derive the general conclusion, that At 
centre of gravity of the gurface of a spherical zont, comprekendtd 
between twoparaUel planu^ is the middle point of the altitude ofthu 
zonu 

111. We shall terminate this branch of our subject, with 
the investigation of the centres of gravity of solids. 

Fig. 48. If ^g consider a solid as made up of laminae infinitely thin, 
and parallel to each other, and represent generally by tf, one 
of the opposite bases of each lamina, and by d a: its thickness, 
we shall have i' d « as the expression for each lamina \ and 
consequently tf (h — or) d x for its moment with respect to • 
plane parallel to these laminae, whose distance AC from the 
vertex A we represent by h* Therefore, denoting by 6 the 
bulk ALMMA^ the distance of the centre of gravity from C will 

be = ^ — ^ T^^ — ^. Now the value of 6 is determined 

Cal 100 ^y methods which have been heretofore given, and that of 
fte. j<^{h — x) dx is found by the same methods, when die 
value of 6 is known in terms of «• *We shall thus obtain 
the distance of the centre of graYity from a know^ plane. 
We might find in the same way the distance of this centre 
from each of the two other planes, perpendicular to one another, 
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and to the first ; but we shall confine ourselves for the present 
to those solids, of which the parallel laminae have their respec- 
tive centres of gravity all in the same straight line, as pyramids, 
and solids of revolution. * 

112. We begin with pyramids. Let h denote the height AC 
of any pyramid; x the perpendicular distance AP of any lami-Fig. 49. 
na from the vertex ; c* the surface of the base ; we shall have 
the surface of the lamina situated at the distance x from the ver- 
tex, by this proportion Geom. 

A* : a;* : : c* : ■ ; 
we have, therefore, 

whence r<^ {h — x) dx becomes 



c x^ 



,,,l(4A-3x). 



or, c* x» 



But the pyramid which has x for its height, and for its base Geom. 



C* X* c^ x' 

6 or - is = - , ^ - ; the distance of the centre of gravity 

therefore, is 



416. 






(4 fc _ 3 x) 



c» x» 



3/i* 
or i (4 fc — 3 x) ; 

this quantity, when x = A = AC^ is reduced to i ft, and we have 
the height CG^' of the centre of gravity G, above the bas^ = \h. 

Now let & represent the centre of gravity of the base ; the 
line AG* will pass through G, the centre of gravity of the pyra- 
mid ; and the parallels &'G^ &C^ will give 

&'€ or ih : AC orh ::ti& : AG' i 

whence GO* ^^ { AG' ; which confirms what we have before said, 
and shows that the centre of gravity of every pyramid, is one 
fourth of the distance from the centre of gravity of the base, to 
the vertex. 
Mech. 9 



99. 
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Geoiii. 113. With respect to solids of revolution, the general value 
of (T is 71 y* ; the general expression for the distance of the cen- 
tre of gravity, will thus be*^^ — ?^— ~ — — • This formula may 

be applied to the sphere, the ellipsoid, &;c., and by means of the 
ellipsoid may be determined^the centre of gravity of masts. 

114. What we have said with respect to centres of gravity, 
will enable us to arrive at a solution in any case that may occur; 
we shall, notwithstanding, point out particularly the course to be 
pursued in order to find the centre of gravity of the immersed 
part of a ship^s bottom, or rather of a homogeneous solid of this 
form. 

We may suppose the centre of gravity to be in a vertical plane 
passing through the axis of the keel, and we have only to deter- 
mine its horizontal distance from a vertical line drawn through a 
given point of the stem-post, and its vertical distance from the 
keel. 

For each of these objects we must begin by determining the 
centre of gravity of a surface ANDFPB^ bounded by two par- 
rig. 60. allel lines AB^ DFj and two equal curves, similar to AjVDj 
BPF. 

If we had the equation of this curve, nothing would be more 
easy than to determine its centre of gravity G, by the preceding 
methods. But not having it, we must conceive the line CE to 
pass through C and £, the middle points of AB^ DF, respective- 
ly, and that this line is divided by the perpendiculars THy KM^ 
&c., into equal parts, so small that the arcs comprehended be- 
tween any two adjacent perpendiculars, shall not difier sensibly 
from straight lines. We must next take the moments of the trape- 
zoids DTHFy TKMHy &c., with respect to the point £, and 
divide the sum of these moments by the sum of the trapezoids, 
Geom. that is, by the surface AN'DFPB. This surface, being compos- 
*'8. e^j Qf trapezoids, is readily determined. We have, therefore, 
only to fijid a simple expression for the sum of the moments. 
Now the distance of the centre of gravity of the ti*apezoid THFD^ 
from the point £, is 
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lIEx{DF+2 TH) ^ 

DF + TH ' 

that of the trapezoid TKMH from the same point £, will be, for 
the same reason, taken in connexion with the equality of the 
lines /£, /Z«, &c., 

} /£ X {TH + 2 KM) ^ fp i/£(4 TH+ b KM) 

Terror ■*" ' ""^ TH+KM 

In like manner, the distance of the centre of gravity of the 
trapezoid JfKMP, will be 

iIEx(KM + 2J>fP) . . „ ^^ jIExjlKM+eJ^P ) 
KM+NP -^-iir-, or KM+J^P * 

and so on* 

Now if we multiply each distance by the smface of the cor- 
responding trapezoid, that is, by half the sum of the two parallel Geom. 
sides, multiplied by their conunon height /£, we shall have for ^^•• 
the series of these moments, 

J Zl« X {DF + 2 TH), iiE* X (4 TH + 5 KM), 

ilE^X {7 KM+ 8 JVP), 

and so on ; the sum of which will be 

ilE^ X {DF + e TH+ 12 KM + 18 JVP + 

24 QS + 14 AB). 

It may be observed, that if there were a greater number 
of divisions, the multiplier of the last term, which is here 14, 
would be in general 2 + 3 (n — 2) or 3 n — 4, n represent- 
ing the whole number of the perpendiculars JDF, 77/, &:c., in- 
cluding AB, which may be zero. So that the general expression 
for the sum of the moments, is reduced to 

m* {IDF+ TH+2KM + 3J^P + 4QS + &LC. . . 

+ (Up!) AB.) 

But it is evident that the surface ANDFPB has for its ex- 
pression, 

/£ X (i Di' + 777 + JOf + JVP + &c. . • + i AB) j 

and hence the distance of the centre of gravity G, namely. 
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This formula, expressed in commoD language, furnishes the 
following rule ; 

To find the distance of the centre of gravi^ G, firom one of 
the extreme ordinates DF, 

(I). Take a sixth of the first ordinaU DF ,- a sixth rf the last 
ordinate AB, multiplied by triple the number of ordinaies less 4 ; 
then the second ordinate^ double the third, triple thejhurtk, and soon-j 
which nuty be called the first sum* 

(2). To half the entire sum of the two extreme ordinates, add all 
the intermediate ordinates, for a second sum ; 

(3). Divide the first sum by the second, and multiply the quotient 
by tlu common interval between two adjacent ordinates* 

For example, if there were 7 perpendiculars, whose values 
were 18,23,28, 30,30,21, 0, feet; and each interval were 
20 feet; 1 should take a sixth of 18, which is 3; and since 
the last term is 0, 1 should add to 3, the second ordinate 23, 
double of 28, triple of 30, 4 times 30, and so on, which would 
give 397. To the half of 18, 1 should next add, 23, 28, &c. the 
result of which would be 141; now dividing 397 by 141, and 
multiplying by 20, 1 should have 

397 X 20 7940 e/. r * >. • k i * 

— or -TTT- = 56 feet 4 mches nearly. 

141 141 -^ 

When we once know how to determine the centre of gravity 
of any section of a solid, that of the solid itself is easily found. 
Hence, by means of what is above laid down, we can determine 
the centre of gravity of the hold of a ship, or of the space em- 
braced by the outer surface of a ship's bottom. Let it be pro- 
posed to find the distance of the centre of gravity of this space 
from the keel. We imagine it composed of several laminae par- 

^"»g. 5i,allel to the section at the water's edge. The bulk of each lam- 
ina will be equal to half the sum of the two opposite surfaces of 

jj^"' this lamina, multiplied by their perpendicular distance, and the « 



*See Bouguer, Traits du M'avire, p. 213. 
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centre of gravity will be at the same height in this lamina, as 
in the trapezoid ABCD, which is a sccrion of this lamina, 
tiiadf by a vertical plane passing through ilic kfi;!. We see, 
ihcreforc, that the reasoning to be made use of here, iii order to 
find the height G£, of ihe centre of gravity, is precisely the 
imc as that in the last case, substituting only Sor perpendicular 
■,- rirdinafr, the word stcliim; we have, therefore, [his rule; 

(l). TaJa a fixlh of ihc lamest section; a sixth of tkt. hightil^ 
multiplied by triple the number of atcliont leim 4 ; ikt secimd section 
from thf lawat, double, the third., triple ihcfuiirth, and so on; and 
<ali the result thejirst sum. • 

(2). Takf half the sum of the lowest and highrsi steliotis, imd all 
i!u stetiant betweni than, for the aecmul gum. 

(3). IMiide tkefrst aunt by the atcond, and multiply the quotient B3. 
by the common di»tanct between two adjacent feclioTis. 

We may make use of the same method in finding the distance 
of the centre of gravity from the vertical line XZ, drawn through Fig. bi. 
■1 determioatc point li of the siera-post, by imagining the bot- 
m cut by planes parallel to the midship frame ; but as it would 
' I necessary to measure the surfaces of these sections, it is better 
> make use of those which have been already measured, in the 
■ ft operation; accordingly wo determine by the above method 
11. centres of gravity Q',G', of the several sections parallel to the 
ct. Their distances from the vertical XZ will be each the same 
- that of the centre of gravity C of the corresponding lamina. 
A .? now multiply each section by the distance of its centre of 
pravity from the line ,YZ, and regarduig the several products as 
the ordinates of a curved line, like those in Bgure 50, we add the 
half sum of the two extn-me products, to the sum of all the 
nran piroducts, and divide the entire sum by the sum of alt the 
mean sections, plus half the sum of the two extreme sections, 
ibe common thickness of the laminae being suppressed sa a com- ss 
BOO factor to the dividend and divisor. 

With respect to the centre of gravity of the vessel itself, whetb- 
tr laden or not, the investigation cannot be reduced to so simple a 
process. We must take into particular consideration, the differ- 
fOt parU which compose both the vessel and its lading. Having 



28. 
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found the moments of these different parts with respect to a hori* 
zontal plane, supposed to pass through the keel ; and the moments 
with respect to a vertical plane taken at pleasure perpendicular 
to the keel ; we divide each of these two sums by the whole weight 
of the vessel, and we obtain the height of the centre of gravity, 
and its distance from the vertical plane with respect to which 
the moments were considered ; and as it must also be in the 
vertical plane which passes through the keel, we shall have 
its position. But it may be remarked, that in the calculation of 
these moments, we must multiply, not the bulk of each part, 
but its weight, by the distance of the centre of -gravity of this 
part ; which centre is easily determined after all that has been 
said upon this subject. 



Properties of the Centre of Gravity. 

115. It is evident from what we have said upon the subject 
of the centre of gravity, and upon the resultant of parallel forces, 
that if the parts of a body or system of bodies have each the 
same velocity, or tend to move with the same velocity, it is evi- 
dent, I say, that the resultant of all these motions or tendencies 
would pass through the centre of gravity of the body or system, 
and that consecjuently the system would move, or tend to move, 
as if the several masses were all concentrated at the centre of 
gravity ; and were together yrged with a velocity equal to that 
which ui*ges each of the parts. 

116. We must infer reciprocally, that if any force be applied 
at the centre of gravity of a system of bodies ; all the equal parts 
of this system will partake equally of this motion, and will all 
proceed with an equal velocity, obtained by dividing the quantity 
of motion applied at this centre by the entire mass of the system, 
and this velocity will have for its direction that of the force ap- 
plied at the centre of gravity. 

Indeed, whatever be the motions distributed among the parts 
of the system, we see clearly that they must have for a resultant 
the very force applied at the centre of gravity, since it is sup^ 
posed that the system is free, and that there is consequently 
nothing to destroy any part of the force thus applied. 
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117. A Uo, since several forces applied at the same point, 
reduce themsetves, by the preceding principles, to a single one, 
we infer generally, that wkattvtT he the uuntber, dinction^ and mag- 
niluj* of the forces nkich arc applied at tht centre of ^ravili/ of a 

H[iy. .Ill parts of this synltm mil have the samr velocity; 
|(2). Thin zelocili/ wilt be m the dircctiim of llie rtmllml of all 

^Htdff>rvcs; 

K(3)> /( will bt equal la the quanlily of motion, nhick this rrsult- 
■ rgmirab, divided bt/ llic entire mass of the systan. 

118. Whence we conclude, that while tht forces which act upon 
f, are eapahle of being rcdiicrd to a single one, the direction of 

IHCh pastes through the centre of gravity, this body vtill not turn 
li the ctnlre of gravity. 

119. But if the forces which act upon a body cnnnot be re- 
duced to a single one, or on the supposition that ihcy admit of 
Kting w> redwced, if ihe direciion docs not pass through the cen- 
irr of gravity, all the parts of the system will not have a common 
[ion. Nevertheless the centre of gravity will move in the 

ime manner as if all the forces were applied directly at this 
l>;ijit, as vie DOW propose at show. 

190. Let us in the first phce suppose three bodies wi, n, o,j,j 
moving in parallel lines AJ", BB", CC", {situated in the same or 
in different planes,) and with velocities represented by Ihe lines 
AjJ", BB", CC", respectively, th^ motion of each being unifoim. 
Let us suppose also, that G is the centre of gravity of these 
bodice, when they are in ^, B,C; and that G" is their centre of 
^rarity, when they are in Ji", B", C", where they will arrive in 
■ the same lime, since their velocities are represented by ^A", 
HB", CC"; joining GO", I say that this line will be parallel to 
AA'\ BB". 6i.c., and that it will represent the course described 
by the centre of gravity during (he siipposed motion of the bodies 
•It, N, «, and thai it will be described unifornily, 

(I). It is evident that the course described by the centre of 

uTivity will be parallel to the lines AA", BB", &,c, j for at what- 

' r point Wf suppose it al any instant, if we imagine a plune pass- 

'Z tiirough it, the sum of the moments with respect to this plane 
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^ must be zero. Now if we conceive a plane parallel to the direc- 
tions of the bodies m, n, o, and passing through G, the moments 
with respect to this plane cannot but be zero during the whole 
motion, for the bodies in their motion are supposed not to alter 
their distances from this plane ; their distances are therefore 
constantly the same, and consequently these moments are also 
constantly the same ; but at the commencement of the motion, 
that is, when the centre of gravity is in G, the sum of the 
moments is zero ; accordingly, it is still zero in whatever part 
of their directions the bodies are ; the centre of gravity is con- 
sequently in a plane parallel to the directions of the bodies, and 
passing through the first situation 6 of this centre. And, as in 
the reasoning here used, the position of this plane is not other- 
wise determinate than that it must be parallel to the directions 
of the bodies, w, n, o, and pass through the point G ; it may be 
shown, in like manner, that this centre is in any other plane par- 
allel to the directions of the bodies and passing through the point 
G ; it is consequently in the common intersection of these planes ; 
therefore the centre of gravity moves according to GG'', parallel 
to the directions of the supposed bodies. 

(2). The centre of gravity moves unifortaly ; that is, if when 
the bodies m, n, o, &c., have arrived at A\ B\ C, &c., we sup- 
pose that the cei^e of gravity is in.G', we shall have 

GG"' : GC : : AA'' : AA' : : BB' : BB' : : &c- ; 

in other words, the spaces described in the same time by the 
centre of gravity and the several given bodies will be as their 
velocities respectively. 

Indeed, if we conceive a plane represented by ZX to which 
the directions of the several motions are perpendicular ; we shall 
76. have, by the nature of the centre of gravity, 

m X fM -f n X /B -f- X LC = (m + n -f o) Y. KG^, 

and for the same reason, when they are at A'\ Bf\ (?', 

m X HA'' -f n X /B'' + X LO' ^{m+n + o) X KG". 

If from the second of these equations, we subtract the first, bear- 
mg in mind that HA" — HA=: AA", IB" — IB =: BB", &c., 
we shall have 

m X AA" + n X BB" — o X C(7' = (m -|- n -I- o) X GG"\ 
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nd lor the same reason, when tbey are at A', B', (?, 
>m X Jl.i- + n X BB' —o X CC' = (m + n + o) X OG'. 
Now since jJ-3', BB*, CC, are described uniformly Ui ihe 
Umc, these spaces must be as the velocities, JlJl", BB", 
consequently 
.*" : BB" : : .W : BB-, AA" : CO' :: AA' : CC\ 

which give BB' = ^^,,. , CO = ^j;^^. 

Sut>&UtuCing these values in the last of ihe above equations, we 
shall have 

^^K by making tlie denoroinaior to disappear, 
^H (fii X AA" + n X BB" — oX CC) X AA' 
^H = (m + n + o) X GC X AA". 

^^^BB equation divided by that in which GG" enters, gives 



AA' s= V^., , or AA' x GG" = GG' x A A", 



which we have 

GG" : GG' : : AA" '. AA', 
which was proposed to be demonstrated. 

»Wc remark that the equation in which GG" enters, gives 
-5^, m X JiA' + n X Bfi" — X CC" 
^ = ,. + n + . • 

Now the lines AA", BB",CO', GG", are the velocities respective- 
ly of the bodies m,n,o, and of the centre of graviiy G ; conse- 
queatly m X AA", n X BB",&.c., are ihc quantities of motion 
respectively. Accordingly, since the reasoning we have pursued 
does not depend in any degree upon the number of bodies, we 
as a general conclusion, 

(l). That if Ota/ number of bodies descrihe parallel lines, the cen- 

bfgraeily dacriha a line paralltl to them ; 

(2). That the velocity of the ctntre of graviiy it etjtial to the mm 
ffAf fuanfi'tw ofmotim of the bodiet moving in one dirtcHon, mi- 
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nus the sxmi of the qiumtities of motion of those that move in the 
0ppotite direction^ droidedby the sum of the masses* 

121. If any one of the bodies be at re^l, the velocity of this 
body will be zero, and the quantity of motion also will be 
zero. Thus it will disappear from the numerator of the firao 
tion which expresses the velocity of the centre of gravity ; but 
the denominator, remaining unchanged^ will in every case be 
the sum of all the masses. 

122. If the sum of the quantities of motion of the bodies 
which move in one direction, be equal to the sum of the quan- 
tities of motion of those moving in the opposite direction, the 
numerator of the fraction which expresses the velocity of the 

■ centre of gravity will be zero. This centre of gravity, there- 
fore, will be at rest. Accordingly, whatever be the parallel 
motions of several bodies, their common centre of gravity will 
remain at rest, when the sum of the quantities of motion of those 
that move in one direction is equal to the sum of the quantities 
of motion of those that move in the opposite direction. 

28. 123. Since the quantities of motion represent the forces; and 

the resultant of any number of parallel forces is equal to the 
«um of those which act, or tend to act, in one direction, minus the 

50. sum of those which act, or tend to act, in the opposite direction ; 
we conclude, that if any number of parallel forces are applied to 
different parts of a system of bodies^ the centre of gravity of this sys^ 
tern will move as if the forces in qu^tion were all applied directly 
at this point* 

124. Let there be any number of bodies moving according to 
any given straight lines. If we imagine three rdfctangular co-ordi- 
nates, we may always decompose the velocity of each body into 
78^ three other velocities, parallel respectively to these three lines. 
Now it follows from what we have just said, that the motion of 
the centre of gravity, in virtue of the motions parallel to one of 
these lines, will be parallel to this same line ; it will also be uni- 
form, and equal to the sum of the quantities of motion, (estimated 
parallel to this line) divided by the sum of the masses. If 
therefore we suppose that the motion of the centre of gravity, 
parallel to each of these lines, is thus determined, and that these 
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three notions are afterward reduced lo one (wbich may he done 
since they are all applied at the same point,) we shall have the '2. 
course of the centre of gravity ia a single line. Also, as the 
lements here employed, are simply the forces themselves which 
bodies have parallel io the three co-ordinates, and as the 
le force of tlie centre of gravity is thus found to be composed of 
resultant forces parallel respectively to these given lines, it 
loi bill be equal and parallel to the resultant of all the forces 
applied to the bodies in question; hence, whatever be Ou dinctions 
and masnitudrs of the forces applkd to dijirent parts of a system of 
boditt, tkt centrt of gravity moves always, or tends to move, in the 
jom; manrur, as if the forces in question tcere all applied directly at 
Ait poini. 

125. In the foregoing article, we have said that we may al- 
ways decompose the velocity of each body into three others, 
parallel respectively to three lines whose position is given. If 
the direction of one of the bodies, however, be parallel to the 
plane of two of the three assumed lines, or if it be parallel to one 
of these lines, it might seem that, in the first case, it would not 
admi^of being decomposed, except into two forces, parallel lo 
two of the three given lines ; and that in the second case, no 
decomposition whatever could take place into forces parallel lo 
the two other lines. Notwithstanding this apparent difliculty, 
lb« proposition is true universally. We see, for example, that 
9 long as the line AB is not parallel to cidier of the lines XZ,Ftg. 54 
; can always decompose the force reprcsenled by JiB 
9 two others, AC, AD, parallel to these Iwo lines respectively ; 
t we perceive, at the same time, that the more AB approaches 
t a parallelism with XTy the more the force AD diminishes ; so 
" J il becomes zero, when AB is parallel to XT. There is not, 
efore, in this case, the less propriety in supposing a decom- 
Deitioa into two forces, because one of them is zero. For a like 
son, we may, in the same case, suppose a decomposition into 
three forces, parallel to three given lines AT, A'Z, AT, two of 
which arc equal respectively to zero. 

1 36. From what we have now said, taken in connexion with 
ihai of article 122, we infer, that the centrt of gravity of a m/ftem 
ofhodia teiU rtmainai rest, if, each of the farces edited to^he neve- 
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ral parts being deamnpostd into thru other forc^ paraUtl rsspectiv^ 
ly to thru rectangular co-ordinates^ the sum of the forces^ or quantp- 
ties of motion^ parallel to each of these thru lines be equal to zero^ the 
forces which act in opposite directions being taken with con- 
trary signs* 

127* When all the forces are in the same plane, it is evident- 
ly sufficient to decompose each force into two others parallel to 
two assumed lines, these lines being perpendicular to each other, 
and drawn in the same plane with the given forces ; for the forces 
which are perpendicular to this plane being zero, the motion of 
the centre of gravity in virtue of these forces is also zero. 

128. In all that we have said, we have supposed each of the 
bodies which compose the system, to obey fully and freely the 
force by which it is urged. But the same principles hold true 
no less when the bodies are constrained in their motions, provi- 
ded the obstacles do not proceed from a force foreign to the sys- 
tem, that is, provided there are no impediments except those 
which arise from the difficulty of yielding to these motions by 
the manner in which they are disposed among themselves or 
connected with each other. This we propose to demonstrate 
after having first made known the general law of the equilibri- 
um of bodies and the general law of their motion. 



General Principle of the Equilibrium of Bodies* 

129. Whatever be the forces {acting or resisting)^ applied to a 
body^ to a system of bodies, to a machine, ^c, and whatever be the 
directions of these forces, if we conceive that each is decomposed 
into three others parallel respectively to thru rectangular coordinates^ 
it is necessary in order that all these forces should be in equilibria 
um, that the sum* of the forces which act parallel to each of these 
coordinates, should be equal to zero* 



* By sum of the forces in what follows, is to be understood the sum 
of those which act in one direction, minus the sum of those wbich 
act in the opposite directioo. 



D'Alanhcrl"'! Pri. 
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Indeed, vbatcver be ihe number and naiure of the furces, 
'■ ha*e seen that ibej may always be reduced to threp, the 
iivrciioDB of which arc parallel to three rectangular co-ordinates. 
ir ihcrcforc we suppose an equilibriuin among all tlie foi-ccs of 
iiif sjrslem, it is necessary that there should be an equilibrium 
■nong these three resulianis, or that each resuhant should be 
jnal (o zero. Now these resultants, being perpendicular to each 
I ihi-r, can neither increase nor diminish one another. But each 
Is equal to the suni of the partial forces parallel to it; therefore, 
ihere being an equilibrium, the sums of the forces which by de- 
toioposiliort are found to act in a direction parallel rcspectivehr _ 
lu ihrcc rectangular co-ordinates must each be equal to zero. 

130. ]f ail the forces arc exerted in the same plane, the sum) 
of each of the forces which by decomposition are found to be 
parallel respectively to Iwo co-ordinates, drawn in tliis plane, 
will be zero. Moreover, if all the given forces should happen 

'0 he parallel to each other, the surn of their forces must be zero 
These two cases are evidently comprehended in the gcner 
proposition. 

131. )( should be remarked, that this proposition holds IriH 
•hatevcr be the case in which the equilibrium occurs; but » 
»liould err by supposing that it is sudlcient in order that an 
equilibrium may take place. The oihcr conditions necessary 
for (his elTect vary according to the particular qualiiies or dispo- 
Mtioo of the parts of the system or machine in question. 

132. The proposition, moreover, holds true, whtihcr th^il 
forces which are applied to the dllTcrent parts of the sysleifli 
are all active, Or whether some are active, and others nicrcln 
capable of resisling, as support!^, fixed points, surfaces, &.c^ 
which o|ii>osc the action of tni'ces ; for impediments by destroy 
ing motion arc equivalent in this respect to active forces. 



ly^kmberCs Principle, ari'^ conclnding Deductions. 

^ 133. fVhalrvcr ht ikt maitTif.r irt which antral bodies come i 

re thrrr rxistinf^ tlntr as to motion, if we cimctive tlit motion te/iicA 
k btd^ temlil kavr. the fotkwing tnsttnxt, on tht m/ijMMilKm t'fik 
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being fretf Oi deccmpostd into two others, one of which is thai whiek 
the body acttuillt/ has after the change, the second must be such, that 
if each of the several bodies had had no other than this, thej/ woM 
have remained in equilibrium. 

This proposition must be admitted, since, if the second mo- 
tions be not such that an equilibrium would result from them in 
the system, the first component motions cannot be those that 
the bodies arc considered as having after the change, for these 
would necessarily be altered by such a supposition. 

' 134. Let us suppose now that several bodies, either free or 
connected together in any manner whatever, come to receive 
certain impulses which they cannot entirely obey on account of 
a reciprocal restraint, the centre of gravity will move as if all 
the bodies were free. 

Indeed, whatever be the motion which each part of the 
system has, we may always conceive that which is impres- 
sed upon it as composed of two parts, namely, that which it 

40. actually takes, and a second* But in virtue of these second 

^^ motions, the system must be in equilibrium; if we suppose 
therefore, these second motions decomposed each into three 
others, parallel to three rectangular co-ordinates, the sum of the 
forces which would result from this decomposition, parallel to 

129, each of the three co-ordinates must be zero. Now the course 
which the centre of gravity tends to describe in virtue of each 
o|[ these forces, is equal to the sum of the forces parallel respec- 
tively to each of the co-ordinates, divided by the sum of the 

120, bodies. Consequently the course which it tends to describe in 
virtue of the changes arising in the system from the reciprocal 
action of the parts is zero ; accordingly the centre of gravity 
does not partake of these changes, that is, it moves as if each of 
the several parts of the system obeyed freely, and without loss, 
the force by which it is urged. Therefore, the stale of the centre 
of gravity of a body^ or system of bodies, does not change by the recipe 
rocal action of the parts of this body or system. 

135. Hence we infer ; (!)• That t a body or system of bodies 
turn about its centre of gravity in any manner whatever, this centre 
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afgnmtjf will rtmam confinuoi/y in the same stak, as if ihc bod^ 
Hd not turn. 

Moreover, from this same principle and thai of article 124 
we conclude, (bat 

13G. (2). If anj body, whatever be its figure, or any assem- 
blage of bodies, receive an impulse in any direction whatever 
u WB, which transmits itself entirely to ihe body ; the centre of Fig. es. 
gravity G will move according to a line TS parallel to AB,, in 
ihe same manner, as if this force were immediately applied at 
the centre of gravity in this direction. And if several forces 
K( at the same time upondifierent points of this body, the centre 
of gravity will move as if all the forces in question were applied 
, dirtctly at this point, 

■ I37> If, therefore, at the instant the body receives an imp 
p^ldse in the direction JIB, we apply at the centre of gravity in 
tbe opposite direction SG, a force equal to that which acts ac- 
cording to JiB, the centre of gravity will remain at rest. Nev- 
mheless it is evident that the other parts of the body would not 
r'-main at rest, since these two forces, although equal, are not 
I'irerlly opposite to each other. Now the only motion which 
ili;< lody can have, its centre of gravity remaining at rest, is 
tvidcDtly s motion of rotation about its centre of gravity. 

Therefore, if a body receive one or several impulses, in di- 
rTCiiom which do not pass through the centre of gravity ; (1). This 
centre of gravity will move as if all the forces were applied di- 
rectly at this point, each in a direction parallel to that which it 
actually has. (2). The parts of this body will turn about their 
tentre of gravity, as they would do by virtue of the forces which 
in actually applied to the body, if the centre of gravity were 
Gted. 

138. We infer, moreover, thai if the state of the centre of 

pavity of a body undergoes a change, this can proceed only 

bom the action or resistance of new forces foreign to this body; 

ud that consequently this change is always determined by seek- 

g the rrsokant which all the forces would have, if they were 

iticd (o tbe centre of gravity, each in a direction parallel to 

It wbicb it actually has. 
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n^pplicalion of the Principles of Equilibrium to the Machines 
usually denominated Mechanical Powers* 

139. The general object of machii\es is to transmit the ac- 
tion of forces. The end to be attained is not always to augment 
the action of which the power employed is capable, when applied 
directly to the mass to be moved, or resistance to be overcome. 
Sometimes it is merely proposed to transmit this action in a de- 
terminate direction* At other times the purpose to be answered is 
to cause a body to describe spaces regulated upon certain condi- 
tions, relative either to time or other circumstances, conditioDS 
which do not always require that the force employed should 
augment as it is transmitted* We have examples of this kind of 
machinery in clocks, watches, orreries, &c. 

The number and nature of the machines vary according to 
the object we have in view. But to be able to determine their 
effects, it is not necessary to consider them all separately. How- 
ever compounded and varied they may be, they are merely com- 
binations of a certain very limited number of simple machines. 

We come now to make known the properties of these simple 
machines* We shall afterward proceed to show how these pro- 
perties are to be applied in estimating the effects of compound 
machines. 

There arc now usually reckoned seven simple machines, 
namely, the rope machine^ the lever^ the pulley^ the zchul and axU^ 
the inclined plane^ the screw^ and the wedge* 

These machines, being considered simply with respect to a 
state of equilibrium, may be reduced to two, and indeed to one, 
namely, the lever. But in the case of motion, the nature of each 
leads to particular considerations, and requires a separate treat- 
ment. 



Of the Rope Machine* 

140. We proceed on the supposition that the ropes or cords 
employed are perfectly flexible. It will be shown, however, ib 
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ii<- wquel, what allowance is to be made for Uie want of ihis 

jiKiliiy. JUoreaver, cords are tirst considered as destitute of 

vcighi, regard being had afterward to their gravity. The 

p-ialer or less diameter of ihe cords also is not considered as 

^^eciing the communication of forces; since we may always 

^Bkstitute in imagination for these cords, considered as cylinders^. 

^^■iK or thread answering to their axes, the forge employed bo*| 

^^VcoDsidered as acting by means of this thread only. 

w 



e employ cords lo transmit the action of forces immcdiale- 
in connexion with machines. But in order to judge of 
efiecis of powers applied to machines by means of cords, it. i 
is necessary to a.-ccriairi ihc tffccts of which these poners arOjl 
c&pable, when they act by means of cords alone. 



^^b141. Accordingly, lei us consider three powers, p, 7, r, aaFls. Sfl. ' 
^^^Bbg (be one against the other, by mcanl^ of three cords «^/i, .4';, 
^^Knoited at .1 by a knot; and liupposing the directions.^/), 
^^^K Jr. to be known, we propose lo determine the conditions 
^^^bssary to an c(]uilibrium among these forces, and the tatio of 
HKm forces. 

(■}. It is evident, in the first place, that they must all three btif 

in the same plane, for if one, the force r, for example, were not in 1 

ibe plane of the two others, we could always conceive it dcconffl 

posed into two forces, one in this plane, and the other perpcndic*! 

I ab r to this plane, and consequently perpendicular lo each of the | 

^^fc forces p, q ; this )ierpeiidicular force would not act, therefore^ 

^^Koy way agairt.ll the forces />, q\ and would accordingly have! 

^IPiing Id be opposed to it, and an cijuilibrium with respect 10 HM 

1 mid not lake place. 

(3). These three forces being then in the same plane, it ii 
irjtia order that ihey may be in equilibrium, that some om 
leiD, ihtt force p for example, should produce two efforts, thea 
k equal and opposite to the force >;, and the other equal and op- 

> the force r. Now if, after having produced r 
B aojr line AD to represent the force /i, and upon AD as a diag- 
tt we construct the parallelogram ACDB, the two sides AB, AC, 
I represent two forces, which acting conjointly according to | 
e dirrctioit*, would produce the same ellect as the force / 
r^lag}jtjiBt AC, are the efToru that p actually opposes to thd 
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two forces q and r ; hence, in order that there may be an equilib- 
rium, it is necessary that q should be represented by BA^ and 
r by C4, p by supposition being represented by AD. We have, 
therefore, the following proportions, 

p I q :: AD i AB^ and p : r :: AD : AC\ 
that is, 

p : q : r II AD I AB : AC. 

Such is the ratio that must exist among the forces/), 5, r, in 
order that an equilibrium may take place. 

142. Since the two forces 7, r, must be equal to the two for- 
ces AB, AC^ which are the components of the force />, we infer 
that, when there is an equilibrium among three forces, any two 
of them must have the same ratio to the third, that two compo- 
nents have to their resultant. 

48. 143. Accordingly we have the proportion, 

p : q : r i: sin BAC : sin CAD : sin DAB 
: : sin 9 ^ r : sin r AS : sin q AS, 

pA being produced toward S; that is, when three forces are in equi" 
ribrium, each is represented by the sine of the angle comprdiended he-- 
tween the directions of the two others ; these directions being pro- 
duced if necessary. 

144. Since the three forces/), q, r, which are to be in equi- 
librium, are represented by AD, AB, AC, or, which amounts to 
the same thing, by the sides AD, AB, BD, of the triangle ABD, 
of which the angles ABD, BDA, DAB, are equal to the angles 
CAq, rAS,qAS, determined by the directions of the forces, 
it will be seen that all the questions which can occur with re- 
spect to the value and direction of the forces, requisite to an 
equilibrium, refer themselves to the subject of trigonometry. If, 
for example, the values of three forces p, q, r, were given, and 
it were proposed to find their direction, we should resolve the 
Trig.88. triangle DBA, the three sides of which would be known, and the 
angles thus obtained would give the directions of the forces re- 
quired. If we had given the two forces p, q, and the angle/) A q, 
of their directions, or its supplement q AS = DAB ; then we 
aliould have the two sides AB, AD, and the contained angle DAB, 
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from which we should readily determine the side DB, or the force 
r, and the angle J3ZX4, or its equal r ASy formed by the direc- 
tions of r and p» If the angles formed by the directions of the Trig. as. 
three forces were given, we could not thence determine the ab- 
solute values of the three forces, but only their ratio to each 
other* In all other cases, the proposition above established will 143. 
be sufficient for a complete solution, when three things only are 
^ven. • 

145. If instead of having two forces, q and r, attached to two 
conls, these two cords were firmly fixed at q and r, or at any 
points respectively in their directions, ABj AC^ would express 
the efibrts supported by these points. 

146. We have supposed the three cords firmly attached by yi- ^ 
a knot A. But if the cord to which the power/? is applied had l^g- ^T' 
a ring at its extremity A^ through which the cord qAr passed, 

we should not be able to assign the directions of the three cords. 
Indeed it is not sufficient, in this case, that the effort AB has the 
direction qA^ and is equal to the force 9, and thai AC has 
the direction rA^ and is equal to r ; it is necessary, further, that 
the ring should not slip upon the cord qAr^ which requires that 
the angle 9 AS should be equal to SA r ; that is^ that the power 
p should be directed in such a manner, as to bisect the angle 
qA r. But we have always 

p : q : r :: sin q A r : sin rAS : sin qAS] % 

and as r AS = q AS = \ qAr^ this series of ratios becomes 
p \ q \ r II sin qA r I sin \ qAr : s\n \qAr) 

so that the two powers q and r are equal. 

147. The same result would follow, if the cord q A r, drawn 
by the two powers r, 9, passed over a fixed point A* The two 
powers r, 9, must be equal, and the force exerted by them upon 
the fixed point will be directed in such a manner as to bisect the 
angle 9 jf r, and its magnitude will be with respect to each of 
these two powers, as the sine oi qAr is io the sine of half qAr. 

148. The foregoing articles being well understood, it will be 
easy to determine the conditions of equilibrium among as many 
powers as we choose to employ, applied to different cords, and 
united by the same or by different knots. 
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Let us suppose, in the first place, that each knot connecta 
only three cords, and that they are all in the same plane, as 
represented in figure 58. 

The power p is exerted against the two cords A p, AB. Let 
the directions of these cords be produced ; having taken AF 
to represent the power />, we form upon AF as a diagonal, and 
upon the prolongations AE^ AD^ as sides, the parallelogram 
ADFE. The force g will be expressed by AE, and the tension 
of the cord BA by AD ; so that, denoting by a this tension, we 
shall have 

p : g : a :: AF : AE : AD 

: : sin DAE : sin FAD : sin FAE 
:: singAD : sin FAD : sin FAE. 

Suppose the effort AD applied at £, according to £/, in the 
same straight line with AD, and equal to AD. The force BI is 
exerted against the power 9, and against the cord BC. By pro- 
ducing, therefore, as above, the cords q £, C£, and forming the 
parallelogram GBHI, BH will represent the value of the force 
7, and BG the tension of the cord CB. We shall accordingly 
have, b denoting this tension, 

■ 

a : q : b :: sin GBH^ sin IBG : sin IBH. 

Suppose the effort BG applied at C, according to CJP, in a 
straight line with JBG, and equal to BG. The force CAT is exert- 
ed against w and against r. If therefore we produce r C, v C^ 
and form as before the parallelogram MCLK, CM will express 
the value that must belong to the force r, and CL that which 
must be exerted by v ; whence, 

& : r : v : : sin LCM : sin KCL : sin MCK. 

If we would have immediately the ratio of the tension g of 
any branch gA of the cord to the tension of any other branch, Cv, 
for example, it may be readily obtained in the following manner. 

Of the series of ratios above found, if we take only those 
which relate to the tensions of the parts of the cord, g ABCw, we 
shall have • 

p : a : : sin FAD : sin FAE, 
a : 6 : : sin GBH : sin IBH, 
h : w:: sin LCM : sin MCK; 
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ihctc being multiplied in order, we have 

p : , : : sin FAD sin GBH sin LCM : sin FAE sin IBIUici MCK. 
If we would have* ihe ratio of the tension p, to the tension i, 
we shtiulil multiply only the two first proportions. The other 
ratios may be found in a similar manner. 

ir it were proposed lo determine the ratio of the powers ■ 
UDOog (hemHelves, we have only to deduce from the above series 
of ratiod the ratio of two consecutive powers to the tension of 
tiie same cord ; thus, 

fi : a :: sin p j^D : sin FJE 
M a : 1} -.1 &in GBH : sin IBG 

& q : b :: &in IBG : sin IBH 

6 : r : : sin LCM : sin KCL. 

of the corresponding terms, and reducing, 






Taking the prodi 
wc have 

r : : mifAD sin GBU sin LCM : sin FAE sin IBHmt KCL. 
obtain the ratio of p to q, we should multiply only the terms 
'fniie two first proportions. 

ll will hence be seen bow we ought to proceed when there is 
a greater number of powers, or when we would compare the 
UiuioQS of the cords with the powers themselves. 

M9. If the powers /t, 7, r, bisect the angles i}AB^ABC,BCw, 
r»pectively, the angles DAF, FAE, would be equal ; and the 
an);les (tBH, LCM, would have the same sines as the angles 
IBH, MCK, respectively ; whence, by means of the above ratios, 
I ■ irill be seen that the difierent parts of iho cord p ABC v would 
' equally stretched. 

IM. If instead of the powers/*, 9, r, we subslitutc in A^B,C, 
ud points Of pivots, the pressure upon these points arising 
fi>in the tension of the extreme parts of the cord, would be 
iTfeied in such a manner as lo bisect each of the angles ; and W7, 
■- icnsion of the several parts of the cords fA, AB, &c., would 
■■ '-qoal. Accordingly, if two powers p, w, are exerted upon a 
1 ord passing round the periphery of a polygon or of any curve, ^'8- '*■ 
'he tt'DAion will communicate itself efjually to every part, so thai 
'hr n>o powers must be equal. 
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151. Whep the number of cords united by the same knot 
exceeds three, being in the same plane, or when, being in differ- 
ent planes, the number exceeds four, the directions being given, 
the ratios of the powers and of the tensions of the cords are not 
absolutely determinable; that is, if a certain number of powers 
(not less than tliose just stated) be in equilibrium according to 
known directions, we can substitute instead of them a like .number 
of other powers directed in the same manner, but which, having 
very ditlerent ratios ampng themselves, are notwithstanding in 

Fig. 60. equilibrium. If, for example, the four cords Ap^ Aq^Ar^Av^ 
are all in the same plane, having taken AB to represent the 
force 7?, and having produced the cord A to C, we suppose the 
effort AB composed of two others /^C, AD^ the first of which is 
equal and directly opposite to the power «•, nothing can be infer- 
red from the direction AD of the action that is to oppose itself to 
the effort of the two powers 9, r ; nothing, I say, can be inferred 
from this direction, except that, produced, it iftust pass into the 
angle 7 ^ r ; a condition which may evidently be satisfied in an 
infinite number of ways. Accordingly, if AD be drawn in any 
manner whatever, within the angle formed hy A q and A r pro- 
duced, and we construct upon AB as a diagonal, and upon the 
directions AC^ AD^ as sides, the parallelogi-am ACBD^ and then 
upon w^£) as a diagonal, and upon qA^ rA^ produced, as sides 
• we construct also the parallelogram AEDF^ AB being tjaken to 
represent the value of /), AC may be taken to represent that of 
V, AF that of r, and AE that of q. This is evident, because the 
force AB is equivalent to the two forces AC^ AD^ the first of 
which, in order to be in equilibrium with v, must be equal to v, 
and the second AD is equivalent to the two forces AF^ AE, which 
to be in equilibrium with r and 7, must be equal to r and q res- 
pectively. But it will be seen at the same time, that by giving 
to AD a difterent direction, AC, AF^ AE^ will have different val- 
ues, but such notwithstanding that being taken to represent the 
powers acting in these directions, an equilibrium would be pro- 
duced ; so that in this case, the directions remaining the same, 
there is an infinite variety of ways in which an equilibrium can 
be effected among the powers in question. 

152. The problem is of a similar character when the cords 
proceeding from the same knot, are in different planes, and amount 
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10 Biore than four. But if the number does not exceed four, the 
directioDS being given, the ratios that must exist among the forces 
applied to these cords respectively, are determinate. For through 
any two of these cords, as ^/?, w^v, a plane may be supposed to Fig. 61. 
pass, which produced would meet the plane r A q o{ the two 
other cords in some line DAE^ the position of which is determin- 
ed by the directions of the four powers. Then, the direction vA 
being produced, and AB being taken to represent the power p, 
ifuponjlfi as a diagonal, and upon the directions AD^AC^as 
sides, we construct the parallelogram DACB^ AC will represent 
die value of the power s^, and AD the effort made by the power 
p against the two poAvers q and r acting conjointly. Accordingly, 
having produced qA and rA (which are in the same plane with 
-ID) to F and G, if upon AD as a diagonal, and upon AF^ AG, 
as sides, B-e construct the parallelogram AFDG^ AF^ AG^ will 
rqvesent the values belonging to the two powers q and r. 

153. Finally, whatever the case may be, whether the cords 
are in the same plane or not, as a state of equilibrium requires 
that each knot should remain immoveable, if the force or tension of 
each cord, applied to the same knot, be decomposed into three 
other forces parallel to three rectangular co-ordinates, it is nec- 
essary with respect to each knot that the sum of the forces paral- 
lel to each of these lines should be equal to zero; (it being well un- 
derstood that by the word ^i/rw, as here used, is meant the sum of ^^• 
the forces that act in one direction, minus the sum of those which 
act in the opposite direction). If the cords united by the same 
knot, were in the same plane, it would be sufEcient to decompose 
the tensions respectively into two forces parallel to two lines 
perpendicular to each other, and drawn in the same plane. This 
method would give in every case all the conditions of equilibri- 
om, the cords being supposed to be jirmly connected among 
themselves. 

To give a simple example of this method, let it be proposed 
to find (he ratio of three powers in equilibrium by means of three 
cords united by the same knot. 

Let us suppose for a moment that these three powers admit f»g- ^2. 
of being rejjresented by the three lines AG^ AB^ AF^ and in or- 
der to abridge the decomposition, let the two powers p, 7, be 
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decoQiposed in the manner indicated by the figure, that is, each 
into two parts, one in the direction of p, and the other perpen- 
dicular to this direction. Then in the right-angled triangles 
BACj FAI^ we shall have, radius being unity, 

trig.«). BC=^AD = AB sin q AC, 

FI =AE = jJF sin rjJC, 
AC = AB cos q AC, 
AI =^AF COST AC. 

Therefore, according to the principle above referred to, we shall 
!»• obtain, 

AB sin q AC — AF ain rAC=0, 

and AB cos qAC + AF cos rAC — AG=^0. 

The first of these equations gives 

AB sin q AC=^ AF sin rAC, ^ 
and consequently, 

AB : AF :: sin rAC : sin ;^C, 

that is, 

9 : r : : sin r AC : sin q AC, 

143. which agrees with what was before demonstrated* If the value 
of AF be deduced from the first of the above equations, and sub* 
stituted in the second, we shall have 

/ID an t AB sin qAC COS rAC an 

AB cos a AC + ? — ^n -^Gf = 0, 

^ sm rJiC ' 

or 

AB sin rAC cos qAC + AB sin j^Ccos rAC = AG sin r AC. 

But 

Trig.il. sin rjJC cos qAC + sin ^j^Ccos rAC = sin {rAC + qAC), 

=^ sin qAr I 

therefore, 

AB sin qA r=: AG sin rAC-, 

that is, 

AB : AG : : sin r AC : sinqAr, 



Ropt Machin 



q : p :: sin r AC : sin ij .1 1; 
Wkh agrees ako wiih the pi-opositioii above rclVrrcd lo. 

154. We shall now inquire iiilo the cbangcs thr.t lake place 
^ cotomuiiicaiion of fhe action escMcd bj iho powers in 
e of iIr- gravity of the cords. 
I iberc he any number of powers applied lo the same cord 
dfiCv drawn ai its Iwo cxtremUies by ilie Iwo powers (>,«, p 
d retained al two fixed puinu p and w. 
r we produce the two exlrcmc cords ^A. vC, until ihey 
in V, it is evidait thai the resultant of the particular tcn- 
a of these Iwo cords must pass through the point K. And 
»ce an equilibrium is supposed, the resultant of the three pow- 
-, and of the tensions of the two intermediate cords AB, 
', tnu&l also pass through the point F; since, in order to nn 
oilibriumrtbis resultant must be equal and directly, opposite li 
c resultant of the tensions of the two cords sA,wC. But tl 
lultant of the three powers, and of the tensions of the two ji 
mediate cords, is nothing but (he resultant of the three powfli 
f. because each of the two cords .iR, BC, has by itself ^ 
I whatever, aiid consequently no effect upon any purtf 
e syittcDi. ThTcfore the resultant of all the powers^, f,M 
Iplicdto the cord, passes through the point of mcciiiig Fof {{ 
D extreme cords. 
it lias been shown hpw this resultant may be determined; ^ 
Bl if the cords are parallel, as is the case when the powers 
I-, arc weights, since their resultant cannot but be paral 
in, its direction is found very simply by drawing (hrou{ 
e point F a line parallal to one of the directions of Lhd 
ighis, lliat is, by drawing a vertical or perpendicular line. 

Accordingly, lei there be any number of weights applied to 
esamecfli^ pABCDr destitute of gravity. The two extreme fi 
) being produced, and a vertical yX being drawn through 
r point of meeting, we can reduce the eijuiiibrkim of the 
e sytiera lu Ihe case in which the three powers, applied to 
e cords, are uttiied by the knot V, and in which iho (Mwcr 
ctcd accorduig to XP'Z is the sum of the weights. We 
12 
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conclude, therefore, that the tension p is to the tension »•, as the 
j^ sine XFw is to the sine of p VX* 

If a heavy cord now be considered as an infinite number of 
small weights uniformly distributed along the axis of this cord, 
Fig. 65. it will be seen, that if w represent thd point where the power is 
applied to the cord, and g that in which this cord is attached to 
a machine, the action exerted by the power upon the point g will 
be transmitted in the direction p F of a tangent to the curve 
representing the figure which the cord assumes by the action of 
gravity. This action it not equal to that of the power v, except 
when the vertical, drawn through the point of meeting Fbf the two 
extreme tangents, bisects the angle p F v; and in general the action 
of the power «-, namely, that which it would transmit, if the cord 
were destitute of weight, is to that which it transmits in conjutic- 
tion with the weight of the cord, as the sine of g VX is to the sine 
ofirFST. 

155. We remark, that strictly speaking, whatever force is 
employed to stretch a cord g w, this cord can never be made 
perfectly straight, except it be in a vertical position g w'. Let 
Fig. ««. us suppose the cord r Ap, destitute of gravity, to support the 
weight ry, by means of the two equal powers /), r, the directions of 
which are such as to form an angle approaching infinitely near 
to 180®, we shall have . 

143. 9 : /> : : sin CAD : sin CAB\ 

^^. jg or, DA being produced, 

9 : ;> : : sin CAS : sin ^ CAD\ 

but the angle CAS b by supposition infinitely small, and \ CAD 
approaches infinitely near to a right angle ; therefore q must be 
infinitely small with respect to/) ;-and even where the weight q is 
infinitely small, the two parts of the cord still make an angle with 
each other, and are not, strictly speaking, in the same straight line. 
It may hence be inferred, that a very small force q will cause 
a very great tension in the cords Ap^ A r, when the angle rAp 
formed by them is very obtuse. 

We are able, also, upon the same principle, to explain why, 
Fig. 67. in blowing through a tube A a, into a flexible bag aEBCa, the 



»treiiiit]r B of which is attached to a weiRlilp, we are able, I 
saj, to explain^ why a moderate impulse of the breath suOices to 
rase rfae weight p, although very coiisiderahle. Indeed, eacli 
half a £fi, a CB, of the vertical section of this liag may be con- 
•idcrtd as a cord, pressed at each point by a perpendicular force— 

jijal (o (bat exerted by the air. The resultant of all l! 
. ix-wures must be directed according to FED, that is, it i 
jA*s through the point of meeting of the tangents belonging to tl 
fimmiti'^s of this cord, arid mnst be to the elTort made in the d 
rectionBAas the sine of a OB or of b D«, is to the sine of fOd 
Nnn iJic angle a Du h very small. Therefore a very small eP 
L.n in the direction FD produces a very great effect in the direc- 

iri BD\ and accordingly the pressure exerted upon a EB will 
cutnc a considerable effort in the direction BF, and the ncighl 
will be drawn by iivo forces of considerable magnitude in 
direction BD, BF, which will have so much the greater efft 
Koording as the angle FBD is smaller, since their resultant v 
approach so much the nearer to the sum of the components. 



OflheLfver. 

r156. By the Uvtr, we understand an inflexible rod, of any 
e whatever, so fixed at some point F, as to admit of no other '"'(!■ ' 
>, hy the action of ihe forces that are applied to i(, but a 
itioD of roiaiion, that i:, a motion, by nhich it turns about i. 
fixed point F. This point is called ihefulemm. 

We first consider the lever as an inflexible line without maa 
and withoat gravity. In the case of an ccgiiiiibrium, we can ca- 
■ily make allowance for the gravity of the parts, by supposing 
it collected at ihc centre of gravity of this lever, and thus regard- 
ing il aa a new force applied at this point according to a ver^ 
fed direction. In case of motion, it i« not at the centre of grav- 
^iljf ibal wc are lo suppose the mass collected, but at some other 
^^■liBI to be determined hereafter. 

^^^ We khall proceed on (he supposition, that the forces applie 
^^» the lever, arc all in the same plane with the fulcrum. 

•i-^li treat in another place of equilibrium and motion when thij 
ufcce applied to the lever are in diflercni planes. 
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157. Let there be two forces or powers p^ 9, applied at the 
two points J5, D, of the lever BFD, either immediately, or by 
means of two cords, or two rods without mass, acting upon this 
lever in the directions Bp^ D 9, and being in equilibrium. It is 
proposed to determine the conditions of this equilibrium. 

As one of the two powers, q for example, cannot be in equi- 
librium with the other except by means of the fulcrum F, it is 
evident that the power q must produce two efforts, one of which 
annihilates that of the power p, and the other is destroyed by 
the fulcrum F^ and consequently passes through this point* 

Let the lines pB^ qD^ representing the directions of the 
powers be produced till they meet in some point A^ and join AFm 
43. The power q may be supposed to be applied at A^ according to 
A q ; then if AG represent the value or magnitude of this power, 
and upon AG^ as a diagonal, and in the directions AF^ BAE, as 
contiguous sides, we construct the parallelogram AHGE ; AE 
will represent the effort made by the power 9, according to this 
line, and in a direction opposite to that of p ; and AH will be 
that exerted against the fulcrum F. Indeed, although the point 
A is not connected with the two points J3, F, the force q is dis- 
tributed in the sapie manner as if A were thus connected. For 
it is evident, that if, without changing the forces or their direc- 
tions, we connected the point A with the three' points jB, F, Z), 
by means of three inflexible rods AB^ AF^ AD, without miass, 
this would not alter in any degree the supposed state of the 
system or the manner in which the force q is exerted. Now in 
this last case, the action of the force q would manifestly be com- 
municate d in the manner we have mentioned ; therefore it would 
be communicated in the same manner, according to the first 
supposition. This being established, in order that there may be 
an equilibrium, it is necessary that the force AE should not only 
have a direction contrary to that of the force /?, but that it should 
also be equal to p. As to the force AH^ in order that it may be 
destroyed, it is sufficient that it be directed to the point F. Ac- 
cordingly, if we designate the force exerted against the fulcrum 
by P, we shall have 

q : p : 9 :: AG : AE : AH* 



"ISfl. If from A towards B wo take ^I = ^E, and join IH, 
H6 will be .1 paralletogram. But J/, ^G, the sides of this''^ 
: irnllclogram, represent the magnitudes and directinus of the 
■• forces /I, i;, consequently ihc diagonal Jiff represents ilicir 
r.*iilu»m ; therefore, since Afi thus rcpreseiits llic force exerted -i 
ngnimi i!ie fulcrum, it maj be inferred as a general conclusioi 
that the force exerted against the fulcrum is precisely the resuM 
L^^ of the two forces applied to the lever; and that consequent-^ 
^^fnfarsc two forces act against the fulcrum as if they were Jnt*! 
^^^Bialely applied to it according to directions respectively pai 
^^Hl lo ihabe in which they arc actually exerted. 
^^^Bodecd, this last truth may be rendered evident, by obwrvingj 
^^^p, instead of the force g, may be substituted the two forces] 
f . ^E, .in, (he first of which is destroyed by ihe force /», and the^ 
remaining force Jlfl is the single effect lo which the two forces J 
p»nd f are reduced, and by cooseijuence the resultant of these 
^forces. 

■i]29. By means of the ratios 

ri -. p : g :: AG : J^E : All, 
hrc found, we are able lo compare the forces q and/), ag well" 
B each other, as with the force exerted against the fuknim.l 
las this ratio i§ not tlie most convenient, we proceed to finif 

■ others which may be employed for the same purpose. 
Bl). Accordtog to a principle already established, we have 
^ JIO z 4E : AH :: sin HAE : sin HAG -. sin GAE, 

: : sin HAI : sin HAG : sin GAf, 

• tltc angles HAE, GAE, have the same sines respectlvelj * 

■ siipplemenls HAf,GAl; that is, the forces g, p, p, arcTrig,is, 1 
I represented by the sine of the angle comprehended be- 
a the direct ions of the two others. 

1(3}. It ba« been shown that willi respect to three forces 
|tb one is the rer^ultant of the two others, either two are al>9 
1 to each other reciprocally as the per^ieiidiculars let fall 
H ihcir directions from any point tiiken in the direction of the 
Accordingly, if from any point in AF, as F, for example, 
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we let fall the perpendiculars FL^ FM^ upon the directions p F, 
q Dj we shall have 

q : p :: FL : FM. 

In like manner, if from any point in the direction of the force 
f , as Z) for example, we let fall the perpendiculars DO, Dp, up> 
on the directions of the force />, and p, we shall have 

p : g :: Dg : DO. 

The force q may also be compared in the same way with the 
force Q exerted against the fulcrum- 
All these propositions hold true, whatever be the form of the 
lever, and whatever be the directions of the two powers em- 
ployed. 

160. When the directions of the two powers are parallel, in 
which case the resultant, or force exerted against the fulc^una^ is 

^ parallel to them, the perpendiculars, let fall from the same point 
in the direction of one tf these forces, upon the directions of the 
Fig. 70. other two respectively, are all in the same straight line LFM. 
We may say, therefore, in this case, having drawn the line LFM 
perpendicular to the direction of the powers, that each force or 
power is represented by the part of this straight line compre- 
hended between the directions of the two others. 

161. If, moreover, the lever is straight, it will follow from the 
circumstance of the triangles JXfi, FMD^ being similar, that the 
parts FB, FD^ BD^ have the same ratio to each other as the 

<3eom. P8^^ -^A F'l^^ LM 'j we may say, therefore, in this case that 
^02. each force is represented by the part of the lever comprehended 
between the directions of the two others. 

Thus, 

q : p :: FB : FZ); 

that is, the powers are to each other in the inverse ratio of the 
two arms of the lever FB, FD ; so that the power 9, in order to 
be in equilibrium, must be as much smaller than />, as the arm 
to which it is applied is longer than the arm to which p is appli- 
ed. As to the force g exerted against the fulcrum, it is equal to 
the sum of the two powers 9, p ; since these being represented 
by jRD, jFB, the former, or p, is represented by BD. 
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l$2. If we make a distiDction in the forces or powers, by *2«''> 
jirding oiic, q for Inslaoce, as giving uiutipD. p as receiving it, 
and /* as a pivoi or point of support, wc may, in tlie i^i^nncr of 
the ancicnis, make tlirce sorts of levers, accordiiig lo the three 
diSercni situatioDS in which the agent q can be placed with re- 
gard \op and /'. Figure. 71 represents what is called a lever of 
Ihtjint kind, in which the agent and the resistance are on op- 
posite sides of the fulcrum, and the agpnt will have so much the 
more advantage according as its distance from the fulcrum is 
greater than that of the resistance. Figure 72 represents a Irvtr 
of the sccojul kind, in which the resistance is lietween the agent 
and the futcrum, and which consequently is always favourable 
ID the agent- Figure 73 repreaeni^ a Uncr of ilu iUhA kind, in 
which the agent is between the resistance and the fulcrum; in 
th» case, therefore, the po.' er of ihc agent is always employed 
to disadvantage ; and such a lever is never lo be used, where 
the object is to augment the elTcct of the agent; (hat is, where 
il is proposed to overcome a greater fjrce. But as the purpose 
to be fuUiled b not always to increase the power of the agent, 
ibis circumstance d es not preveut this third kind of lever being 
*ery u»ef»Uy employed in machinery, where we would avail 
ouT^ves of every species of motion that we can dispose of. 
Tbos in turning, in weaving, in spinning, and in various kind of 
rauDufacture, where great velocity, and not great force is rec|uir- 
td, nod where the hands of the labourer are occupied with the 
more important parisof the work, this species of lever is adopted 
vith obvious advantage, the feet being employed to give motion 
to the machinery. 

163. Before proceeding farther, we will observe, that setting 
aride friction, the fulcrum is not lo l»e considered as simply a 
plvol, or support. Indeed, if the fulcrum F, instead of penctrat-pj, aj_ 
ing into (he interior of the lever, as represented in the figure, 
only touched the surface, it is evident that, although the two 
pO^m 9, p, were in the inverse ratio of the distances of the 
perpeudiculars FM, FL, ihey would slill not be in equilibriunu 
occcpt in the single case, where the direction JJF is pcrpendicu- 
Itr (o BD (or lo the tangent at F in figure GQ) ; for, it' AF were 
n'>fi<]Ur, it wonld clearly tend to communicate motion to the lev- 
' f m ihc direction BD, Thus, we should err in supposing, for 
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examplej thart (friction and the gravity of the lever being left out 
Fig. 74.of the question), the two weights p and 9, would remain in equi- 
librium in the inclined position represented, if, p being to 9 as Fq 
to Fp^ the surface of the lever merely rested upon the point F. 
The fulcrum, in order that there may be an equilibrium in all posi- 
tions of the lever, must have the eifecl of a pin passing through 
it. In short, when we say, it is sufficient, that the resultant AF 
-of the two powers should pass through the fulcrum Fy it is taken 
for granted that the corresponding point F of the lever does not 
admH^of any motion ; for otherwise this condition is not sufficient. 
Fig. 7i.For example, if the lever BD were drawn by three forces />, 9, r, 
applied to the three chords Bp, Dq^Fr^ there would not be an 
e(j[uilibrium, if AF were the direction of the resultant of p and 9, 
although it should pass through the point F\ it would be further 
64. necessary that the point of mefting A should be in rF. 

164. Since the two forces ;?, f, in equilibrium by means of 
Fig. 68, ^^^ lever BFD, must be in the inverse ratio of the perpendiculars 
^' JX, FM ; that is, since it is necessary that p should be to 9, as 

FM to FL, it follows that p X FL = q X FM 5 in other words, 
the moments of the two forces, taken with respect to the fulcrum, 
64. or any other point in the direction AF, must be equal. 

165. As there cannot be a force without a tendency to mo- 
tion, by the forces /), 9, is to be understood the product of a cer- 
tain mass by the velocities, that these forces would respectively 
communicate to this mass, if it were free. Thus let m be a cer- 
tain mass, and u the velocity that the force />, acting freely, is 
capable of giving it ; also, let n be another mass, and v the veloc- 
ity that the force q is capable of giving it ; in order that there 
may be an equilibrium, the following proportion is necessary : 
namely, 

m X u : n X V :: FM : FL. 

166. Let w be the velocity produced by the force of gravity 
jp. ^^ in an instant ; and let m, n, be two heavy bodies attached to two 

cords jB/m, DAT n, which passing over two round bodies /, if, 
transmit entirely to the lever BFD^ according to any proposed 
directions J5/, DAT, the action of gravity of these bodies ; we shall 
have w m, w n, as the measures of the forces with which these 
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bodies aci respectively; we must have, therefore, in order that 

Kr may be an equilibrium, 
turn : tun :: FE : FC 

m:n::FE: FC; 

iherefore, in order that there may be an equilibrium betwccii|9 

teo botliea which arc urged only with the force of gravity, or i 

■ ecu any two bodies that tend to move ivilh equal velocities ; 

AilTicieni that the masses of these bodies be in the inverse 

of the distances of their directions from the fulcrum. 

167. But if the velocities with which the bodies tend to movej] 
c unequal, it is not the masses, but the products of the masse 
tt the velocities, ivhich must be in ihc inverse ratio of the di|| 
iees of their du-ections fi-om the fulcrum. 

E 168. If two finite and heavy masses m, n, are urged by finita 

lequal velocities, according to the directions /m, A"?!; i 
I velociiy which gravity is capable of giving in an instant (oi 
litely small portion of time) is infinitely small ; in o]-der that 
I two finite velocities may mutually destroy each other, it i 
Scient that the quantiiies of motion which the two bodies^ 
jultl have in virtue of these velocities should be in the inverse 
oaiFE,FC. But this equilibriuni would not exist except 
istant; for when these velocities are mutually destroyed, 
fc bodies m, n, subjected to the action of gravity, would receive 
■otiiies of motion, uhich would be in the simple ratio of the 
k;s, aiid which consequently would no longer be in the in- 
b ratio ot the distances FE, FC. 

I Wc hence see the difference between an equilibrium among 
no urged by gravity only, and an equilibrium among bodies 

J by unequal finite velocities. 
Ill may be rcmitrked, moreover, that it is impos!ible to put 
■(liiilibrhim a body urged by gravity only with a body urged 
■ ■ Boflc velocity I and wc may hence conclude, that if the 
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with a force 5 exerted by an animal,F||, ^^ 



I but does not tend to move the point D, except with a ve)i>- 1 
' iiitinitcly small. If on the contrary the force f, applied 8 
IfuA. 13 
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D, acted by means of a blow or fiDite impression, it would raise 
the weight /?, however great it might be, at least during a certain 
time, which, when p is very large, may be sucl? that the eye can- 
not distinguish it ; but the motion would not be the less real* 
This subject will be placed in a clearer light hereafter, when we 
come to treat of Collision. 

157. 169, By means of the ratio which we have established be- 

tween the two powers /?, g, and the force exerted against the ful- 
Fig. 68, crum F, we shall be able to solve this general question. TTiree 
of these six things^ namely^ iJie two powers^ the force exerted against 
the fulcrum, and the three directions, being gi'^^ io find the three 
others. When, however, the directions only are given, we 
144. can merely find the ratio of the forces /), q, g. The solution in 
this case is evident from what has been said. It may be easily 
obtained also by geometrical construction, upon which we will 
only observe, that when the directions are parallel, the question 
is solved by articles 53, 1 GO ; and that, in general, if it is pro- 
posed to determine the position of the fulcrum, when the powers 
p and 5, and their position are known, the question reduces itself 
to finding, by article 38, the resultant of these two powers* 

1 70. The problem is different when more than two powers 
are applied to the lever ; in this case, as in that of the cords in 
article 151, we can vary without end the ratio or the directions 
of some of the powers, the others remaining the same, and yet 
not destroy the equilibrium. There is, however, this difference, 
between the lever and cords, that the condition of equilibrium in 
the former is single, whereas in the latter there are as many 
163. conditions of equilibrium as there are knots. It will suffice to 
point out the condition of equilibrium in the lever, when three 
powers are employed, to make it evident that the proposition will 
hold true, for any greater number of powers. 

Fig. 77. 171. Let the three powers/), y, r, directed according to Bp, 
Eq, Dr, be in equilibrium by means of the •lever BFD^ The 
power q may be considered as exerted in part against each of 
the powers p and r,* and in part against the fulcrum F. Having 

• The power q cannoty strictly speaking, be considered as exerted 
against r, since they both tend to turn the lever in the same direction 
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idueed the directions Bp, E q, and taken from ihc point of 
letting ^, the line AH to rcprcsciil the power q, we decompose 
E power into two others, one j}G erjiial and directly oppoaiie 
e power p, and the oiher AC such as will admit of being in 
piilibrium with the power r, by means of llie fulcrum F. Ac- 
, if the direction D r meet AC at the point /, we may 
p the force AC applied at /, according to the direction 
; the force AC or IL must therefore be capable of being 33. 
h;ninposed into Iwo others, o-e /AT equal and directly opposite 
e power r, and the other IM directed against the fulcrum F. 
i the force q produces the three effects AG, IK, IM, c 
ich the two first, being eijual and directly opposite to I 

*p and r,are destroyed, and the last, being directed agau]| 
B fixed point F, cannot but be dcsiroyet' also. Now, since a 
B forces which act upon the lever, are ;',*/, r, or ^G, /AT, 
i AG, IK are destroyed, we coiichide that IM is the resij 
it of thfi three jjowers ;i, q, r, and that consequently the onl 
iditioo necessary to an equilibrium is, that t^ rcsultai 
i pass through the fulcrum F. We see, therefore, that ll 
irers p, q, r, act upon the fulcrum as if ihey were immedialelj"" 
applied to it according to directions parallel to those which they 
fictually have ; and this conclusion would hold true for any num- 
whatevcr of powers, for we may always suppose one of t^^ 
wers to be in equilibrium with all the others by means of ll 
incc of the fulcrum. 

172. Since F must be in one of the points of the resultant, it 
ost have the properties of which mention has already been 
tade ; that is, Tchtn ttverul pnwers, txalcd in the same plant, arc 
k tqu'libriiim hy means of a Irvtr of vihalr-otr Jigurr, if frm 

n at Ul fall pcrpntdiailars wpim iht din- lions ofOi*seforat 
d timltiph/ each furce hy the corrtsponding pfrjirittliciilar, i 
frJi, ifwtlakt Ihf moounts of tlu forces vtith raptcl luOufuknm, 
t of the momaUs of the forces tokick tend to turn the Icotr in 



t ibe fulcrum. Tlie two powers p, q, being ropresonteil bv AH, 

I OA pr AW rvfpectivcly, and beinji excrteil in tlmie ilireclions, 

■ aqnivBtenl id AC or Ih, the direction of which is opposed to r, 

nnco ii lends to lum llie tever in the contrary direciiuu ; and ih* 

r«MiltaiiI of IL and IK, that is, of^, q, r, is /M. 
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one direction^ must he equcd to the sum of the monunts of Aon wkidi 
tend to turn it in the opposite direction ; which may be expressed 
generally, bj taking with contrary signs the moments of the forces 
which tend to turn the lever in opposite directions, and saying, 
that the sum of the moments must he zero. 

173. Accordingly, all that we have said with respect to the 
1^^ value and direction of the resultant, is applicable here to the 
determination of the force exerted against the fulcrum, and the 
position of this point, whatever be the number of powers. 

Fig 78. 1 74. Knowing, for example, the twoweightsp and 9, together with 
the length and weight BD of the lever, if we would determine 
the fulcrum F, upon which the whole would remain in equilibri- 
um, we should consider the weight of the lever as a new force r, 
applied at the centre of gravity G of the lever, and it would be 
necessary that the moment of p with respect to the unknown 
point F should be equal to the sum of the moments of r and q^ 
taken witlhrlespect to the same unknown point F. 

Let the lever BD be straight, and of a uniform magnitude 
and specific gravity ; and, bearing in mind, that on account of 
the directions of the forces being parallel, instead of the per- 
pendiculars iX, FK^ FM, we may employ the parts BF^ FG^ 
FDj which have the same ratio to each other, we shall have 

pXBF=^rXFG + qX FD. 

Let a be the length of the lever, x the distance BF\ we shall 
have, 

£G = |(i, FG=:\a — x, FD = a — x. 

Let s be the specific gravity of the lever, or, in other ^vords, the 
weight of each inch in length of this lever ; a and x being also 
counted in inchts ; s a will be the whole weight r. We have 
accordingly, 

/> X = s a (I a — x) + q {a — a?), 

= |sa' — sax + qa — 9 a?, 

froiQ which we obtain 

p +Ba + q* 
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Let « ss 94 inches, p =£ 30 pounds, 9 = 4 pounds, b ss ^of 
m pound ; we shall have, 

_ A (g4)« + 4.24 ^ 24 + 96 ^^ 

* " 20 + 2+4 - 26 ^ ^' *°^*^^*" 

that is, the fulcrum /*, in order that there may be an equilibrium, 
must be placed 4 y'j inches from the extremity B ; whereas by 
a^ecting the weight of the lever, we should have 

a a 96 , . 1 

X = — i- — = -— - = 4 mches. 
p + q 24 

If^ on the other hand, the point Band the point i^were given, 
and it were proposed to find the point D where the force 9, sup- 
posed to be known as well as p, must be applied to produce an 
equilibrium ; designating BF by 6, and BD by ^, the equatioi^ 
of the moments, becomes 

= isy' — syfc + ?y — ?6f 
whence, # 

(29-28&)y ^ 2pb + 2qh 

^8 S 

and 



sb — q _^ | (9 — 8 6)« ^2^6 + 2^6 Alg.lOQ. 

\ 8» 



y^i:i— :^db p-°-^ + 



8^8* 8 



_ 9 & — 9 db V(9 — s 6)« + (2 p6 + 2 9 6) 8 



8 



The positive value of ^ in this result gives the distance BD in 
figure 78, and the negative value gives the distance BD in figure 
79, the distance BF being supposed without gravity. 

If we would have the distance or length y at which the 
weight of the part FD would of itself be sufficient to counterbal--.. ^ 
ance the weight />, we should put 9 = 0, which reduces the above 
result to 



s& + V8* b* + 2ioT 



102 Siaiicii. 

Fi sa ^^' J^^^^^^S P? 9? ^^> ^"^^ ^^^ specific gravity of the lever DF^ 
we would determine the distance FD at which the power q must 
be placed ; designating FD by y, B/^ by 6, we shall have sy for 
the weight r; and, accordingly, 

p6 + isy» =jy, 

from which y is easily obtained. 

In figure 78, it is evident that the longer the lever is, the 
more the power j is to be diminished, till it becomes zero, after 
which it must act in a contrary direction to produce an equili- 
brium. 

In figure 80, as the lever is increased in length, the power q 
becomes at first less and less to a certain point beyond which it 
begins to augment. This may be easily shown in several ways, 
and among others by the equation 

pb + isy^ = ?y, 

which gives 

pb + jay* 
? y ' • 

by which it will be seen, that when y = 0, g must be infinite ; 
and that when y is infinite, q must also be infinite. Accordingly, 
between these extremes the values of q must be finite, and there 
must be some point where it will be the smallest possible. In 

GaI 44. ^rder to determine this point, we have merely to put equal to 
zero the differential of the value of g, taken by regarding y only 

eal. 11. as variable ; we have thus 

whence 

sy» =pb + isyS 

and' 



=4 



,- ■'" 



s 



Therefore the value of the smallest power y, which can be ein- 
ployed with a heavy lever, of the second kind, is 
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» > f ^ ■ or \/WpsT 
and die length of this lever is « 



4 



8 



It will hence be perceived, that when a weight is to be raised 
by a heavy lever, employed as in figure 81, a particular length 
is necessary in the lever, in order that the force may act to the 
greatest advantage, and that a given effect may be produced 
with the least possible force ; and that a greater or less length 
would be attended with a loss of power. There is accordingly 
a difference in this respect between a heavy lever and a lever 
without weight. 



Of the Pulley. • * 

• 
175. A pulley is a solid circle or wheel having a groove 

formed round its circumference, and an axis passing perpendicu- 
larly through its centre, and through a case or frame work 
called the black. The several parts taken together, are some- 
times called the block, and sometimes simply the pulley. 

The different kinds of pulleys may be reduced to two, the 
fixed^ and the moveable. 

The fixed pulley is that in which the power and the weight Fig. Sf , 
(or resistance to be overcome), are both applied according to * 
directions that are tangents to the circumference of the pulley. 

In the moveable pulley, the weight or resistance is applied Fig. 84^ 
at the centre, or in a direction passing through the centre or®^»®^* 
axis of the pulley. 

This machine, considered in a general point of view, is sus- 
ceptible of two sorts of motion ; one by which the rope passing 
throuirh the ^Toove of the pulley, ch^ingrs its place without alter- 
ing the position of the body of the pulley, the other is such that 
the body of the pull(»y changes its situation at the same time. 
Thus a state of etji'ilibrium requires two different conditions. 
The first is that the two parts of the rope which embraces the 



-=•4 
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pulley should be equally stretched, and thus mutually destroy 
each other. The second condition is derived from the first in 
the following manner ; 

176. From the tension bf the two parts of the rope which 
passes over the pulley, there results an effort upon the body of 
the machine which may be determined by taking in the direc- 
7ig. 82, ^'^^^ ^^ ^^^ ropes, beginning at their point of meeting, lAj IBj equal 
^9 ^' to each other, and forming the parallelogram lADB^ in which 
the diagonal ID represents the force exerted upon the body of 
the machine, lA being considered as representing the tension of 
the rope Op or OG. Now since /T, /O, are tangents, and 

IB = lA, 

it will be seen that ID produced would pass through the centre 
F of the pulley. Therefore, if the body of the pulley is not 
firmly fixed, ID cannot be destroyed, except the obstacle, what* 
ever it be, which is to prevent the motion of the body of the 
pulley, is^ituated in some point of the line /F, extending from the 
centre F to the point of meeting of the two ropes. Thus, if the 
pulley is destined to turn in a block FG, fixed to some point G 
without, and admitting of a motion about G, an equilibrium will 
Fig- 83. ^^^ jgj^g place except when the block has the direction FI. 

In like manner, if the body of the pulley, being embraced by 
a rope fixed to the point G, is moveable, there will not be an 
•Fig. 84. equilibrium, except the efibrt applied at the centre jP, or to the 
fixed block at this centre, is exerted in such a direction as to 
bisect the angle formed by the two parts of the rope OG^ Tq 
and is at the same time to the tension of OG^ Tq^ 






ID : lA : IB. 



1 77. It is now easy to find the ratio of the tension of each 
part of the rope that passes round the pulley, to the force exert- 
ed upon the body of the pulley, and consequently to the force of 
which the moveable pulley is capable. The tension of each part 
'*' ' of the rope being represented by lA or its equal /J5, thp efibrt 
which is exerted upon the body of the pulley, will be express^ 
by ID. But in the triangle IAD 
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lA : ID : : sin IDA : sin IAD, 

sin Flq : sin OAD, 
sin Flq : sin G/j. 

Wc may say, therefore, universally, that when th^rt is an equilir 
brium &y means of (He simple pulley^ Jtxed or moveable ; (1.) Ths 
tensions of the two parts of the rope which passes round the pulley^ 
m the powers applied to them, are equal \ (2.) TTwt each of these 
powers is to theforu exerted at the centre of the pulley, as the sine of 
half the angle formed by the two parts of the ropes in question, is to 
to the sine of the whole of this angle. 

Thus in the fixed pulley, there is no other advantage gained P>s* ^i 
by the agent q, except that of being able to change at pleasure 
the direction in which the action shall be employed. But in the 
moveable pulley, there is possessed by the agent q, the double Fig. 84, 
advantage of a change of direction and an augmcntion of the ®*» ^' 
effect of the action. But it is to be remarked, that according as 
the direction is changed, the force exerted upon the centre va- 
ries, so that there is a direction in which the effect produced by 
a given power is the greatest possible ; aud this is when the two 
parts of the rope GO, Tq, are parallel, as will be readily per- 
ceived. 

1 78. If wc draw the radii OF, FT, and the chord OT, the Fig. 84, 
the triangle OFT, having its sides perpendicular respectively to 
those of the triangle BID, will be similar to BID ; whence oeom. 

IB : ID :: FT : OT ^ 

or 

q z p :: FT : OT; 

that is, the tension of either part of the rape, is to the force exerted 
against the centre JP, as the radius of the pulley is to the chord of 
the arc embraced by the rope. 

Now it is evident that this last ratio is the greatest possible 
when the two parts of the rope arc parallel ; hence in the move- 
able pulley the power is the least possible, or is exerted to the 
greatest advantage, when the two parts of the rope are parallel ; 
and it is then half of the force exerted against the centre of the 
pulley. This second kind of pulley is made use of in tightening 
Mcch. 14 
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the sails of a vestsel, bj attachiDg it to one of the corners as rep- 
resented in figure 86. 

Fig. 87. 179. If, therefore, the weight p is sustained by the power g, 
by means of several moveable pulleys, embraced each by a rope, 
one extremity of which is attached to a fixed point, and the other 
to the block of a pulley, the ratio of the power to the weight will 
be that of the product of the radii of all the moveable pulleys to 
the product of the chords of the arcs embraced by the ropes. 

Indeed if we call ir, (>, the forces exerted at the centres of the 
pulleys A*, JH, which are at th^ same time the tensions respective- 
ly of the two ropes attached to the centres of .AT and JIf ; b, r', r'', 
being the radii, and c, cf^ d\ the chords of the arcs embraced 
178. by the ropes in the several pulleys .AT, M, £», we shall have 

Q • "ZT 1 1 RT C, 

w : g :: Bf : (/^ 
g : p :: k" : &^ 'j 

Alg.226. whence, by taking the product of the corresponding terms, 

qwQ : n-gp : : rr^r'' : c dd\ 
or 

q : p :: rr'r^' : c dd' ; 

that is, when the cords arc parallel, which gives 

c = 2 R, (/ = 2 r', c'' =- 2 r'', 

q ' p M RR'r'' : 2 r X 2 r' X 2 r'', 

:: 1 : 2 X 2 X 2; 

in other words, the power is to the weight as unity to the num- 
ber 2 raised to the power denoted by the number of moveable 
pulleys. With three pulleys, for example, the power would sus- 
tain a force eight times as great. 

180. But this arrangement of pulleys is not the most conven* 
ient. It is more common to employ one of the forms represented 
in figures 88, 89, 90, 91, 92, in which all the pulleys, both fixed 
and moveable, are embraced by the same rope. Moreover all 
the fixed pulleys are attached to one block, and all the moveable 
pulleys to another. Sometimes the centres are distributed upon 
different points of the same block as in figures 88, 89, 90^ 91. 



■netimrs ihr^ an iiniicd upon the same axis as in tigiirps S 

'riie Inner arran^meiil has ihp aclviitilage of being morel 

npact; Ihii »i-hrn a large number of pulleys are llius dispo&ed 

fihc same block, the power Itcing applii:(] on one siJc inslead 

wing directed through ihe middle, ihc system is drawn awry, 

a part of the force employed U lost by the obhcjuc manner in 

Elcfa il is exerted. This inconvenience does not belong lo ihe 

lejs represented in figures 88, CO, DO, 91 ; and in that rcpre- 

bled by figure 94, the peculiar advantages of the two sysienp 

f united. Here two sets of pulleys having a coaimon axis an 

^ched lo the moveable block, and two lo the fixed block, ttn 

ler set in each case being of a less diameter dian the 

las (0 allow a free motion lo the rope. Then (he rope col 

iciag at the middle of the u]iper block after being made i 

B over all ihe pulleys will (ermiiiale also in the middle. Tk 

nngcment was invented iiy Smeaion. 

. But whatever difftience there may be in this respect t| 
b particular disposition of ilie pulleys, the ratio of the power 6 
I weight may always be found by ihc fallowing rule, 

V /» the weight «,' radius, or sine nfSQ , w lo tht sttm ofOi 
f of tht angles niurfr fn/ l/it ttvtral tojim (mtding nl the mmta 
fy) with Ikt horiiim. 

\ Indeed, if upon each of the ropes wc take the equal parts 

\^PtiiJc,^ lo represent the lenMon. and u)>on each of these |||S- ' 

i, as 8 diagonnl, we form a parallelogram, having one pair of 

iopjNiiiile sides vcrlical, and the other pair jiorizonLal ; instead 

U»u!i)dering the weight /< as sustained by the immediate ten- 

I of the ropes, we may regard it as supported !>y the hort- 

I forces M', NO, &c., and the vertical forces IL, J<Q, Slc. 

t the first being perpendicular lo the action of the weight 

Iritratc tioihing lo counterbalance this action; and In tin 

tofati c'juilibrium lliese horizontal forces mutually deslro 

\t other. The weight p, iheicfore, is wliolly sustained by tin 

kliant, that is, by the sum of the vertical forces IL, J^Q, &.c.i 

felbc ropes being all equally stretched, it isevident thai ^ is U 

I tbc teusioD of one of these ropes is to the entire sum of lh< 

I iorccs. But iu the right-angled triangles IML, ^^/Va 

B have 



! /L ; : 1 : sin IML; JVP or IM : .VQ : 



: sin XPQi ' 
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it 

the same may be said of the other ropes ; whence 

IL = IM sin /J»fL; KQ = IM sin JVPQ; 

accordingly, 

q : p :: IM : IM sin IML + IM sin XPQ + &c., 
: : 1 : sin IML + sin J^PQ + &c. 

If the ropes are parallel and consequently vertical, the angles 
IML, lA'PQ, &c., will be right angles, and their sines will be 
each equal to radius, or 1. Therefore the power in this case 
will be to the weight as 1 is to the sum of so many units as there 
are ropes meeting at the moveable pulley. Hence it will be 
seen, that if one of the extremities of the rope is atttiched to the fixed 

Fig. S8, pulley, the power will be to the weight as unity is to double the num- 
ber of moroeahle pulleys ; and if the extremity oftJu rope is attached 

|'|8- ^i to the moveable pulley, tlie power will be to the weight as unity is to 
double the mimber of moveable pulleys, plus 1. 

182. The general proposition above demonstrated, holds 
true, whether the ropes are in the same plane or not ; and if the 
obstacle to be overcome be not a weight, that is, if the direction 
of the whole power of the pulley be not vertical, we have only to 
substitute for the angles which the ropes are supposed to make with 
the horizon, those which they would make with a plane perpen- 
dicular to the whole action of the pulley. In figure 93, for exam- 
ple, the power q is to the force exerted at G, as radius is to the 
sum of the sines of the angles made by the several ropes (meet- 
ing in CF) with a plane perpendicular to FG. 

183. If several sets of pulleys are employed, it will be easy 
after what has been said to assign the ratio of the power to the 
weight. In figure 93, for example, the ropes being supposed 
parallel, the power q will be to the force exerted in the direction 

181. CB, as 1 is to 5. Now this last force performs the office of a 
power with respect to the system of pulleys BA, and accordingly 
is to the weight p, as 1 to 4. Therefore the power q is to the 
weight p, as 1 X 1 is to 4 X 5, that is, as 1 to 20. 

184. In all that precedes, we have supposed the system of 
pulleys destitute of gravity and friction, and the ropes perfectly 
flexible. We shall see hereafter what allowance is to be made 
for friction and the stiffness of the ropes. With respect to the 




IVfietl and AiU. 

|vily of the perls of the system which the pewer has (tffl 

Isin, ullowance is made for it, in the case of an equiUbr^ - 

a by adding it to the weight, when iu action coincides with Fig. ■O, I 
that tif the weight. But if, as in figure 93, the gravity of the 
ijs lem CF is noi exencd in the same direction with the power 
\ instead of being in the same direction with ihe power yJ 
\ ihc direction of the resultant of the gravity of the systei^ 
llbc force exerted independently of gravity. 



Of tht Whetl and Axlt. 

llC5. 77tf irhtd and axle consists in general of a groovedj] 
tel, and a cylinder passing perpendicularly through the ceft-j 
V«f the wheel, and resting at its extremities upon two Gxi 
jorts F, F. A power g, applied in the direction of a langeot 
Ihe circomfercnce of the wheel, turns this wheel, together with 
Ike cylinder, which being firmly fixed to it, takes up successive-' 
. Ijf the different parts of the cord Dp and with it the weight j>^ 
■■^^b k u proposed to rlcvate or draw toward the cylinder. 



fSomcUmes instead of a wheel, bars E, £, in the form of^'B- ^i 
are the points at which the power is applied, and by which ' 
tlir name effect is produced. At other times the extrcmilies of 



ihc cylinder are provided with winches 9, 9, at which the niov-j.; „. 

ing force is exerted. 

When the axis of the cylinder is vertical, the macliine isj,| ^ 
lUcd a cojutan. It is in this position that it is used on board of luo. 
.r^cls. with this difference in the construction, however, that the 
.'ur« of the axis is made conical instead of being cylindrical, 
I;. It It may be worked more easily when the rope, having reach- 

"J I be lowest point, in turning to retrace its course would tend toi 
ii-ck the motion. 

1 86. But however tie machine is placed, it will be seen lhaf| 
ih« action of the power and that of the weight which it is pro>9 
[wwd to raise, are not exerted in the same plane, but in planetfl 
that arc parallel or nearly so. The power produces two effects, ' 
une of which is exertt-d against the weight, and the other against 
the tupport*. Ill case of aji eiijuilibrium, these effects may be 
idImmJ in Ihe following miinncr. 
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The essentiiil parts of the machine arc represented in figure 
101, where AMJ^ is the plane of the wheel, FF the axis of the 
cylinder, and BDL a section of the cylinder, parallel to AMX^ 
and passing through the cord Dp. 

Having drawn the radius EA to the point jJ, where the pow- 
er q acts upon the wheel, suppose a plane FEA passing through 
FF, and EA, and meeting BDL in IB ; IB will be parallel to 
EA. io\n AB, and through this line and the direction .^9 of 
the power, imagine a plane q AG to pass meeting the axis FF in 
some point G. Lastly through B and G draw B w and G r par- 
allel each to A q. 

This being supposed, the force q may be decomposed into 
j^, two other forces «-, r, directed according to JB «■, G r ; and as this 
last passes through the axis of the cylinder, it can have no effect 
in turning the machine about this axis, and consequently can 
contribute nothing toward the support of the weight p. It will 
therefore be expended against the supports -F, F. There will 
accordingly be only the force w by which an equilibrium with 
the weighty is to be effected. Now (1.) This force is directed 
in the same plane BDL in which the action of the weight is ex- 
erted. (2«) The two lines B «r, J5/, being parallel respectively to 
the two A 9, AE, which are at right angles to each other, Bw h 
Geora. perpendicular to £/, and consequently a tangent to the circQin- 
^^' ferencc BDL. We may therefore consider BID as an angular 
lever, of which the fulcrum is at /; and since the distances of 
the directions of the two powers »•, />, from the fulcrum are equal, 
these two powers must be equal ; we have accordingly •• = /. 
Let us now see what is the ratio of w to q. 

According to what has been laid down, we have 

q : w :: BG : AG', 

but the similar triangles GBI, GAE, give 

BG : AG z: BI : AE-, 
whence 

q : w :: BI : AE\ 

•s. 

or, since •• = />, 

q I p :: BI : AE; 



«3. 



lis, tn 1^ vihttl and axh Ikepoteer is to lhewtight,us tht ra 
( a/iinjtr lo the radius of the mhetl. 

17, If the wpight p be mtacheil at some point B in the plane **'R-" 
c wheel, in such a manut-r, that the perpendicular IB ojion 
■ctioa shall be equal to the radius of the cylinder, we may 
r.4/fi as an ;ingultir lever the fulcrum of which is at the 
; and in order to an equilibrium, wc must have jbs 

I, the ratio between llie power and the weight would be the 

S the above. I'hercfoi-e the actimt of tht power it Iran^^^ 
i lo tht vti^lil Inf twuma of the what and axle, in the .tnme^H 
Mr Of iflhtpowtr and Ihc lotight letre in the same plane. ^H 

IS3. tl is no( The same, however, with respect to the forcij^^l 
exerted agninsi the supports. This varies according to the d!#-^^| 
lance of the plane BDL from the plane of the wheel. In order njln 
to determine what it is, we decompose the power g, considered 
Bs applictl at E parallel lo A <j, into Iwo forces parallel to .1 5, 
>nil passing through F and F. We decompose likewise the WM 
power p, considered as applied at /, into two forces parallelfH 
lo pD, and passing through F and /'. By this means eack^H 
uippcirt will be urged by two forces, the magnitude and direo^H 
liooH of which will be known. It will be easy, thei-efotc, 10 i^ ^M 
duce these forces, in the case of each support, lo a single one of ^H 
1 known magnilitdo and direction. ^| 

This iDClhod offindiag the forces exerted against the two sup- ^H 

r»riiL, is founded upon the fact, that the two forces w and p reduce ^H 

-iinsclves toonc which acts at /. If we conceive this decompoSi-^B 

into two forces parallel to the direction ' and/), and applied in ^^H 

iry will have simply the values of ■■ andp- Accordingly, (I.) -^" 

-may rc|:nrd/> as applied at /; (2.) The force w, considered as 

:. plied at /, and the force r applit^d at G, cannot but have for 

rcHiIlaol the force ij, by which they arc produced, as we have jh 

' "n above ; moreover this resultant passes through E, since ^H 

Gl '. CE :: GB : GA -i q . w. f 

189. If the power, instead of being applied in the direction 
■• a tangent to the wheel, acted by means of the arms EE, and 100! 
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at right angles to their length, the ratio of the power to the 
weight would always be found to be the same as above stated, 
by substituting for radius of the wheel the words length of the arm ; 
this length being reckoned from the axis of the cylinder. But 
Fig. 99. if the power acted in a direction not perpendicular to the arm /£, 
instead of the length of the arm we should take that of the per- 
pendicular IR let fall upon the direction of the power ; so that 
in this case the power will be to the weight as the radius of the 
cylinder to the perpendicular //?. 

Fig.iOl. igQ gij^^g q : p :: BI :AE, we have q y, AE = p X B/; 
that is, the moment of the power is equal to the moment of the 
weight, these moments being taken with respect to the axis FF. 
If, therefore, several powers are employed at the same time, ap- 
plied to different arms, the sum of the moments of these powers 
must be equal to the moment of the weight. 

191. If the cord which supports the weight or which transmits 
the action of the power to the weight, were wound round a conical 
surface, or a surface of a variable diameter, instead of that of a 
cylinder, the ratio of the power to the weight, would also vary 
continually ; and reciprocally, if the power, whose action is to be 
communicated through the medium of such a machine as that 
under c#nsideration, varies continually, and is intended, notwith- 
standing, to produce the same effect, we arrive at the end pro- 
posed, by causing the action to be applied successively to radii 
that increase in length according as the power diminishes. We 
have an example of this adaptation of the machine to a varying 
power in watches and chronometers, in which the moving or 
maintaining power is a spring fixed at one of its extremities to 
Fig.i03.the axis or arbor of a barrel Z, and which, after several revolu. 
tions or coils^ is attached to the interior of this barrel. A chain 
with one of its extremities fixed to the convex surface of the bar- 
rel is wound round the conical axis or fusee F, to which the other 
extremity of the chain is attached. As the spring uncoils, the 
barrel turns, and drawing the chain, causes the fusee to turn ; 
but since the force of the spring diminishes as it uncoils, a com- 
pensation is made for this reduction of the power, by giving a 
greater diameter to those parts of the fusee on which the last 
coils of the spring are exerted. By this contrivance, the ma- 
chinery receives nearly equal impulses in equal times. 
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193. It would seem, therefore, by halving regard only to an 
eqailibrium, that we might diminish at pleasure the ratio of the 
power to the weight, and make a force, however small, counter- 
balance one however large, by means of the wheel and axle, 
and such machines as depend upon the same principle. But if we 
take into consideration their motion, and have respect also, as we 
must, to the nature of the agents to be employed, we cannot aug- 
ment the effect at pleasure. The ratio of the radius of the cyl- 
inder to that of the wheel, is not arbitrary. It requires a par- 
ticular adaptation to the purpose proposed, in order to produce 
the greatest possible effect. 

Suppose, for example, that the agent applied to the arm £, Fi^ 99. 
tends to move with a velocity u, and that the force of which it 
is capable, is mu, that is, equal to a known mass m urged with 
a velocity ti. Let v be the velocity with which the point E 
would be moved in virtue of the resistance oi p\ then, if we call 
D the perpendicular distance of £ from the axis, and ^ that of 
p firom the axis, we shall obtain the velocity that p would have, 
by the proportion, 

D i d :: V : -jy, 

since it is evident, that the point E and the point where the cord 
touches the cylinder, would have velocities proportional to thcii* 
distances from the axis. 

Wc must suppose, therefore, that at the instant when the 
power comes to exert itself, the velocity u is composed of the 
velocity v, which actually takes place, and the velocity u — v, 
which is destroyed ; and that at the same instant the weight p has 

the velocity -rj, which actually takes place, and the velocity -^ 

in the contrary direction which is destroyed ; that is, the moving 
force m {u — v) must be in equilibrium with the mass p, urged 

with the force -^rr—- Accordingly, 

«(«-r)xi>=4^; 
whence 

Meeh. 15 



133. 
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and the velocit j of jp, namely -^ will be 

mu6 D 



Therefore, m order to know what ratio there must be betwees 
Cal. ^.^ ^^^ ^' '" order that/) may have the greatest velocity possible, 
it is necessary to put equal to zero the differential of this express- 
ion, taken by regarding 6 only as variable ; thus 

or 

muDd6{mD^ + pd^)—muD^ X^p^d^^O^ 

whence 

mD^ +p6^ — ^pd' or mZ)»— />d»=0^ 

which gives 

If, for example, the weight p be lOOOOOlb, and the mass m or 
moving force be equivalent to a weight of 10lb,wc shall have 



-J 






100000 



that is, the radius of the cylinder must be a hundredth part of 
the arm /E, in order that the effect may be the greatest possible.^ 

1 93. There are many machines which are referrible, either 
wholly or in part, to the wheel and axle, and consequently to the 
lever ; such as rack-work^ machinery in which wheels are con- 
nected by bands^ tooth and pinion work, and instruments intended 
for drilling, boring, and screwing, although these last operations 
j'ig,i06. often depend in part upon another machine that remains to be 
described, namely, the inclined plane* In rack-work, the axis 
FE having a winch FR 7, carries a pinion the teeth or Itaxts 
of which act upon the toothed bar AB. The leaves of the pin- 
ion, in turning, raise the bar AB with a force which is to the 
force q applied to the winch, as the radius of the winch is to that 
of the pinion ; and as the radius of the pinion is for the most part 
small compared with that of the winch, by the aid of such a 
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machme, we are able to raise a very considerable weight with 
a moderate force. 

194. Toothed wheels serve several purposes. Sometimes we 
employ them to augment a force, at others to increase a velocity, 
often to change the directioi of a motion, and still more frec]ucntly 
to adapt motion to certain periods of time, or to render sensible 
eeitaiii moCioos or spaces, that the eye cannot distinguish* 

Several toothed wheels fT, JT, F, Z, being connected together FIg.ioe. 
by the pinions v, x, 5, 2, it is proposed to find the ratio^ of 
the power f , applied to the first wheel, to the weight or effort p, 
sustained by the last pinion. Let fl,D',Z>^,£K^', be the greater 
distances or radii of the wheels, d^d\6'\6"% the less distances 
or radii of the pinions. We shall consider the effort made by 
the leaf of any one of the pinions upon the tooth of the neigh- 
bouring wheel, as a power applied to this last ; then £, E\ E'\ 
being these efforts, we shall have ig^ 

5 : £ :: <r : D, E i E' \i 6' i D, 

E' ■: E" : d'' : J>', E'' : p :: 6'" : D'' ; 

whence, by taking the products of the corresponding terms, 

that is, the power is to the weight as the product of the radii of 
all the pinions to the product of the radii of all the wheels. 

If, for example, the radius of each pinion is one tenth of that 
of the corresponding wheel, we should have 

g : p :: 1 : la X 10 X 10 X 10, 
1 : 10000; 

that is, a power of one pound would counterbalance a weight of 
10000 pounds. 

What is gained, however, in point of force by the use of 
wheels and pinions, is lost in respect to velocity. Indeed while 
the wheel W turns once, the pinion w, turning in the same time, 
causes to pass only as many teeth of the wheel AT, as it has leaves ^''S-l^ 
in its own circumference, so that if the wheel X has 48 teeth, and 
the pinion w six leaves, the wheel X would make only /^ or \ 
part of a revolution, while W turns oQce round ; it will hence be 
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seen that the wheel X goes just so much slower than W^Y w 
much slower than X^ and so on. 

195. From what is above said, it will be perceived how, by 
means of toothed wheels, the vc^locity may be augmented in any 
Vig.107. given ratio. Let there be, for example, the toothed wheel W^ 
acting upon the pinion to ; it is clear, that during one revolutioii 
of fF, the pinion w will turn as many times as the number of leaves 
in the piidon is contained in the number of teeth of the wheel ; 

N 
that is, during one revolution of the wheel, the pinion will turn — 

times, N denoting the number of teeth in the wheel, and v the 
number of leaves in the pinion. 

If therefore the axlf of the pinion w carries a wheel, which 
acts also on a pinion x^ we shall see that during one revolution 

of the wheel X^ or of the pinion o, the pinion x will turn --^ 

times, N* denoting the number of teeth in the wheel AT, and '^ the 
number of leaves in the pinion x. Therefore while the wheel X 

makes a number of turns expressed by — , that is, during one 

revolution of the wheel fT, the pinion x revolves a number of 

A' JV AW 

times expressed by — r x — or — ; — . And by reasoning in 

this manner for a greater number of wheels and pinions, it will be 
perceived that the number of times that the last pinion tprns, 
during one revolution of the first wheel, is expressed by a frac- 
tion having for its numerator the product of the number of teeth 
in the several wheels, and for a denominator the product of the 
number of leaves in the several pinions. 

When it is asked, therefore, what must be the number of 
teeth and leaves for a proposed number of wheels and pinions, 
in order that the velocity of the last piece shall be to that of the 
first in a given ratio, the question is indeterminate, that is, one 
which admits of several answers* Two examples will suffice 
to show how we ought to proceed in questions of this kind. 

We will suppose that it is required to find how many teeth 
must be given to the two wheels W and X^ and how many leaves 
to the pinions w and x, in order that the pinion x may make 50 
revolutions while the wheel ^ makes one. We shall have 
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vv' 



= 50. 



We know in this case only the quotient obtained by dividing JfJd^ 
hj tft^'y we do not know either the dividend or the divisor. 
Let us take, therefore, arbitrarily for the divisor ri/ a number 
composed of two factors which shall be neither too small nor too 
great for the number of leaves to be allowed to the pinions. Sup- 
pose, for example, W = 7 x^^ 5SjV being 7, and i/ 8. We 

shall then Iiave ^ = 50, or J{J^ == 50x56. Now 50 and 

56 not exceeding the number of teeth that can be given to the 
wheels W and JT, I will suppose A* to have 50 ; and consequent- 
ly those of A* will be 56. If these two factors, or one of them, 
should happen to be too great, I should decompose them into 
their prime factors, and see if from the combination of these fac- 
tors there would not result two smaller factors ; or another num- 
ber might be taken for v f^4 

Suppose, for a second example, that it is proposed to find the 
nomber of teeth and leaves to be given to three wheels and their 
pinions, in order that while the last pinion turns once in twelve 
hours, the first wheel shall require a year to make one revolution. 

The common year consisting of 365,25 X 24 X 60 or 
535949 minutes, and 12 hours being equal to 12 X 60 or 720 
minutes, it is evident that during one revolution of the first wheel 
the last pinion will make a number of revolutions expressed by 

*Wf '5 ^€ have, therefore, ,, = •ViV** Let us take 
arbitrarily v = 7, V = 8; and we shall have -^jajLQ_4» 



•rAVV^JV*^ = »ViV* X 7 X 8 r'' = 



3681643 v'* 
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Of the Inclined PUme. 

196. If a body ;> of any figure whatever, touching a plane Fig.iot. 
XZ in any point C, is urged by a single force, it can remain at 
lest on this plane only when the direction of this force is pcrpen- 
Acular to the plane, and is such at the same time as to pass 
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through the point C The necessity of the first condition is evi- 
38. dent. As to ihc second, it will be seen, with a moment^s atten- 
tion, that this is not the less necessary ; since, if the direction 
AD of the body //, for example, ahhough pei'pendicular to the 
plane, docs not pass through the point of contact C, the resist- 
ance of the plane, which cannot be exerted except according to 
the perpendicular at C, would not be directly opposed to the 
force AD^ and consequently would not destroy it, even when il 
137. is supposed equal to this force. 

197. If the body, instead of touching the plane only in one 
Fif». 109, point, touches it in several points, it is not indispensable that the 
' single force ADj which acts upon it, should pass through any one 
of these points ; but it is necessary that it should be perpendic- 
ular to the plane, and that it should be capable of being decom- 
posed into as many forces perpendicular to the plane, as there 
are points which rest upon it, and that they should be such as to 
pass through these points. Thus if the body j7, for example, were 
Fig.109. in contact with the plane at the points C, (7, and the force AD 
were not in the plane which passes through the two perpendicih* 
lars raised at the points C, C^, an equilibrium would not take 
place, because the force AD could not be decomposed into forces 
passing through C and C, without a third arising which would 
not be counterbalanced. 

193. Hence, if a body which touches a plane in one or in 
several points, be urged by several forces directed at pleasure, it 
is necessary, (1.) That these forces should admit of being reduc- 
ed to a single one perpendicular to the plane 5 (2.) That this, in ' 
the ca>«c where it does not pass through one of the points of con- 
tact, should be capable of being decomposed into as many forces 
parallel to it, as there are points of contact, and that these should 
pass each through one of the points of contact. 

100. If the single force which urges a body be gravity, it is 
necessarj' that the plane should be horizontal ; and if the vertical 
plane, drawn through the centre of gravity of the bodj', do not 
pass through one of the points of contact, it is necessary, at least, 
that it should not leave all the touching points on the samt 
side. 
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200. If thereibre, the bcdj be urged only bj two forces, it 
is necessary; (1.) That the two forces should be in the same 
plane; (3.) That this plane should be perpendicular to that on 
which the body rests ; (3.) That the resultant (which must be 
always perpendicular to this last plane), should not leave all the 
points of contact on the same side ; and if one of these forces be 
grsTity, it is necessary, moreover, that this plane should be verti- 
cal and pass through the centre of gravity of the body. 

301. Let us now see what ratio must exist between two forces 
which hold a body in equilibrium upon a plane. Let F j, Fp^ 
be the directions of these two forces, and ^B the intersection of pig.iii. 
the plane of these forces with that upon which the body rests ; 
having drawn the perpendicular FH upon j^fi, let us suppose 
that on this line, as a diagonal, and upon F 9, F/7, as sides, that the 
parallelogram FEDC is constructed. In order that the resultant 
of the two forces q and p may be directed according (o FD or FU^ 
it IS necessary that the two forces 7 and p should be to each 
other as FC to FE ; and then the two forces p and 9, and the 
pressure which they exert upon the plane, and which I shall 
represent by p, will be such as to give the proportion 

q : p : g :: FC : FE : FD. 

202. According to article 48, we have likewise 
q : p : g :: sin EFD : sin CFD : sin EFC. 

203. From the two points ^, B, taken arbitrarily in j?J5, wc 
} kt fall upon the directions of the two forces 7,;?, the perpendicu- 
lars AGj BGn The triangle ABG having its sides perpendicular 
respectively to those of the triangle FDE^ the two triangles will 
be similar; hence 

AG \ BG I AB II DE or FC : FE : FD :: q : p : q; 

iccordingly 

AG : BO : AB :: q ; p : g. 

But Tris.38. 

AG : BG : AB :: sin ABG : sin BAG : sin AGB, 
therefore 
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9 : ji : P :: sin ABG : sio BAG : sin JiOB-, 

that is, when two forces only act upon a body to retain it in 
equilibrium upon a plane ; if we imagine two other planes to 
which the forces arc perpendicular, these two forces and the 
pressure upon the given plane, are represented each by the 
sine of the angle comprehended between the planes to which the 
two other forces are perpendicular. 

204. Since the ratios which we have established, take place 
Fjg.l 12. whatever be the nature of the two forces;) and </, they will hold 

true when one of the forces p for example is gravity ; in this case 
the plane BG is horizontal, and the intersection BG is called the 
base, and AL, perpendicular to BG, the height of the plane, 

205. Since by article 202, 

q : p : g :: sin EFD : sin CFD : sin EFC, 

we have 

q : p :: sin EFD : sin CFD, 

: : sin IIFp : sin HF q ; 

if, therefore, knowing the weight p, the power 7, and the angle 
HFp, which the direction of the weight p makes with the per- 
pendicular to the plane, we would determine the angle which 
the direction of the power q must make with the same perfien- 
dicular, we shall obtain it by the above proportion, which 
gives 

sm HFq =:^ ' . 

But, when an angle is determined by its sine, there is no reason 
for taking as the value of this angle, the angle itself found v\ the 
Trig. 13. tables, rather than its supplement. Accordingly, the same weight 
may be supported upon the same plane, by the same |K>wcr, di- 
rected in two different ways. These two directions must there- 
fore be such that the two angles HFq, HF q^ which they form 
with the perpendicular FH, may be supplements to each other. 
Now if we produce the perpendicular HF, toward /, the greater 
of these two angles HFq is the supplement of q FI\ therefore, 
since it must also be the supplement of the smaller angle HFq, 
it follows that q FI is equal to the smaller angle HF q» Hence 
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the two directions aecording to which the same power will sus- 
tam a given weight upon the same plane, are equally inclined 
with respect to a perpendicular to this plane, and consequently 
with respect to this plane itself 3 and they both fall on the side 
of a perpendicular to this plane, opposite to that in which the 
gravity of the body is directed. 

306. In the same proportion, 

f : p :: sin HFp : sin HFqy 

V^ instead of the angle HFp^ we put the inclination ABG of the 
plane, which is equal to this angle, and instead of sin HFq^ its Geom. . 
equal cos Ji'Fq, FA' being drawn parallel to BA^ we shall ^^^' 
have 

f : /I : : sin ABQ : cos A'Fq^ 
and hence 

_ p X sin ABG 
' cosjTFg • 

llierefore, ihe inclination of the plane and the weight remaining 
the same, the power q must be so much the smaller, as the cosine 
of its inclinadon to the plane is greater ; accordingly, as the 
greatest of all the cosines is that of 0®, we say that iht direction^'^i-^^^ 
m which a power acts to the greatest advantage, in sustaining a weight 
upon an inclined plane, is that which is parallel to this plane. 

307. In this case the proportion 

9 : p : : sin ABG : cos A'Fq 
becomes 

q : p :: Bin ABG : 1 or radius. 

Now if, from the point A, we let fall the perpendicular AL upon*^^^ "^ 
the horizontal line JBG, we shall have in the right-angled triangle 
ALB, 

sin ABG : 1 :z AL : AB; Trig.30 

therefore 

q '- p :: AL : AB ; 

that is, when the power acts in a direction parallel to the plane ; it h 
!• Ai «e^ as ihe height of the plane is to its length. 
Mtch. 16 
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f*ig..n4. 208. If the direction of the power be horizontal, the angte 
A^Fq^ being the complement of BAL, the proportion becomes 

q : p :: sin ABO : cos A'Fq, 
q : p :: sin AEG : sin BAL^ 
Trig.32. •• "^^ : BL'y 

that is, when the direction of the power is parallel to the base of the 
inclined plane^ the power is to the weight as the height of the plant to 
its base. 

From the proportion 

q : p :: sin ABG : cos A'Fq, 

' we infer, as a general conclusion, that so much less power is re* 
quired according as the inclination of the plane is less, and 
according also as the inclination of the power to the plane is 
less. 

We have said nothing of the point where the direction of the 
power is to be applied to the body. This point is determined only 
by the condition, that the direction of the power meet the ver- 
tical drawn through the centre of gravity of the body in a point 
from which a perpendicular let fall upon the plane has the con- 
ditions mentioned, article 196, &c« 

We hence see that a homogeneous sphere cannot be sustained 
upon an inclined plane, except when the direction of the sustain- 
ing force passes through the centre of the figure, which is at the 
same time the centre of gravity. 

209. If several powers, instead of one, are opposed to the 
action of the weight, what we have said respecting the power 9, is 
to be understood of the resultant of these several powers. If the 
Fig.115. body/), for example, is supported upon an inclined plane by the 
combined action of a power 9, and of the resistance of a fixed 
point jB, to which is attached the cord HD 9, passing round the 
body ; through the point of meeting 5, of the two cords BHj q D, 
suppose a line SF drawn so as to bisect the angle formed by the 
cords. If this line cut a vertical line passing through the centre 
of gravity in a point F, from which a perpendicular can be let 
f^ll upon the plane that shall pass through the point of contact 
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H, the equilibrium wilt be possible ; and ihe ratio of the weight 
,~ to the effort in ibe direction SF will he determijied hy the fore- 
.. iiig rules. The ratio of the effort, in the direction SF, lo the 
, iwer 9, will be the same as in the moveable pulley. Thus if 
Jie power q is exerted in a direction parallel to the plane, the so* 
weight p will be to ihe power 9, as the length of the plane lo 
half its height; that is, the power will be only one tif*"^ *>'^'^l'i't 
mnild be necessary without the aid of the pulley, or fixed point B. 

910. With respect lo the whole pressure excited iijion ihi; 
plane, it will be easily determined by the ratios above establish- 
i. As to the particular pressure, however, that takes place 
4'u>n each of the (wints where (he body rests upon the plane, it 
]■ absolutely indeierminaie, except in the case where the body 
touches unly in two points ; and in this case the whole pressure 
is divided between these two points in the inverse ratio of the isi 
distances of its direction from these points. In every other case 
Uiere are no other conditions fur determining the several pre&- 
■ures except (1.) Thai the sum of them must be equal lo ihc 
whole pressure. (2.) That the sum of their moments, taken with 
respect to an axis perpendicular to Ihe dirtcdon of the whole 
pressure, is zero; ihe same will be true of the sum of the mo- 
Us with respect lo another axis perpendicular to the first. 
; two axes, moreover, pass through a point in the dircc- 
II of the whole pressure. Thus, when a body rests upon a 
t by means of a plane surface, there i* no reason for suppos- 
I that all the points upon which it rcst^ should experience 
J prefigures, except when it has the figure of a right prism 
t right cylinder. 

Isil. With respect to Itodies which itsI upon several planes 
»ce, cither in virtue of a single force, or of several forces, 
^hich we comprehend ihcir gravity, the general lawofequi- 
a is, (1.) I'hai the resultant of all ihese forces must admit 
ring decomposed into as many forces as there are points on 
MJkEch the body rests; (2.) Thai ihese must be perpendicular to 
'be plane touching; the body at this point. 

t a heavy body A'G/ be placed in equilibrium upon twu 
i planes; this state can continue only while the weight offig.116. 
»dy i* destroyed by ihc rei^istance of the planes; if there- 



1S4 Statics. 

fore the body is in contact with each of the planes only in a sin* 
gle point, and perpendiculars /O, KO^ be drawn through these 
points, they must meet in some common point O, of the vertical 
passing through the centre of gravity G, in order that the weight 
of the body may admit of being decomposed into two other forces 
having directions perpendicular to these planes. The compo- 
nents 70, jfiTO, will represent the pressures exerted upon the 
planes. It hence results, that the plane which passes through the 
points of support and the centre of gravity must be vertical^ or perpen' 
dicular to the inclined planes^ or to their common intersection, which 
will consequently he horizontal. 

What is here said is not peculiar to the case of a body urged 
by gravity simply. Whatever be the forces acting at /, jBT, their 
resultant must conform to what we have said of the vertical 
passing through the centre of gravity. 

Let XZ be a horizontal plane passing through the intersec- 
tion B of the inclined planes ; and through the point AT, draw KH 
also horizontal ; and let the weight of the body KIG be repre- 
sented by p, and the pressures exerted upon the two planes AB, 
BCj by p, q, respectively. In order to obtain these pressures, 
/ we must suppose the weight g of the body to be a vertical force 

applied at O ; thus regarded, it may be decomposed into two 
others, directed according to 07, OK; we have accordingly the 
following proportions, 

, g : p : q :: sia lOK : sin GOK : sin 706, 

or, since the angle CBZ = GOK, and ABX = 70G, and the 

Geom. angles IBK, lOK, are supplements of each other, 
so. ^ 

Trig. 13. f : p : q :: sin ABC : sin CBZ : sin ABX, 

: : sin HBK: sin BKH: sin KHB, 
HK : HB : BK. 

Trig. 32. 

212. These principles are sufficient for determining, under 
all circumstances, the conditions of equilibrium, where planes 
are concerned. By means of them we are enabled to explain 
the strength of arches, and in general why hollow bodies, whose 
exterior surface is convex, are better fitted, on this account, to 
resist a compressing force. If, for example, a body is composed 
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Hnor surfaces of which arc circular and concentric, and ibc 
fine force i}C applied to the centre of gravity of eacli part, and 
be directed toward the common centre of (he whole^ no separa- 

iCMn take place among the parts, however great the force 
oyed, provided the material itself be sufficiently hard. For 
B be seen, that the force belonging lo each part may he con- 
tdas decomposed into two others perpendicular respectively 
t two plane faces of this part, and that consequently between 
piiir of contiguous planes there will be two equal and directly 
•ite forces; so that (he several forces will mutually destroy 
eacb other, and a general equilibrium will be the result. The 
purtt ABCD, tc, are called ■cmisfoira. In a regular aich, the 
upper Toutaoir is distinguished by the name of kty-siorx. The 
surfaces which separate (he voussoirs are technically termed 
jointi. The interior curve of the arch is called the intrados, and 
lerior, or (hat which limits all the voussoirs, when ihey are 
iiKbrium,is called the txirados ; the masses of masonry at 
■ end, that support the arch, are the tAulmenU. The begin- 
if the arch is called the sprm^, the middle the croi(iti,and the 
B between the spring and the crown, the haunckts of the arch, 
t of the abutment from which the arch springs, is termed 
ml; and the distance between the imposts the apaa of the 
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213. The ncreni .4B, is a solid cylinder having a protuberance Fig,ll7, 
or Artad raised upon its convex surface, and carried round 
obliquely, and continually with the same inclination to the axis. 

The nvt is a hollow cylinder with 3 spiral groove cut upon 
ibe cooeavc surface, and fitted to receive the thread of ihe screw. 
The forawr is Bomelimes called the external, and the latter the I 



SomeliiDes the nul is fixed, and the screw in turning has all I 

its threads carried successively through it ; sometimes the screw I 

I' rlxcd, am) the nut in turning passes the whole length of the ] 

' w. in each case, while (he power is applied at the same I 

-:^ncc from the aiis of the screw, there is always the same | 



12& Statics. 

ratio between this power and the force which it is capable of 
exerting in the direction of the axis. 

214. We shall have a pretty just idea of the screw, by rep- 
resenting the thread as formed by wrapping round the cylinder 

*^* * the hypothenuses CK of as many right-angled triangles CIK^ as 
there are revolutions of the thread, each triangle having for its 
height, the distance CI between two adjacent threads, and for its 
base IKy the circumference of the cylinder corresponding to the 
point /; so that, according as the thread becomes thicker, IK is 
increased in length, the height CI remaining the same. 

In figure 118, where the threads are edge-shaped, according 
as the protuberant part becomes thicker, or departs farther from 
Fig.li9.the axis, we must suppose that the base IK increases, and that 
the height CI diminishes. 

215. The screw AB being fixed, and having a vertical posi- 
tion, no allowance being made for friction, or for the nut hav- 

118. ' ing its natural gravity, it is evident that the nut in turning would 
pass over the several threads of the screw by sliding upon each 
as upon an inclined surface. It is also evident that this tenden- 
cy may be overcome by applying to the nut JfZ, a certain pow- 
er, which admits of being directed in several different ways* 
But as the nut has manifestly no motion, if it be prevented from 
turning, we shall confine ourselves to inquiring what must be the 
ratio between the weight of the nut, or in general between the 
force which urges it in a direction parallel to the axis of the 
screw, and the force capable of preventing its turning. Of the 
several points of the nut, we shall first consider only that which 
rests upon one point of the thread of the screw. 

The force which acts immediately on this point to prevent 
the turning, and that which tends to make it descend parallel to 
the axis, must be regarded as being in equilibrium upon an in- 
clined plane whose height is the perpendicular distance between 
two adjacent threads, and whose base is the circumference of the 
circle which would be described by the point in question. This fol- 
lows from what we have said of the nature of the screw. Now of 
these two forces, the first is parallel to the base of the inclined 
pane, and the second is perpendicular to it ; hence, by article 308. 
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k will be seen that the part of the force parallel to the axis of the' 
screw which is exerted upon any point of the thread, is to the 
force which it is necessary to apply at this point to prevent the 
turning, as the base of the inclined plane is to its height, that is, 
as the circumference of the circle, which would be described by 
the point of application, is to the perpendicular distance between 
two adjacent threads* Therefore, if we call p the first force, and 
^ the second, and ^ the distance of the point of application from 
the axis, h the height of the supposed inclined plane or perpen- 
dicular dbtance between two adjacent threads, and 2 x the ratio 
of the radius of a circle to its circumference, we shall hate 

p ' q' 'I 2<J^ : fc. 

Bat each point of the nut is not supported directly; the 
whole is subjected to a certain power 9, applied at some point of 
the nut whose distance from the axis may be represented by D. 
It is hence evident, that D being greater than cT, there will be 
necessary for each point, a force so much the less, according 
as the distance D is greater ; so that if we call q the part of this 
force which at the distance D is capable of the same effort as ^ 
b at the distance <^, we shall have 

Multiplying this proportion by the former, we shall have 

p : q :: 27iDd : h^ :: 2jiD : h; 

that is, for each point of the nut that rests upon the thread of the 
screw, there is the same ratio between the force exerted parallel 
to the axis, and that which at a given distance D prevents the 
turning ; and this ratio is that of 2 ^ Z) to A. Now 2 ^ Z) is the 
circumference of the circle which would be described by the 
power 9 in turning ; we conclude, therefore, that the sum of all 
the forces/) which urge the nut parallel to the axis, is to the sum 
of all the powers 9 necessary to prevent the turning ; as the cir- 
eumfcrcnce of the circle which would be described by the pow. 
er 9, is to the distance between two adjacent threads of the 
screw, 

216. Hence the force which it is necessary to employ par- 
allel to the axis of the screw, to prevent the power 9 from turning 
the nut, must be to this power 9, as the circumference which thi<; 
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fpoxfer tends to describe, is to the distance between two adjacent 
^'^ threads. 

217. Therefore, upon the same screw, the effect of the power 
q will be so much the more considerable according as it is ap 
plied at a greater distance from the axis ; and upon different 
screws, the power being applied at the same distance from the 
axis, the effect will be so much the more considerable according 
as the distance between the threads is less. 

218. The screw, therefore, is a compound machine partaking 
of the inclined plane and the lever ; it is advantageously employ- 
ed in compressing bodies and for several other purposes. Fric- 
tion, however, greatly modifies the effect which this machine 
ought to produce according to the ratio above established. 

219* In order that the nut may pass through the distance 
between two adjacent threads, it is necessary, as we have seen, 
that the power should make an entire revolution. This condi- 
tion is unalterable, and there are many occasions on which an 
important use may be made of it. When it is proposed, for ex- 
Fig.l2a. ^oiple, to measure the different parts of a very small space ABj 
it may be done by causing this space to be described by the 
extremity £ of a screw jD£, the threads of which are accurately 
formed at the same distance from each other throughout. If this 
screw be made to carry, at its other extremity, a dial GIHj the di- 
visions of which, as the screw tnms, pass under the fixed index jFY; 
having ascertained what number of turns the screw must make ia 
order that the point E shall describe the known extent AB, we shall 
be able, by the number of revolutions and parts of a revolution 
performed in causing the point £ to pass over any part of AB^ 
to determine the length of this part, however small it may be. 
If for instance the distance of the threads asunder be one tenth 
of an inch, and the circumference of the dial GIH five inches, 
any point of the circumference will move through five inches 
while the point £ advances one tenth of an inch ; consequently^ 
the circumference being divided into tenths of an inch, while one 
division passes under the index, the point £ would be carried 
forward only j\ of yV, or jj^ of an inch. This is called a mi" 
cromeUr BCrtm. 
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290* By applying the screw to other machines their effect 
18 greatly increased* If the power 9, for example, applied to the 
winch DE 9, is made to turn the screw 1X^ the threads of which, Fig*i2i. 
acting upon ihe teeth of the wheel W^ cause it to turn, and with 
it the cylinder /, around which passes the cord Kf carrying 
the weight /> ; the ratio of the power q to the weight />, may be 
determined thus. Calling 9^ the force exerted by the thread 
of the screw upon one of the teeth of the wheel W^ we shall ^ 
have 

q I (f II AB I cxTCum. DE, «»*• 

AB being the distance between twtf threads of the screw, and 
circunu DE denoting the circumference of the circle described 
by the power 9. The force g' is a power, which applied to the 216. 
circumference of the wheel, is exerted against the weight p\ 
accordingly we have *®*- 

g' : /) : : IK : IL, 

and, by taking the product of the corresponding terms of the 
two proportions, 

q(jf : (fp I AB % IK '. circum. DE X /L, 



or. 



q : p :: AB y. IK : circum. DE X /L; 



by which it will be seen that q has so much the more advantage 
according as AB and IK are smaller, considered with reference 
to circum, DE and IL. DC in this case is called a perpetual 
screw. 



Of the Wedge. 

221. The wedge is a triangular prism intended to be intro- Fig.l2S. 
duced into a cleft for the purpose of enlarging it, or between two 
surfaces, in order to separate them further from each other, or 
to fix them at a determinate distance. 

The action of the wedge, considered as an bstrument fctr 
cleaving, is essentially modified by friction and other causc9. 
Mtch. 17 
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As there are no bodies which have not a certain degree of flex* 
ibility, the parts of the cleft in contact with the feces of the 
wedge may be separated further from each other without the 
extremity Z of the cleft shifting its place ; so that a paxt of the 
force applied at the back DE of the wedge is employed in 
simply bendiog the two branches which form the cleft; and ^ 
other is exerted in distending the fibres of the part that has not 
yet yielded. 

222. As this resistance depends upon causes so numerous and 
so variable at the same time, it is not to be expected that the 
nature and operation of the wedge, considered physically, will 
ever be reduced to a clear and satisfactory theory. In a math* 
ematical point of view, the following explanation seems to be 
unexceptionable* 

7ig.l23. 293. We suppose the direction of the power/), to be perpen- 
dicular to the back of the wedge, since if it is not, it may always 
be decomposed into two others, one perpendicular, and the 
45. other parallel to the back, of which the latter is incapable of 
86. urging the wedge backward or forward. This perpendicular 
force, therefore, may be considered as keeping the wedge ABC 
in equilibrium, while pressed at /, K^hy the parts of a body that 
tend to unite. The theory of the inclined plane is accordingly 
tU. applicable to this case, and the resistance exerted at /, K^ can- 
not destroy the action of the power/), except while this power 
admits of being decomposed into two others 9, r, passing through 
these points, and directed perpendicularly to the faces fiC, AC^oi 
the wedge. Therefore, the forces />, 9, r, must meet in the same 
point £, be in the same plane ABC^ and have the following pro- 
portion to each other, namely, 

/) : 9 : r : : sin 9 £ r : sin /J £ r : sin /) jB y, 

G«om* ^^^ since the sines of the angles 7 Er^pEr^pEq^ are equal res- 

fio. pectively to the sines of their supplements C, A^ fi. 
Trig. 18. 

/) : 9 : r : : sin C : sin j} : sin £, 
:: AB : EC : AC, 

that is, the thr^e forces /), j, r, are to each other as the three 
ttdes of the triangle to which their directions are perpendicular. 
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r S34. The three straight lines AB, liC, AC, are to each other 
\ ihe faces of the wedge to which they respectively belong, for 
e faces are parallelograms of ibe same base, and whose al- 
BVtndes are AB, BC, AC; it follows, therefore, that ihe power ;) Ceom. 
Did its two components, are to each other as ihe back and two '*" 
Wes of the wedge, or in olher words, that thf pourr btinp: rtpre- 
m^tnled fy (he buck aftbt tetdge, tfu farce fxtrttd against the ttpo sida 
at bt rtjntsenlfd by these sides resptcthebj, A very acute wedge, 
lercrore, or oue whose sides arc vei-y long compared wiih the 
tck, possesses an advantage in the same pro]wrtion, and may 
t made to exert a great power by means of a very moderate 
Pow OD the back. 

225. There has not been a -perfect agreement among mechan- 
al writers as to the theory ol' the wedge. The direction of the 

ft^Kftistaace has sometimes not been sulHciently attended to, and 
4bc circumstance of one of the resistances proceeding from an 
immoveable obstacle in certain cases, has sometimes been over- 
looked. 

226. To the wedge are referred all culling instruments, as 
Itives, scissors, the teeth of animals, &lc. A saw is a series of 

edges on which (he motion impressed is oblique to the resist- 
ance. A wimble is a combination of the screw and the wedge. 
To the wedge of the pyramidal form, are reduced all piercing 
rumCDt^ as nails, bayonets, stakes, piles, &.c. 
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227. By combining together, in diiVerent ways, the machines 
tore considered, we can form others, the number of which may 
9 multiplied without end. With respect to compound machines, 
6 determine the ratio of the power to the resistance necessary 
n equilibrium, by having regard to the tensions of the cords 
it connect the diiferent parts, this ratio being supposed to be 
town for each of the component parts- 
Bat however complicated the machine, (hero is a simple rule 
r wbkb the ratio of the power to the resistaace is obtained 



1 32 Statics. 

directlj from the ratio of the spaces which the points of appli- 
cation of the two forces tend to describe in the same time. This 
is a particular case of what is called the principle of virtual velocities. 

228. .Let us suppose a very small motion given to the ma- 
chine, and that the points of application of the two forces, describe 
curves to which the directions of these forces are tangents. Let 
u denote the velocity of the force/), or the space described in any 
given time by/), and v the corresponding velocity of 9, or the 
space described by q in the same time ; if the ratio of q to /), nec- 
essary to an equilibrium, is required, we shall obtain it very near- 
ly by the proportion 

y : /) :: w : r; 

and tliis will approach so much the more nearly to the exact 
ratio, according as the motion impressed upon ihe machine is less, 
Trig 16. so that by taking the limit of the ratio of u to tp, we shall have 
exactly the ratio sought of q to /). 

If the directions of the forces 9, p, are not tangents to the 
curves described by the points of application of these forces, we 
take, instead of the spaces described by these joints, the projec- 
tions of rhese spaces upon the directions of the forces, and the 
inverse ratio of these projections will be the ratio of the forces, 
in the case of an equilibrium. We are at liberty to take for the 
point of application of each force, any point we may choose in 
its direction, provided we regard it as firmly attached to the 
machine. 

229. We shall now apply this rule to a few examples in order 
to show its truth and utility. 

In the lever, I take for the points of application of the forces 
^' '/), y, the feet L, Jtf, of the perpendiculars FL, /W, let fall from 
the fulcrum F, upon the directions of the forces. When the lev- 
fei* turns about the point F, the points L, Jlf, will describe the 
similar arcs LL% MM\ to which the directions /> L, 5 Jlf, of the 
forces, are tangents. The lengths of these arcs are to each other 
Geom. as their radii /X, FM ; so that we have the proportion, 

LU : MjW :: FL : FM, 
that is, 

tt : V :: FL : FM-, 
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and as this ratio remains the same, however small the motion 
impressed upon the lever, it holds true, when u : v : : 9 : />, 
which gives exactly 

q : p :: FL : FM. 

In the case of an equilibrium, therefore, the two forces are to 
each other in the inverse ratio of the* perpendiculars let fall upon 
their directions, as already determined by a different method. 

230. If we had taken the extremities JB, Z), of the lever for 
the points of application of the forces/), q^ the directions of the 
forces would no longer be tangents to the arcs described by these 
points. We should therefore have to project these arcs upon 
the straight lines J3/>, D q, then to take the ratio of these projec- 
tions, and seek the limit of this ratio. 

On the supposition of motion, the angles DFLy^ BFB'^ describ- , 
cd by the arms FB^FD^ are equal ; and the arcs BB\ Diy^ des- 
cribed by Bj D, about the point f , as a centre, are to each other 
as the radii FB, FD» This ratio continues the same when the 
arcs become infinitely small, so that we have constantly 

FB : BB' :: FD : DU. 

From the points B\ D', let fall the perpendiculars RA^ DC^ upon 
the directions of the forces/?, q ; and we shall have 

t* = BA, and v = DC. 

Also from F, let fall the perpendiculars JVtf, FL, upon the direc- 
tions of the forces. By considering the infinitely small arcs 
BB% Diy^ as straight lines, perpendicular respectively to the oeom. 
radu FB, FD, the triangles DDC, FMD, are similar, as also the ^^' 
U*iangles BBA, FLB ; whence 



and 



FB : FL :: BB' : BA = -J?- X FL, 



FD : FM :: DI> :DC = -^ X FJtf ; 



FD 



accordingly we have, by substitution, 



t( = — pj^ X FL, and T? = -yjj- x FM, 



1S4 

and hence. 



^•»- that is, since -^ =r -^, 

from which we obtain as before, 

q : p :: FL I FM. 

f I los ^^^' ^"^ ^'^^ wheel and axle, when motion c6mmences, the 
points of application of the power and resistance describe similar 
arcs, or arcs of the same number of degrees, the one upon the 
circumference of the wheel, and the other upon that of the axle. 
.The directions of the forces are tangents to these arcs, whose 
lengths are to each other as the radii /£, lA^ of the axle and 
wheel ; in this machine, therefore, we have 

u I -D II IB \ lA^ 
and accordingly 

q I p :: IB : lA. 

232. In the pulley, if, while the weight p describes in rising 
Fig. M. ^ space equal to t*, each of the two cords which meet at the 
moveable pulley, is shortened by the same quantity u, the cord 
to which is suspended the power 9, will be lengthened by a 
quantity equal to 2 11, which will consequently be the space 
passed through by q in its descent. Taking, therefore, t = 2 ti, 
we shall have, in the case of an equilibrium, 

9 : /) : : u : r, 
:: 1 : 2; 

or generally, the cords being parallel, 

q ' p :' 1 : n, 

n denoting the number of cords that meet at the moveable 
pulley. 

I will take, as the last example, the assemblage of pulleys, 
represented in figure 87. If the power ;, in descending, pass 
over a space v, the point Ji will be elevated by a quantity 
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eqiul to T ' > calling this r', the point M will be elevated by 
a quantity equal to ^ u* or J v ; thie being designated hy v", the 
point L will be elevated by a quantity ^ v" or J r; and this 
is tin space through which the weight p passes in rising ; calling 
[his M, therefore, we shall have, whatever v may be, u = J v, 
which gives ID the case of an equilibrium 

q -J' ■■■v :v, 
:: 1 : 8; 
« generally 



a denoting the number of moveable pulleys in (he system, which 
agrees with what ha» been before shown, 

933. In the screw, when the nut passes over a space equal 
to the distance between two adjacent threads, or when it is 
elevated through a height equal to D£, the point to which the *^'B''"- 
power is applied describes a spiral about the axis AB, and rises 
through a space equal to DE, the projection of which spiral upon 
a horizontal plane is a circle, of which BC is the radius. More- 
over, these motions of the nut, of the point of application, and iU 
firoj«-clion are such that if the nut describes one half, one third, or 
any other pan of the distance between two threads, the point of 
Jipplication will describe a similar part of the length of the spiral, 
sud its projection a similar part of a circumference of which 
BG is the radius; accordingly, if we call u the height through 
wbich the nut rises, and v the arc of a circle described in the 
tune Utae by the horizontal projection in question, we shall have 

V : V : : DE : ciVcum. BG. 

Now the direction of the force q, not being a tangent to the 
[ iral, it is necessary, in order loapply to this case the general law 
! (Equilibrium, to consider the projection of a very small arc of the 
I'inil upon the direction of the force ^ ; but this direction being 
supposed to be a tangent to the circumference above mentioned, the 
projrotion uixin this tangent will he verynearly equal to the projec- 
licKi upon the circumference, and one may be taken for the other, 
uliCD we consider only an in5nitcly small motion of the nut; 
i«iH«]iieatly, the ratio of the force q, to tliat o(p, will be given, 
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by taking the limit of the ratio of n to v. Now as this ratio is 
constantly the same, and equal to the ratio of DE to circwn* £G; 
according to the preceding proportion, we shall havci in the case 
of an equilibrium, 

q : p :: DE : circum. BO, 
as before shown by a different process. 



Of Friction. 

234. The surfaces of bodies, even the most smooth, are cov- 
ered with elevations and depressions ; and when two bodies are 
brought in contact with each other, the prominent parts of the 
one enter the cavities of the other, and they cannot be moved 
the one over the other, without employing a certain force. The 
resistance arising from this cause is called /nc/ton. 

There are two sorts of friction, one which takes place when 
the bodies in contact have simply a sliding motion ; the other 
when one or both the bodies move by turning upon an axis. We 
have an instance of the former in the motion of skates and sledg- 
es, and of the latter in the action that exists between the wheels 
of wheel-carriages and the ground. The resistance arising from 
the second kind of friction, is much less than that of the first, 
since a rotatory motion serves to disengage the parts in contact 
without breaking down the eminences or lifting them out of the 
cavities. 

When the rising up of one body over the other is complete- 
ly prevented, the friction becomes very intense, as appears 
in what may be accounted an extreme case, the drawing of 
wire, and the rolling of bars of iron, copper, &c., into plates, 
where the extension of the metal is the effect of the friction acting 
all round or on two sides. 

If the asperities with which the surfaces of bodies are cover- 
ed, were perfectly hard, and immoveably attached to these sur- 
faces, it would be necessary, in overcoming the friction, to raise 
the incumbent mass. If these asperities, on the other hand, were 
perfectly flexible, there would be no resistance and no friction* 
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But iU neither supposition h true in any case, it follows, (1.) 
Tbal (he resistance of friction arises in part from the iJiOiciilty 
of bending the asperities, and in part from the necessity of rais- 
ing in a degree the body or incumbent mass. (2.) That lh« 
asperities having only a limited degree of adhesion, when lhft_ 
foiTe necessary to cause the body to move exceeds this, the a4S 
peritjes yield, or are broken down, and the surfaces are gradiM 
iiatty worn. Thus llie eti'ect of friction in machines is not onl|l 
to consume a pari of the force employed, but also to destroy th^| 
machines ihcmscivi-s. fl 

It would seem difficult, if not impossible, to cslablL-^h gcnen^f 
mics, sufficiently exact for determining the force of friction. Itifl 
deed it will be readily seen, that this resistance must vary aflB 
cording lo the nature and texlure of the surfacrs in contact, th«>i^| 
llexibilily, and the adaptation in size and figure of the proniineoJB 
parts and cavities to each other, and according as the fojce i^| 
greater or less by which the surfaces are pressed togetherS 
BKireover, on account of the flexible nature of surfaces, the prom^ 
Inent pan£ are found to penetrate to a greater depth when uiorafl 
time is allowed for enlarging the openings which they tend I9M 
enter. I 

It belongs to experiment alone to enlighten us upon thesM 
points^ and to teach us the proportional effect due to each. Tb« 
bfonnation, however, derived from this source, is not yet so4 
prrfccl iind complete as could be wished, though it is such as may 
bf utteful on many occasions. We proceed now to make known 
some of the results of experiments, as also the method of applying 
th^'in in calculating the effect of friction in the different kinds ■ 
of machines, and the di/l'crent kinds of motion. I 

235. (I.) When the surfaces which are to rub the one upon 
the other, are of the same kind of matter, the resistance of fric- 
tioo, other things being the same, js ^eater than when the sur. 
^pes arc (rf different kinds. Thus, two pieces of wood of differ- 
^Hldods slide upon each other with less dif^cnlty than two of 
^B.mnc kind. Iron rubbing on copper has less friction than 
^^B on iron or copper on copper. This Is supposed to be owingj 
^Hpe prominent parts and cavities being more nearly fitted iaA 
^^ni other in the latter case than in the former. I 
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2* The more rough the surfaces, or the les6 tHey are planecl 
or polished, the greater is the friction. This resistance, there- 
fore, may be diminished, by smopthing the sur&ces, or by filliog 
the openings and pores with other matter, as oil, soap, grease, 
black-lead, &;c., with any substance indeed, which, while U fiUf 
the cavities, docs not give rise to, a new adhesion* 

(3.) It would seem that the extent of surface ought to contrib- 
ute sensibly to the friction; it appears, however, by a great va- 
riety of experiments, that this circumstance makes but little 
difference ; we find in fact the same difficulty for the most part 
in drawing a body upon one of its surfaces as upon another, 
though very different in extent, provided they are equally 
smoothed. Thus, oak rubbing on oak, is found to have a fric- 
tion of about 44 per cent; and on diminishing the surface as 
much as possible, this is reduced only to 41^ per cent. W« 
must except, however, the case of bodies resting upon a point, 
when the friction is more considerable, than when the contact 
takes place in several points. 

(4.) It is principally from pressure that friction arises, and 
this resistance is found to increase in proportion to the pressure \ 
that is, wc require twice the force to overcome the friction when 
the weight is doubled, other things being the same. 

(5.) Still the time, during which the two surfaces are acting 
upon each other, either by their own gravity, or by any otliie^ 
force, is to be taken into the account, although its eflfect has not 
yet been accurately determined ; it is found that the augmentation 
depending on this cause, has its limits, and that these limits vary 
according to the nature of the rubbing surfaces. Coulomb found 
that in wood sliding on wood, without grease, the friction at first 
increased, but in a minute or two came to a limit, which it did 
not afterward exceed. Oak, for example, sliding^n oak, though 
the pressure was varied from 74***- to 2474**** had a friction 
after a minute always nearly 44 parts in the hundred. 

In the case, however, of iron rubbing on iron, or iron on brass, 
the friction is the same whether the bodies are just beginning to 
move from rest, or have acquired any given velocity. 
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ffbcn hpiprojjeneous bodies are made lo slktc upon one 
mMher, as wood on metal, ihe fpic4ion incrmses slowly wilh tbe 
tisft, and dots not arrive at its maximum in testi ttinn four or five 
iajs. Iron on oak aflcr ten seconds, U found to have !i friction 
af 7) jtcr cent, and aficr four days it amoiuits to newly 20 per 
'If. In hewrogoiieous aul»¥tanc<^, too, Itic fnclion incresises 
i (liibly with the \i;locity, and follows nearly an arithmetical, 
liile the velocity follows a geometrical progression. 

IVhcn ihr surfiices arc timeared <n itii some nnctuous substance, 
I'rhough lite friction is dimiai^hed, a certain time is required in 
■ ler that tlie friction may nilain its maximnm. Oak rubbing 
n oak, the surfaces being covered with lallow, has a friction 
lut coolinues lo increase for live or six days, and becomes sla- 
tiooary at about 42 or 43 per cent. In the case of brass on iron 
irilh frfrik lallutv belwcen the surfaces, the friction is four days 
ill ctMDJiig to a maximum, when it is 10 or 13 per cent, it being 
dperccDiat the commencement. The increase where meuls 
■re i!«cd, is miicli less considerable than in experiments with 
wbstances more porous anil yielding. 

236. The (juantity of friction bein^ determined for a panic* 
iitsr kind of matter, Id us now see if the elVcct upon a given ma- 
■liine, or given motion, may be thence deduced, friclion being 
jibklcrcd 35 simply pro]ioriional lo the pressure. 

Xj«t IIS take, as lh« first rxample,the Irady p, situated upon*''ei"- 
f^bonMiilal plane .'IB, and diawu by ihe weight oi the body ^, 
janUdto.4jy. Suppose thai the body ^ has a weight just suf- 
Sricnl to put the body p in motion. The ratio of the weight q 
< • iliv IHciion ifi [htii found. 

Fnim the centre of gravity G of the Ijody p, let fall the per- 

: I r GI! ujx)n the plane Ali. The Iwdy p is urged by 

1 he direction CIl, and by the weight 7 in the direction 

'I meets GH in A'. From the joint action of these two 

.. re will result an eflbil according to some line A"/, 

I I /, the horizontal plane ^B; and tliis eSbrt must be 

, M' balanced, since we have supposed thai the body p is 

.\\ upon the [wliit of moving. Suppose ihc eflbrt according 

■ ' Kl or k'lZ applied at ihe point /, and decomposed into two 
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others, the one perpendicular to the plane AB, and the other in 
the direction of this plane. These efforts will evidently be the 
same as those which were directed according to KH and KL. 
Moreover the first will be destroyed, especially if it meet the plane 
AB in some point / common to this plane and the surface of the 
body. As to the second, since it is in the direction of friction, 
it will not be destroyed unless it happen to be exactly equal 
to the force of friction. 

We hence see how the value of friction is to be determined ; 
we take successively for q different weights until we find one that 
is just sufficient to cause a motion in the body p. But not to 
comprehend, in estimating the friction of the body /), effects for- 
eign to that which is sought, it is necessary to attend to several 
particulars; (l.) The pulley Jtf should move with the greatest 
ease, and the cord KM q should be as flexible as it can be made. 
(2.) The cord CM should be attached to some point C as near 
as possible to the plane AB. The necessity of this precaution 
arises from the circumstance, that other things being the same, 
the point /, where the effort in the direction KI meets the plane 
AB^ will approach so much the nearer to the extremity E of the 
base of the body, or will fall without the base so much the far- 
ther from the extremity £, according as the point C is the more 
elevated above the plane AB. Now in the case where the point 
/ falls without the base, the effort perpendicular to the plane, 
not being entirely destroyed, there will hence result a tendency 
in the body to rotate ; and the friction thence arising would be 
somewhat more considerable than the proper friction in question. 

V\% 127. 237. Let us now consider a weight /), put upon an inclined 
plane, and retained by the effect of friction alone. The action 
of gravity directed according to the vertical GZ passing through 
the centre of gravity 6 of the body, and meeting in / some point 
of the plane AB^ may be decomposed into two parts, one in th& 
direction of the plane, and the other perpendicular to it. The 
second will be destroyed, if the point / does not fall without the 
base D£, and the first in order to be destroyed must be equal to 
the force of friction. Now it is evident that by forming the 
parallelogram IHZLj IZ will represent the weight of the body. 



/// the presstiiv, and HZ or IL the force of friction ; 

iLp Ln»ngl75 IHZ, ^BC being similar, we have 

frZ or IL : m :: BC : CA, 

Iiom which it will l>e sreti, thai ihe force of friction is 
■■Msure as Ihe height of tlie plane lo its base. 
^^Hlt will be perceived, in like manner, that 
^W HZ : IZ :: BC : ^B; 

ihu is, ibe force of frictioTi is lo the weight of the Lodj as th^ 

biiigbC of iJic plane is lo its lenglli. 

In order, therefore, to determine the friclion in ditiorcnt suls 

tianccs, we havp only lo raise ihe plane ^B till the body p ia 

u[Mii the point of moving ; llicti measuring ifae bcighl and (hi 

'asc, wc shdll have ihe ratio of the force of friction to ihe pres-^ 



^^T 93B. By these two examples, it will be seen, that regard 

^^Bng bad lo friction, the condition reiiuired in order that a body 

^^Pj> rrinain in equilibrium upon a proposed surface, and be in 

a stale approaching the nearest to molion, is, that the singl^'^ 

force Mhich acts upon it, if there be but one, or Ihe resultant a 

alt the forces, if there be several, have with respect to the sur^ 

> ICC upon which it is to move, an inclination GIE or LIZ, such 

.:ii I J. Khali be HI, as the force of friclion is to the pressure, 

Uiit IL is to LZ, as one is to the tang. LIZ, I being the radius 

of ihf tables. Consequently the inclination L/Z must be such 

that the radius shall be to the tangent of this inclination, as the 

fer ce of friction is lo the pressure ; therefore, the ratio of ihe 

e of fricdon lo the pressure being once ascertained, it will 

t be easy to determine the inclination belonging to the 

nltanl of all the forces which act upon the body, this body 

[ in a stale of equilibrium approaching as near as possible 

totion. Hereafter we shult call the angle LIZ the angle of 

It is different for different substances, and for different 

s of smoothness of the same substance. If the friclion is 

r ccnl. or one ihird of the pressure, which is nearly the 

ll respect to a great many kinds of matter, the rubbing 

I being tolerably smooth, the tangent of LIZ will be triple 

s, that ia, LZ nill be equal to 3 IL. Now the angle 
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rf which the tangent is triple the radius is 71* 34'. This will 
accordingly be the angle of friction in these cases* 

239. By means of this result, it will be easy to determine in 
each machine what ratio ought to exist between the power and 
the weight in order that motion may be upon the point of taking 
place, allowance being made for friction. 

In the lever, for example, let us suppose that the fulcrum is 
a simple support, as represented in figure 1 28. We have seen, 
that with respect to this machine, there cannot be an equilibri- 
um, unless the resultant DF of the two forces ;?, 9, be perpendic- 
ular at F to the common tangent to the surface of the lever and 
1^^ that of the fulcrum. On the supposition of friction, the case is 
different ; it is still necessary that the resultant should be direct- 
ed from the point D to the fulcrum F; but it is sufficient in order 
to an equilibrium, that one of the two inclinations DFA^ DFB^ 
accordi g as we wish q or p to prevail, should be greater than 
the angle of friction, and for the state of equilibrium approach- 
ing the nearest to motion on the part of the power 9, it suffices 
that the inclination DFA should be precisely equal to the angle 
of friction ; since, if we imagine the force according to DF de- 
composed into two others, the one perpendicular to AB^ and the 
other in the direction AF^ the force in the direction AF will be 
less than the friction in the first case, and exactly equal to it in 
the second. With respect to the two furces 9,/), they will still 
be in the inverse ratio of the perpendiculars FK^ FL. 

240- But if the fulcrum is such that the lever can have no 
other motion except that of a rotation, that is, if it turn on an 
axis or pin, we adopt the following method which is common to 
the lever, the pulley, and the wheel and axle, especially when 
in this last machine the power and weight are in the same plane. 
We shall consider first the wheel and axle ; the manner of treat- 
ing the lever and pulley will afterwards appear. 

Fie 129 L^^ ^^^ ^^ ^^ plane of the wheel, GKL a section of the 
cylinder, and NDM the axis about which the machine is to turn* 
On the supposition that there is no friction, the resultant of the 
two powers />, ^, passing through their point of meeting A^ must 
pass also through the centre F of the axis. But in the case of 
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friction, the machine must remain in equilibrium so long as the 
direction of the resultant, supposed to be AD^ does not make with 
the surface KDM (th <t is, with the tangent at the point where 
AD meets this surface,) an angle less than the angle of friction. 
This will be evident by imagining the force in question decom- 
posed into two others, one perpendicular to the tangent at D ; 
and the other in the direction of this tangent* 

This being done, since AD is the direction of the resultant, 
we shall have 48. 

9 : p : : sin GAD : sin DAC^ 

2 : sin {GAF + FAD) : sin {FAC — FAD,) 

Now, (1.) If we let fall upon ^D the perpendicular FJE, in the 
right-angled triangle FED^ the angle FDE is the complement of 
the angle EDO which AD makes at D with tbc surface NDM^ and 
is accordingly supposed to known ; so that if we call /the angle 
of friction, FDE will be the complement of /, and if we call d the 
distance FD, or the radius of the axle, we shall ha\ e 

the radius of the tables being equal to 1. (2.) As the directions 

of p and 9 are supposed to be known, as well as the dimensions 

of the machine, the angles GAF^FACj are supposed to be known 

as also the distance AF. Thus, in the right-angled triangle FAE 

m which AF^ FE^ are known, it will be easy to calculate the 

angle FAE-, calling this angle c, and the angles GAF^ FACj a, 6, Trig. 30. 

respectively, we shall have 48. 

9 : p : : sin (a + «) : sin (6 — e) ; 
consequently q = —, — t ^ . - ; this is the value of the power 

10 the case of friction. 

If the friction is nothing, the angle /of the friction is 90"; 
that is, the resultant must be perpendicular to the surface of the 
axis, and consequently pass through the centre F, We have 
accordingly, cos/ = 0, and hence FE = 0, and 6 = 0; therefore 

p sin a 
'' sin b 
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Now regarding FA as radius, the perpendiculars FGf, FC are 
the sines of the angles FAG^ FACj or of a, 6 ; wc have, therefore, 
by calling FG, D, and FC, IK, 

JD : Z> : : sin a : sin b, 
whence 



sin a 



D 



sin 4 "" // 
and 



q = -fj— , or q : p :: D : !>, 



178. which agrees with what has already been proved. 

If the directions pA^qA^ are parallel, the angles GAF^ FAE^ 
FAC, are considered as infinitely small, and consequently as 
Triir.l7 leaving the same ratio as their sines. We may accordingly sub- 
stitute sin a + sin c for sin (a + e), and sin 6 — sin c for 

sin (6 — e), 

and we shall have 

^ p (sin a + sin c) 
^ "" sin 6 — sin c * 

J 

But we have just seen, that 

D : D' : : sin a : sin 6, 
and for the same reason, 

sin a : sin e : : FG : FE, 

:: D : ^ cos/; 

whence 

D sin b 
sina= — jjr—j 

and 

<f cos /sin a <f cos/sin b 
sm e = ^ = ^ ; 

substituting in the value of 9, for sin a and sin e the values above 
found, we have 
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(D dnh d cofl/dn & \ 
_ "^~ ^ / ^ p(p+<yco0/) 

^ id L __ ^ CO*/ 8in 6 J9* — dcos/ 

Therefore, since when there is no frictiDn, the value of the power i» 
^, if we call z the augmentation which the power must receive^ 
on account of friction, we shall have 

ly^d 008/ W' 

_ p D (D + ( T co g/) — p Diy 4- jp Dd 009/ 
"~ ~W(p'—dowf) ' 

"" iyXiy— d cos f) ' 

from which it will be seen, that the effect of friction will bc^ 
less according as the radius of the axle is less, although it does 
not diminish exactly in proportion to this radius. 

241. This solution adapts itself to the lever, by regarding 
D and D as the distances of the directions of the two forces from 
the fulcrum. It is applicable also to the fixed pulley, by sup- 
posing Ly ^ D, which would give, 

_ 2p d cos/ 
^ "" D^S cos/* 

Although in the wheel and axle we have supposed the direc- 
tions in the same plane, the solution is not the less adapted to the 
ofriiDary construction of this machine in which the weight and 
power are exerted in planes but little distant from each other. 

242. To ascertain the effect of friction in the moveable pulley 

we proceed thus. In order that the power q may be upon the Fig.l30* 
point of causing the pulley to turn about its axis F, it is necessa- 
ry that it should receive an augmentation sufficient to overcome 
(lie friction* Now by this augmentation, the power causes the 
weight p to depart from its position to such a degree, that a 
MmJu 19 



146. Siatia. 

vertical drawn through the centre of gravity shall make at the 
point Dj with the surface of the axle, an angle equal to that of 
friction. Then any increase of the power will cause the put 
ley to turn. 

By the position which the weight has taken, it will tend to 
turn the axle upon its centre f , with a force, the moment of 
which will hep y, FE^FE being perpendicular to a vertical 
passing through D. Now we have already seen, that 

2^^ FE = d cos /; 

this moment, therefore, will bepd cos/. But in order that the 
power, by its augmentation, which I shall call 2^, may be upon the 
point of overcoming this effort, it is necessary that the moment 
z< X FG of the force z<, with which it tends to cause a rotation 
172. about F, should be equal to the moment /?<T cos/; we have^ 
therefore^ by calling the radius FG, .D, 

JD/ =|id cos/ 
and consequently, 

p 6 008/ 

D ^ 

from which it will be seen, that the effect of friction will be 
less according as the radius of the axle is less than that of the 
pulley, and in the same ratio. 

It will hence be easy. to determine the effect of friction in the 
different systems and combinations of pulleys. Suppose that 
the question related to one similar to that represented in figure 
92, the weight p being equal to 400 ,^^, and the radius 6 of the 
axle as well for the fixed as for the moveable pulleys being a 
fifth part of the radius D of the pulley. 

The two cords 1, 2, sustain half of the weight or 200^; 
thus, if in the value of z, we put for p 200,,^, \ D for d, and 
on the supposition that the friction is one fourth of the pressure, 
which would give the angle of friction equal to 75^ 58', and the 
cos/or cos 75* 58, equal to 0,24249,* or simply 0,24, we shall 
have, 

* See table of natural shies and cosines. Topography* 
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= 200 X i X 0,24 = 9*, 6, 
which is an expression for the excess of tension of the cord 2 
bver the cord 1, on account of friction* 

Now the cord 2 and the cord 3 passing over the fixed block, 
we shall have the excess of the tension of the cord 3, over the 
Qord 2, by the formula, 

^ 2 /) d cos/ 
"~ D — d cos / 

in which f represents the tension of the cord 2, or 109^, 6 ^ 
since, without friction, this tension would be one fourth of the 
weight or lOtf*. Accordingly we have 

_ 219, 2 X i X 0,24 10,622 _ - -» - 

1 — 0, 24 X i 0,95 * 

This is the quantity by which the cord 3 is more stretched thao 
the cord % on account of friction. Thus the cord 3 is stretched 
with a force equal to 1 20* 7. 

As the cords 3 and 4 embrace the moveable block, we deter- 
mine how much the cord 4 is more stretched than the cord 3 by 
the formula 

_ /> d C09/ 

which would give as above 2f = 9*, 6. Thus the cojrd 4 i» 
fetched with a force equal to 

100 +9, 6 + 11, 1 + 9, 6 = 130*, 3. 

Finally, by supposing for greater simplicity, which will make 
but little difference in the result, that the two cords 4, 6, which 
embrace the fixed block, are parallel, we shall have the quantity 
by which the cord 5 is more stretched than the cord 4 by the 
formula 



241. 



2 /> d cos/ 
^" Z> — decs/' 



which given 
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_ 260, 6 X i X 0,84 _ ,b 



Thus the tension of the cord 5, which without friction would be 
onljr 100, is equal to 130, 3 + 13, 2 = 143»^, 5. 

243. In the determination, whidh we have given, of the effect 
of friction upon the moveable pulley, we have not allowed for 
any increased pressure at D arising from the augmentation of 
^.130. (j^^ power,' although this is done by some writers. The reason 
is, that this augmentation of the power contributes nothing to the 
pressure at D ; indeed, setting aside the stiffness of the cords, and 
certain other obstacles, whenever the power is greater than is 
neoessary to an equilibrium, the body of the pulley is elevated 
by this excess. The augmentation of the power does not con- 
tribute any thing to the friction against the axis, if no regard is 
had to the velocity that may thus be produced, which together 
with the inertia of the weight and pulley are at present left out 
of consideration. It is only the weight which presses. This is 
not the case with the fixed pulley ; and the method which we 
■have given comprehends, with respect to this point, every thing 
which ought to be taken into the account, although it differs from 
the course heretofore adopted, in which something has been taken 
for granted. 

We will not deny, that in the calculation which we have given 
of the effect of friction, if we would know the effect of friction 
ig. ^"very rigorously, it would be necessary to consider the subject a 
little differently. In fact, by determining in the way we have 
done, the particular tensions of each of the cords, it is taken for 
granted that each pair of cords acts as it would do in the cast 
of a simple pulley, which is not strictly true, perhaps. But this 
approximation will suffice for the present. 

244. In order to determine uf)on the inclined plane, the ratio 
of the power to the weight, when the former is upon the point of 
causing the body to move, we proceed thus. Through the point 
.g. of meeting F, of the directions of the power 7, and weight />, we 
suppose the line FI drawn, making with the plane AB an angle 
FM equal to that of friction. In order that the power q may be 
upon the point of causing motion, it is necessary, (1.) That the 
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rcsihaiit of the power and weight should be directed according 
to FL (2.) That the point /, where the line FI meets the plane, 
should belong to some point of the base DE ; otherwise th« body 
would tend to turn. 

This being premised, we have 

p I q *.: sin q FI : sin p FJ^ 

^, letting fall upon the plane the perpendicular FH^ 

p I qiisXn {qFH— HFI) : sin {pFH + HFT). 

m 

Now the angle HFI is the complement of the angle of friction ; 
and the angles q FH^ p FH^ are supposed to be known, since the 
the direction of the power is considered as known, together with 
the inclination of the plane, which is equal to the angle /iF/f;Geom. 
we have accordingly the ratio ofp to 9. * 

If we would determine this ratio in lines, we have only to 
draw through any point £ of the inclined plane, the line jff 7\ 
making with AB the angle ABT ^ HFq^ and the line SF, mak- 
ing with JlB th? angle ABF = HFI^ the complement of the 
angle of friction. Then drawing the horizontal line JlT, we shal( 
have 

p I q :i FT : BT, 

since the angle FBT = ABT — ABF =HFq— HFI, and the Gcom* 
angle BVT = BAV + ABF = pFH + HFI. Now in thc^s. 
triangle BVT 

FT : BT :: sin FBT : sin BFT. Trig. 32. 

Instead of making the angle ABT =■ HFq^ and the angle 
MBF — HFI, we may draw BT perpendicular to the direction 
of the power 9, and BF perpendicular to/V; this amounts to 
ihe same thing, and is moreover analogous to the course pursued 
in article 203. 

245. The second condition shown to be necessary in order 
that the power q may be upon the point of moving the body, 
renders it evident, that when the body does not rest upon a point, 
ihe direction of the power produced must meet the vertical, 
drawn through the centre of gravity, at the point F, where thisFig.i32. 
last line is met by the line IF, proceeding from some point of con- 
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tact /, and making with the plane an angle equal to the angle of 
friction. 

246. We proceed in the same manner in determining the 
second kind of friction, or that which is to be overcome in giving 
a rolling motion to bodies terminated by curved surfaces ; I say 
curved surfaces, since with respect to bodies terminated by 
plane surfaces, as they cannot roll, except by turning on a point 
or some angular part, wc shall not treat of these, the laws and value 
of friction in such cases not being sufficiently known. But as k> 
the friction of bodies terminated by curved surfaces, the method 
is precisely the same as that above pursued. We have only to 
suppose the angle of friction to. approach more nearly to 90^; 
and it is to experiment that we are to look for the determination 
of this angle in all cases. 

247. Friction may be the occasion of motions very different 
from those which take place without this cause, some of which it 
may be worth while to notice. 

186, tLc. \ye jjQy^ already mentioned more than once, what must hap- 
Flg.133. pen to a free body BO 5, which receives an impulse in a direc- 
tion not passing through the centre of gravity. But if the body 
were struck externally according to any direction AB^ it would 
not receive the whole of this impulse. The impelling force is 
to be decomposed into two others, one in the direction of a tan- 
gent to the surface, and the other perpendicular to this surface. 
When there is no friction, the impelling force would have no 
effect in the direction of a tangent. It is only the force in the 
direction jBF, therefore, which would be transmitted to the body, 
and this would not cause the body to turn, except when it hap- 
pened not to pass through the centre of gravity G. It will hence 
be seen that if the body were of a spherical form and homogene- 
ous, it would never be made to turn in virtue of an external force 
unaccompanied with friction, since in this case a perpendicular 
to the surface would always pass through the centre of the figure, 
which would, at the same time, be the centre of gravity. On the 
supposition of friction, the case is different. The force in the 
direction of a tangent would transmit itself by means of the as- 
perities of the surface, and to a greater or less degree according 
to the amount of friction ; so that in addition to the motion aris- 



in? from the perpendicular force BF, the bodj would turn, and 
the ceiiire of gravity G would advance in a line parallel to the 
tangent, as if the point B were drawn in that direction hy means 
of a thread attached at this point, and with a power equal to the 
force of friction. 

248. Let us suppose that a hard, spherical bodj ABC, falls rig.i34i 
freely upon a horizontal plane //B, and that it receives from some 
cause or other, a motion of rotation about its centre of gravity ; 
i/lhere were no friction, this body, after meeting the plane would 
preserve only its rotatory motion, and its centre of gravity would 
heatreiL But in (he caseof friction, when the body has readied 
iheplane.il will roll from /lowai-d ii, or from /toward //.accord- 
ing as the rotatory motion is in the direction CAB, or in that of 
0^C; since the resistance of friction, which is exerted in the direc- 
tion of the plane, is equivalent to a force acting upon this Imdy in 
a direction opposite to its motion ; and as it does not pass through 
the centre of gravity of the body, it must give it a motion paral- 
lel lo the plane, and a rotatory motion, both in the direction 
contrary to the actual motion of rotation. Now of these two 
motions, the latter diminishes continually the original motion; 
and on the other hand, the motion of the centre will be acceler- 
ated to a certain point, after which it will be diminished till it is 
destroyed with the motion of rotation. 

949. We are hence enabled to explain several phenomena ; 

M (1.) Why a spherical body ABC, struck in the direction DB,F\g.l3s 

after having advanced in the direction /£,', returns afterward 

firmn £ toward /, and may even pass beyond / lou-ard //. I'he 

wUe in the direction DB causes it lo turn (on account of fric- 

D al ij), according to ABC-, and to advance in the line IE; but 

B friction upon the plane, being now a friction of the tirsi kind, 

I motion of the centre of gravity is soon destroyed, and the 

ion of rotation gives rise to another in the opposite direction, 

n tbc preceding case. 248. 

uS.) Wc uc moreover furnished, upon the same principles, 
I the reason why a caiinon ball, which had apparently lost 
iHjr all its force, seems on striking to recover it again, and 
oAeo with violence. When it is impelled by the force of the 
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powder, it acquires, at the same time in consequence of ihii 
friction against the bottom of the bore, a rotatory motion, which 
is but little afTccted while in the air ; but when the ball comes to 
reach the ground, as the rotatory motion on the part toward the 
ground takes place in a direction opposite to the progressive mo- 
tion, the consequence must be an acceleration in the motion of 
348. the centre, that is, of the progressive motion. 

250. Finally, if friction is disadvantageous in many cases, it 
is still not without its utility. Were it not for this, the least in- 
clination would be continually subjecting us to a falK No man 
or other animal could turn while in rapid motion without falling, 
Fig.136 whatever position he might take ; whereas, on account of friction^ 
an animal may incline himself toward the point JT, for example, 
about which he is moving, in such a manner that his weight, di- 
rected according to the vertical GK^ passing through the centre 
of gravity G, and the tendency to fly off GC^ acquired by turn- 
ing, and which is directed from F toward C, will conspire to pro* 
duce a single force according to the line G/, passing through a 
point / between the legs of the animal; this force, although ob- 
lique, is still destroyed by friction, provided the inclination be 
withni the limits required by the laws of friction. 

It is moreover to friction that we arc indebted for the power 
of diminishing friction, when injurious ; since it is only by meanft 
of this resistance that we arc able to work and polish the surfa- 
ces of bodies. It is to friction that we owe the facility with which 
the parts of certain machines are rendered sometimes fixed, and 
sometimes moveable. It is by friction that scissors and the like 
instruments, pincers, forceps, files, &x., produce their efiect. If the 
parts of scissors, for example, were not saws, armed with smaQ 
teeth, which take into the cavities of the bodies to be cut, these 
bodies would slip from between the two edges. 

Friction is also very often of service in moving bodies ii> 
certain directions ; thus if we would raise the body ^ by means 
of the lever AB, it is very easily done, by making Ae body bear 
Fig 137. on the edge CD. The friction in a case like this, being very 
considerable, renders CD fixed, and prevents the body from slip* 
ing. The same cause keeps the extremity A of the lever ki itt 



place. Ill ihii case, if we would know the ralio of the weight p 
to the powtr^, we imagine the weight o( p. directed according 
to the vertical GK, passing through the centre of gravily O, 
decomposed into two parallel foi-ces, ihc one pasi^ing through the 
prtinl I in which ihe body rests upon ihc lever, and the other 
through a point of CD, situated in the plane of the two parallels 
GK. IM; ihcn the resulting force in /will be lop asEKlo EM; ' 
and if from jJ we let fail upon IM ihe perpendicular ^L, the 
force q will be to the force at /, as .IL to ^B ; whence 

q : p :: ^L X EK : AB X. EM. 

lort, it is only on account of the friction at the point / that 
Bregud the force according to IM, as transinitled entirely to 
B lever. The lever would otherwise receive only a part of 
B force which would exerl itself in the direction of a perpen- 
ieolar to jIB. 



351. It is (o friction and fiiction only, that we are to refer 
^KiQgular motion by whichccriain bodies in a state of rotation 
e seen to elevate themselves contrary to the tendency of grav- 
i(y ; 1 speak of the phenomena of the lop. It is well known that 
when a body of this description, that is, one which is symmetri- 
cal with respect to one of its axes, as ^'D, has received a rolato-Fig.ia 
ry inolion about this axis, and moves upon its point A", over a 
horizontal plane A'2; it is well known, I say, that the smaller 
ihc point ,V, and the greater the divergency of the sides from it, 
the grcalor is the tendency of this body to rise, and thus to place 
the axis A'/) in a vertical position. We proceed now to show 
that this phenomenon could not take place without friction ; we 
shall spcalf, moreover, of ihe nature of tbb friction. 

To (•implify the subject, let us consider only the axis JVD o{V\gM 
ilic topi, ami let us suppose the point ^, and the horizontal plane 
VZ, to be perfectly smooth. The only cause which opposes the 
motion of the centre of gravity G, being the plane XZ, the resis- 
tance which the centre of gravity meets with can have no other 
dirvctioD than the line A'A', perpendicular lo A'Z, whatever be 
liic rotatory motion about the axis A'ZJ. Now it is evident that 
thU mtftance takes place only because gravity urges the body 
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towards the planie, for the rotatory motion about the axis ND 
cannot cause any pressure upon this plane ; the resistance in 
question, therefore, can never be equivalent to the force of grav* 
ity, and there will always remain in the centre of gravity 6, ^ 
force tending to bring it to the plane. Hence, when there is no 
friction, and the top has received at first no motion of rotatioiii 
except about the axis of its figure, it must of necessity fall* 

252. It is not the same on the supposition of friction. Id 
this case, the resistance which takes place at •AT, acts not accord- 
ing to the perpendicular J^K, but according to the line MK^, 
which makes with the plane XZ an angle equal to the angle of fiic- 
tion, and passes through ^, one of the points of friction. What- 
ever may be this angle and this point, the resistance which takes 
place along the line J^K'^ is equivalent to a force acting upoA 
the body in a contrary direction ; now as this direction does not 
pass through the centre of gravity, it must produce in the body 
137. a rotatory motion, that is, a variation in its actual motion of ro- 
tation ; but it must also transmit itself entirely to the centre of 
gravity. Let us suppose, therefore, that GL parallel to NIP is 
this force ; if the vertical line OI represent the force of gravity, 
and the parallelogram GLEI be completed, OE will be the actu- 
al force which belongs to the centre of gravity G. 

Now the angle I/3I and the force GI remaining the same ; 
the greater the force acting in the direction K'N^ and consequent- 
ly the greater the force GL, the more nearly will the line GE 
approach the line GL] that is, the greater will be the tendency 
of the point JE to rise above G. It remains therefore to be seen, 
whether from the nature of friction, together with the figure of 
the body, and its motion of rotation, the ratio of the force in the 
direction J^K' (or the force GL) to the force of gravity G/, can 
be increased till the point E shall be above the point G ; in 
which case it is clear that the centre of gravity may rise with 
respect to the plane; yet not so as to cause the point JV* to quit 
it, because the motion of rotation which results from the force 
in the direction K'J^^ will tend to bring this point toward the 
the plane. Now (1.) As the body rests rpon a point, it cannot 
be denied that the parts of this point sink more deeply than if the 
body rested upon a sensible surface. Regard being had to the 
rotatory motion about .VD, and to the action of gravity, thepres- 



iUrc exerted upon A', is by no means tbc cfi'ect of gravity only. 
..'J'd bave s ju»t idea of this pressure, we must consider that by 
nvny the paru of ihe point A'are at first urged agaioal the 
; (2.) That by friction tbey arc kept there with a certain 
e of force j (3.) That by the rotatory motion tbey lend to 
pale «ill funher into the plane; of this we shall be convinc- 
^ by observing how readily insirumcnis designed to pierce by 
ipiag, are made to penetrate, when once introduced by means 
KjUi opening however slight. Now all this is strictly applicable 
mtiK top i the pans of the point are attached by friction ; and 
Si ihU way ihe rotatory motion is aided in effecting an entrance 
iii!o the plane. This motion, moreover, being the more rapid 
and the better fitted lo bore and press upon the surface XZ, ac- 
'- ordiug as the parts of the body diverge more from the axis ^D 
receding from the point ^, it must produce the effect which 
^ines place in the instruments abovcmcntioned, that is, it must 
urge forward so much the more forcibly the parts of the point io 
(]uestion. From all ihis, it is evident thai ihe more the figure of 
ikc top diver^ges from Ihe point A, and the more rapid the rota- 
tory motion, the greater will be the force GL compared with grav- 
ity, and consequently the more will the resultant G£ tend to raise 
ihe ceiiire of gravity above the plane. Now it is clear ihai in 
irtiofi as the force by which the point is supported, and 
Ktbe same time the tendency of the centre to rise, become more 
tderable, by so much will the tendency of the axis A"/) to- 
vanl a perpendicular to the plane, be increased ; so that when 
yD becomes vertical, it begins, after a time, to incline more and 
more, and if the inei^ualities of the ^rfoce arc not too great, the 
(op will be seen to rise alxive the plane in very small, sudden, 
nrtical leaps j and this we in fact observe when the point ter- 
lOies in a small plane surface cut very s({uare and perpcndic- 
9 (he axis. 

We bive sensible proof of the truth of this explanation deriv- 
i (he fact, that ihe pressure of the point upon the plane, 
b gr'^aier than that arising from gravity simply. Indeed, 
e lop is put in motion upon a plane of yielding niattert 
it worki^ its way into the substance of the plane ; and if « 
t into the hand, ihe pressure will become much more 
( than (hat which takes place when there is no taoiion. 
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We learn at the same time from this experiment, that the 
phenomenon in question requires (1.) That the point should be 
small compared with the distance of the parts of the top from the 
axis JiD ; and (2.) That these parts should turn with consider- 
able rapidity ; and the success will be more or less complete, as 
these conditions are more or less perfectly fulfilled. 

It will be seen, moreover, that upon an inclined plane the top 
must have a tendency not to a vertical but to a perpendicular 
to the plane. But as it must at the same time slide along the 
plane, and as this motion would cause a great vacillation in 
passing over the inequalities of the plane, it will not so easily 
preserve its perpendicular position as if the plane were hori- 
zontal. 



Of the Stiffness of Cords. 

Fig.l40. 253, The stiffness of ropes and cords, or the difficulty with 
which they are bent into a given curve, is also one of the causes 
which diminish the effect of forces applied to machines. 

In order to understand in what manner this stiffness impairs 
the effect of forces, let us suppose the wheel or pulley ABC to be 
moveable about the axle /, without friction. The two weights p 
and q being equal, if we make a very small addition to one of them, 
as a, for example, no motion will follow, unless the cord p ABC q 
be perfectly flexible. Indeed, if wc imagine that this cord, 
instead of being perfectly flexible, is perfectly inflexible, so that 
the parts Ap^Cq^ are stiff rods firmly fixed to the body of the 
pulley ; it is evident that the pulley being moved by an external 
force in the direction ABC, the two weights p and q will take the 
situations // and q^ ; but they will tend to return to their first 
position, and can be prevented only by the constant exertion 
of a particular force. If, then, the cord is neither perfectly in- 
flexible, nor perfectly flexible, the effect of this imperfect flexi- 
bility will be, that the point A passing to A\ and the point C to 
C, the parts ^'//, O q\ will be a little bent, and in such a man- 
ner that the weight // will be farther from /, and tHe weight ^ 
nearer to it, than they would be if the cord were perfectly flexi- 
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bif ; BO that a certain force is required in order to bring the 
Ji'O, CO, into the direction of tangents to the points A 
C; in other words, a force must be employed which would 
unnecessary but for this want of flexibility. 

The pulley being alwnys supposed to move with perfect onse 
upon its axle /. if instead of a cord a riblion be employpd, a very 
small increase in tlie weight q will cause the pulley lo turn. But 
if the cord be replaced, il will evidently be necessary to augment 
ihcweighty; (l.) According as the sura of the weights ;i and y, 
n general, the whole force by which the cord is stretched, is 
e considerable ; because, other things being the same, the 
tauce occasioned by the weights/) and 9, when by the stifT- 
s of the cord they take the positions A'O}^, CO rf, will in- 
crease as (he weights themselves increase. 

(2.) 'riie addition to be made to 5, must be greater according 

as the radius of the pulley, (or of the surface over which tbe 

cord passes) is less. For the resistance which the power meets 

■ with arises from this, that the cord, instead of adapting itself lo 

■ resolving surface, remains at a certain distance, forming a 
■ve ff 0.4' and making with the surface an angle OA'A ; and 
i resistance will evidently be the greater, according as the 
vatore Ji'O of the cord departs more from the curvature of the 
face i thai is, according to the smallnesa of the radius of this 
face. 

(3.) The power applied must also be increased in proportion 
to the diameter of the cord. Indeed it is manifest, that, other 
togs being the same, the cord will bend the less according as the 
kkness is greater ; but we have just seen that the resistance to 
e power is greater according as the curve A'O difl'crs more 
n the curve Jl'A ; it is therefore the greater according as A'Q 
Eer» less from a straight line, or the position of an inflexible 
I, that is, according as the cord has a greater diameter or 



et us suppose that k is the addition to be made lo a 

r to rend'T it sulEcient to overcome the resistance arising 

I ibc slifiiicns of the cords, ulien the entire force by which 

e nmJ is Mrctchrd Uji, the diameter of the cord which bears 
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the weight being #, tnd the radius of the Bilvfiuct R. Wt with 
to know what this addition must be, when the weight is //, thf 
diameter of the c<Nrd 9'^ and the radius of the surfaee R'. It wiQ 
be observed, after what has been said, that if the^e were no difr 
ference except with respect to the entire weight by which the 
cord is stretched, we should arrive at a solution by the propor- 
tion 

ifco' 

/»://::&: — n the addition required. 

But if, beside the difference in the weights, there is also % diSbs^ 
ence in the curvature of the surfaces ; then, by the seeood of tho 
above remarks; namely, that the additions arising fpon this 
cause are in the inverse ratio of the radii of the surfaces, we 
should obtain the addition in question, together with that due to 
a chan|[e of weight, by the following proportion, 



R' : R 



kp' kRp' 

p • Rp' 



Regard being had to the third remark, we shall obtain the addi- 
tion to be made on account of the three causes united, by the 
proportion 

i^d^.. Mil . ^- ^'^^p' 

The resistance in the first case, therefore, will be to the resist- 
ance in the second 

. d'kRp' . _ .^ ^ dp (To' 

•*' * ' dRp '^ •• ^^P '' <^*/^'Or:: -^ : -^ ; 

that is, the resistances arising from the stiffness of the cords arc 
as the weights which stretch the cords, multiplied by the diame- 
ters of these cords, and divided by the radii of the surfaces over 
which they pass. 

These conclusions, it may be observed, are not perfectly rig- 
orous ; but they may be regarded as sufficiently exact for prac- 
tice, till experiment has thrown new light upon the subject, in- 
deed, experiment shows that the resistance arising from the stifle 
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untof cords, agrees ncsrijr wilh this law; bul all the experi- 
uentG that bav€ been made upon this subject have not hitherto 
igreed so perfecttj with the theory as might be wished. 

355. We shall naw iihistrate the foregoing principles by a 
example. For this purpose, let us suppose the common radiuB 
of the pulley to be 2 inches, that of the axle j of the same cjuanii- pjg. gj. I 
ij, am) the diameter of the cords to be j of an inch. Let us 
take, moreovcr>lhe result of experiments on lliis subject, namely, 
that a cord of half an inch diameter, loaded with ISO"*, iind pass- 
it^ orer a pulley of ^ of an inch, occasions, by its Etitrness, a 
resistance of 8"". 

This being established, the weight p being 400*, as in articlfl 
•42, the blanches 1 and 2 will be loaded, both on account o" 
Hiis Weight and the fiarce added to t/ to overcome the friction, by 
a force equal to 209'\ 6. Multiplying, therefoi-e, (his weight by 
i ot'aD inch, the diameter of the cord, and dividing by 3 inches, 
the radius common to all the pulleys; multiplying also the weight. 
ISty^, used in our experiment, by ^, the diameter of the cord, 
and dividing by |, the radius of the pulley, in the experiment in 
quQiioa; we shall have for the results, 34, 93, and 40. Now 
in order to obtain the force required by the stiffness of the cord 
1, 2, which passes beneath the moveable pulley, we must OSSJ 
this proportion, 



40 : 34, 93 : ; 



; 6, 99 or 7* nearly ; 
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this fourth term is the quantity which it would be necessary t 
•dd to (he tension of the cord 2, if the lower pulley were fixedj^ 
since it is moveable, which diminishes the tension by ^, as I 

shall see below, we have o[ily 3"*, & to be added to 109"', 6, 
which this cord is already stretched ; the whole tension will 

thus be na* 1. ' . 

We have seen that on account of friction, the tension of the ^*'- 
d 3 ought to be equal to 120'^ 7 ; therefore the whole force ■ 
f which the cord 3, 3, which passes over llie fixed block,] 

idcd^is 113, 1 +• 1 20, 7 on 233'*, 8. Multiplying ibis 
jybovc, by i, and dividing by 2, we shall have 38,97. Seekit^* 
Kbeftire the value of the slifliiess of the cord 2, 9, which passes 
r tbe fixed block, we shall have the proportion. 
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40 : 38, 97 : : S^* : 1^ 79. 

Adding now these 7"», 79 to 1 20*, 7, the quantity before found 
for the tension of the cord 3, we shall have 128*,^, 6 for the force 
of tension, both on account of friction and the stiffness of the 
cords. 

The cord 4, on account of friction is stretched by a force 
= 130*^, 3 ; the whole force of tension upon the cord 3, 4, which 
embraces the moveable block, is therefore 258*, 8 ; with this 
quantity, the dimensions of the pulleys and cords remaining the 
same, we shall find, as above, that the allowance for the stiffiiess 
of the cords, would be 8*, 62, if this cord did not embrace the 
moveable block ; but proceeding as we have done above, and for 
the same reason, we must take but half of this quantity ; thus the 
tension of the cord 4, all things considered, will be 134*, 6 
nearly. 

The cord 5, on account of friction, is stretched with a force 
s= 143* 5 ; the whole force by which the cord 4, 5, embracing the 
fixed pulley, is stretched, is therefore 278*,1 . With this value, the 
dimensions remaining the same, we shall find the force required 
for the stiffness of the cords to be 9*, 3 ; the whole tension of the 
cord, therefore, is 152*, 8. Thus friction and the stiflhess of 
the cords together require the weight y, which would otherwise 
be but 100*, to be 153* nearly, a quantity greater by more 
than one half. 

We have taken only half of what the calculation furnished as 
the quantity to be added to cords 2 and 4, on account of the 
stiffness. The reason of this is, that the cord by which the 
moveable pulley is made to revolve, may be considered as turn- 
ing it on a centre placed at the point where this pulley touches 
the other cord ; and consequently the case is similar to that of a 
fixed pulley, having a radius equal to the diameter of the iiyove- 
able pulley ; and since the forces required on account of the 
stiffness of the cords, are in the inverse ratio of the radii of the 
pulleys, the force in this case must be diminished one half. 



Balance^ Sttebfard, <S^^ 161 



Of the Balance, Steelyard, ^c. 

256. A bahtnu is a lever of the first kind in which the fulcrum Fig.l4tf. 
or axii is in the middle between the points of application of 
the forces or weights. It is apparent that with such an instrur 
ment, a state of equilibrium must indicate an equality in the 
weights to be compared. 

There are several particulars to be attended to in the con- 
fldmction of a good balance, (1.) The axis should be above and 
not too far above the centre of gravity of the two arms or beam ; 
for if it pass through this centre of gravity, the beam, when load- 
ed with equal weights, or not loaded at all, will remain at rest 
in any position whatever; and it is intended that a horizontal 
position shall indicate equal weights. If the axis be below 
the centre of gravity of the beam, the slightest deviation of this 
centre from a vertical position over the axis would be followed 
with a motion that would tend to reverse the position of the 
beam. Moreover, if the axis be at a considerable distance 
above the centre of gravity, the beam would have too great a 
tendency to a horizontal position, independently of an equality 
in the weights, and would accordingly want the requisite sensi- 
bflity. 

(2.) The axis and points of application of the weights, or points 
of suspension, should be in the same straight line ; otherwise the 
beam when loaded is liable to the defects just mentioned, by 
having its centre of gravity shifted above the axis or too far be- 
low it. It is accordingly of great importance that the arms 
should be so constructed as not to bend or yield in any degree 
in c^sequcnce of the weights attached to them, while at the 
same time they should be as light as possible. To secure both 
these objects, in the best balances instrument makers have given 
to the arms the form of hollow cones. Care is taken also to 
preserve the equality in point of length of the two arms, and to 
diminish friction, by making the axis and points of suspension of 
hardened steel, and in the shape of a \'cry acute wedge, or knifc- 

Merh. 21 
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edge, the plane surfaces with which they come in contact being 
likewise of the harden substances. 

257. Nevertheless, where extreme accuracy is required, the 
best method is to place the thing to be weighed in one of the 
scales, and to balance it by any convenient substances in the 
other scale, till the beam takes an exact horizontal position, as 
shown by the index F/.* Then carefully remove the thing 
whose weight is sought, and replace it by accurate weights, as 
grains, &c., till the beam takes precisely the same position. Tht 
number of grains, tc, used will be the weight required. In this 
way, all error arising from the want of perfect equality in the 
two arms of the balance are completely obvdated. 

258. With all these precautions, the process of weighing is but 
an approximation, strictly speaking, to perfect accuracy. ( 1 .) The 
best balance tends of itself with some degree of force to a hori- 
zontal position, since the slightest inclination must cause the cen- 
tre of gravity to rise somewhat, and consequently, if the differ- 
ence in the two weights does not exceed this force, the balance 
will not enable us to detect the inequality. (2.) The friction 
both of the axis and of the points of suspension, is an obstacle to 
motion, and the difference in the weights must be sufficient to 
overcome this, in addition to the force just mentioned, in order 
that the balance may show them to be unequal. 

259. Knowing, however, what weight is sufficient to produce 
motion in any case, we know what degree of accuracy we have 
been able to attain. This is different for different weights. A 
small weight can be determined more exactly, other things being 
the same, than a large one, since the friction increases with the 
pressure. A balance constinicted by Ramsdcn for the Royal 
Society of London, when loaded with a weight of 10***, would 
lurn with ^ a gi^ain, or a ten-millionth part of the weight; and 
one made by Fortin of Paris, when charged with a wei^t of 
4***, would turn with a 70th part of a grain. 



* Instead of an index rising perpendicularly, a pin is sometimes 
attached to the end of the beam, and made to move over a nicely 
graduated arc provided with a microscope ; and the whole apparatus 
enclosed under glass to prevent any agitation from the air. 
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' 259. The steelyard also is a lever of Lhe fii-st kind ; bin the p 
JTom or axis of ihis in^trumcnl divides the disiance belwccn _ 
p points of applicalion of ibe weights into unocjual pans; aqdj 
lead of difiVrent weights placed at the same distajicc, a corf 

fcigbt or /joiir is placed al dirtireui distances lo ctTect a 
failibrium with (he arliirle to bewei:;hed; and the weight of 
li article will tie to that of the poize iii»erse!y as (heir distances 
:■ (he axis. When tliesc distances are ctjual, ibe weight of 
I poize is equal to that of the article weij^hcd. Ai douMe this 
uice,lh« poize indicates a weight double its own, and at half 
s distance the weight indicated Is half chat of the poize, and ■ 
K>Q' The longer arm of lhe steelyard, theiefore, being gratii 
fed upon this principle, it becomes a convenient and sufficient! 
taceurate instrument for weighing all gross substances. 

I The 53me rule is to be observed with respect to the posidcH 
|<he axis of motion in the construction of the steelyard, : 
1 of the balance ; that is, the axis must be in a line with ttu 
bts of Guspension, and a little above the centre of gravity, s 
Kt the arms when unloaded, or when equal moments i 
dicated, shall preserve a horizontal position. 

260. lo the 6m(-/CTer Wone* represented in figure 144, instead ^'E-l**- 
of 9 moveable weight resting upon a horizontal beam, the natural 
weight of an inclined arm is made use of, and is drawn out to 
different distances from a vertical position according to the weight 
[ched to the other arm. By applying diirerent known weights 
lhe arm ^, and graduating the arc CD according to the posi- 
of the arm B, we shall have an instrument very analogouR 
to the steelyard ; for the weight B may be considered as shifted 
to different distances along (he horizontal line FD, since it would 
have precisely the same cflect here as in its actual position. 
Consequently, if the direction of the weight attached to the arm 
jI presei^'cd always the same horizontal distance from the axis 
•>{ motion (which it might he made to do, by suspending it from 
: '^ingte cord applied to the arc of a circle having the axis for its 
I litre,) the arc CD might be graduated by dividing the radiirs 
into equal parts In the manner of the steelyard, and Ihcu 
ifcrring these divisions with the numbers denoting the weighs 
arc CD. by means of vertical lines. 
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361. Sometimes the axis is made to carry a wheel, the teeth 
of which act upon a pinion furnished with an index and dial 
plate, whereby a slight motion is rendered very conspicuous. 

The bent-lever balance is better adapted to dispatch than 
any other instrument for weighing. But it is liable to irregular* 
ity, and is not susceptible of the accuracy of the balance. 
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Of Motion uniformly accelerated* 

263« A body, perfectly free, having once received an impulse 
will continue its motion, the velocity and the direction remaining J7, 
always the same as at the first instant. But if it receive a new 
impulse in the same direction, or in a direction opposite to the 
first, it will move with a velocity equal in the former case to the 
sum, and in the latter toj the dlfierence of the velocities it has 
successively received. 

Hence, if we suppose that, at determinate intervals of time, 
the body receives new impulses in the same direction, or in a 
direction opposite to the first, it will have a varied or unequal 
motion, and its velocity will change or become difierent at the 
coDunencement of each interval of time. 

Whatever this may be, the velocity of a body at the end of 
any given period of time, is to be estimated by the space which 
this body is capable of describing in a unit of time, on the sup- 
position that its motion becomes uniform at the instant from 
which this velocity is to be reckoned. 

Any force, which acting upon a body causes it to vary its 
motion, is called an accelerating or retarding force. When it acts 
equally at equal intervals of time, it is called a uniformly accelerate 
ing^ or uniformly retarding force^ according as it tends to increase 
or diminish the actual velocity of the body. 

Wc shall now examine the circumstances of motion uniform- 
ly accelerated. 

263. Since in this kind of motion, the accelerating force acts 
always in the same manner, if we suppose that u is the velocity 
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communicated at each unit of time, it is evident that the success* 
ivc velocities of the body will be u, 2ti, 3u, &c., so that after a 
number of units of time, denoted by <, the velocity acquired will 
be ti, taken as many times as there are units in t ; that is, it will 
be / X u or tu. 

364. Hence, (1.) In the case of motion uniformly accelerated, 
the number of degrees of velocity which the body acquires, in- 
creases as the number of intervals or periods during which the 
motion continues, which may be expressed by saying that for 
different times the velocities acquired are as the times elapsed from 
■ the commencement of the motion* 

Thus, if we call v the velocity that the body acquires at the 
end of the time I, we shall have 

(2.) The velocities which the body will be found to have 
during the lapse of each successive interval, will form an arith- 
metical progression or progression by differences, 

H- ti • 2 M • 3 « • &c« 

the last term of which is ut or t, and of which the number of 
terms is /, that is, is denoted by the number of actions of the ac- 
celerating force. 

(3.) Also, since the velocities u, 2 u, &c., are simply the spa- 
22. ces that the body would describe in the corresponding intervals 
of time respectively ; the whole space described during the time 
/ will be the sum of the terms u 4- 2 u + &c., of this progress- 
Mg.229. ion, that is, it will be expressed by (u + t) X ^ ^ Therefore, 
if we call s this whole space passed over from the commence- 
of the motion, we shall have 

s = {u +t) X it. 

265, Let us suppose now, that the accelerating force acts 
without interruption, or, which amounts to the same thing, that 
the time is divided into an infinite number of infinitely small 
parts, which we shall call instants ; and that at the beginning of 
each instant, the accelerating force exerts a new impulse upon 
the body. Let us suppose, ako, that it acts by degrees infinitely 
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amalL Then, u being infinitely small with respect to v, which is 
the velocity acquired during the infinite number of instants de- 
noted by f, u is to be neglected in the equation s = {u + v)y.j^t 
which gives ^"^- * 

266. This being established, let us suppose that at the end 
of the time /, the accelerating force ceases to act ; the body will 
continue its motion with the velocity v, that it had acquired ; 
that is, in each unit of time, it will describe a space equal to v ; 
accordingly, if it were to continue with this velocity during the 
time if it would describe a space equal to v X /, that is, double 
the space i or | v /, described in the same time by the successive sm 
action of the accelerating force. Therefore, m motUni uniformly 
and continually accelerated^ the space described during a certain time 
is ha^of that which the body would describe in an equal tnne with 
the last acquired velocity continued uniformly, 

367. Since the acquired velocity increases with the times 
elapsed, if we callg the velocity acquired at the end of a second, 
the velocity acquired after a number t of seconds, will be g / ; 
that is, we have, 

v=zgti 

and accordingly the equation s = I vt^ found above, becomes 

s = igt X / = ig/^ 

If, therefore. We represent by s^ another space described in the 
same manner during a time <', we shall have, according to the 
above reasoning, 

^ = ig^'^ 
from which we deduce the proportion, 

s : s" :: igt^ : \gt'' :: t^ : tf^ j 

wc li(nr' loam that with respect to motion uniformly accelerated, 
tht jjiocts (itscrihed are as the squares of the times. 

JHo. Moreover, since the velocities are as the times, we con- 264. 
elude ul.so, that the spaces described are as the squares of the veloc> 
ties. 
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369. Therefore the velocities and the times are each as the square 
roots of the spaces described from the commencement of the motion. 

270. The principles here established are equally applicable 
to the case of motion uniformly retarded, provided that by the 
times we understand those which are to elapse, and by the spa- 
ces those which are to be described, from the instant in question 
till the velocity is destroyed. 

271. From the equation * = | g<', the quantity g by which 
we have understood the velocity that the accelerating force is 
capable of producing by its action, exerted successively during 
a second of time, is what we call the accelerating force, since we 
must judge of this force by the effect which it is capable of pro- 
ducing in a body in a determinate time, an effect which is notb* 

^"^^ ing else but the communication of a certain velocity. 



Of free Motion in heavy Bodies, 

272. It is the kind of motion we have been considering, to 

which the motion of heavy bodies is lo be referred. But before 

applying to this subject the theory above developed, it will be 

proper to make known a few facts concerning gravity, in addition 

T4. to those heretofore given. 

As to the magnitude of the force of gravity, it is different, 
strictly speaking, in different latitudes, and at different dis- 
tances from the centre of the earth in the same latitude. But 
the quantities by which it varies, as we depart from the equa- 
tor, arc very small, and do not in any manner concern us at 
present. The same may be said of the variations it under- 
goes, according as we rise above, or descend below, the mean 
surface of the earth; they cannot become sensible, except 
by changes of distance much more considerable than any to' 
which we are accustomed ; so that for the present we may regard 
gravity as a force every where the same, or one which urges 
bodies downward by the same quantity in the same time. 

This force is to I e considered also as acting, and acting 
equally at each instant, upon every particle of the matter about 
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Now it is eWdenmhat if each of the parts of a body receive 
tbe same velocity, the whole will move only wih the velocity 
that aiiy detached ponioa would have received; so that the 
retocity which gravity impresses upon any mass whatever, does 
not depend upon the magnitude of this mass; it is the same for 
a lar^ body a» for a liniall one. It is true, however, that all 
bodies are not observed to fall fi'om the same height in the same 
lime; but this dilFtreiice is the eflect of the resistance of the air, 
as wc shall sec hereafter; and when bodies are made to fall in 
close vessels, from which the air has been withdrawn, though of 
?ery different masses, they arc found to descend through the 
same space in the same time. 

It oiay be w ell to notice here the distinction between the effect 
of gravity and that of weight, Thecffect of gravity is to cause, or 
lend to cause in each part of matter, a certain velocity, which is 
absolntely independent of the number of material particles. But 
;hl is equal to the effort necessary to be exerted, in order to 

vent a given mass from obeying its gravity. Now this effort 
spends ufion two things; namely, the velocity that gravity tends to 
CQii&e in each part, and the number of parts on which this lorce 
is exerted. But as the velocity which gravity lends to give, is 
liie same for each part of matter, the effort to be exerted in or- 
der to prevent a given mass from obeying its gravity, is propor- 
tional to the number of parts, that is, to its mass. Thm wtight 
dtpuutr upon Ihf fiuift, whertas gravity has no relation to il. 

273. Having made known these particulars with regard to 
jravity, we proceed to the laws of motion of heavy or gravitating 
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Since gravity acts er|ually and without interruption, at what- 

r distance the body is from the surface of the earth (at least, 

p as our experience extends), gravity is a uniformly accele- 

g force, which at each instant causes in a Ijody a new degree 

If velocity, that is always the same for each equal instant; so 

L ihc velocities accjuired, increase as the times elapsed; ihe 

ices passed over are as the squares of the times, or as the 

k of tbc velocities ; the velocities are as the square roots 

ices described ; the limes are also as the squ »rc roots 

c spaces ileitcribed ;'in short, all that we have said respect- 
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ing a uniformly accelerating force, is strictly applicable to gravity, 
it being well understood at the same time, that the resistance of 
the air and obstructions of every kind are out of the question* 

In order to determine, therefore, with respect to the motion 
of heavy bodies, the spaces described and the velocities acquired, 
we require only one single effect of gravity for a determinate 
time. For the equations v^gt^s=:\gt^^ enable us to calcu- 
late each of the particulars above enumerated, when the value of 
g is known. 

It must be recollected that by g we have understood the 
velocity which a body acquires by gravity in one second of 
^'* time. Now we know by actual observation, that a body, not 
impeded by the resistance of the air or other obstacle, falls at 
the surface of the earth through 16,1 feet in one second. We 
shall see hereafter how this is determined. 

« 

But we' have shown that with the velocity acquired by a 
series of accelerations, the body would describe with a uniform 
?66. motion double the space in the same time. Hence the veloc- 
ity acquired by a heavy body at the end of the first second of 
its fall is such, that if gravity ceased to act, it would describe 
twice 16,1 feet, or 32,2 in each succeeding second. Therefore 
g = 32,2 feet. 

274. Now of the two equations r = g /, and s = jg<*, the 
first teaches us, that in order to find the velocity acquired by a 
heavy body, falling freely, during a number t of seconds, it is 
necessary to multiply the velocity acquired at the end of the 
first second by the time /, or number of seconds. 

Hence, when a heavy body has fallen during a certain number 
of seconds^ the velocity acquired is such^ that if gravity ceased to act, 
tlu body would describe in^each second as many times 32,2 yie/, as 
there were seconds elapsed* 

Thus a body that has fallen during 7 seconds, will move at 
the end of the 7 seconds, with a velocity equal to 7 times 32,2 or 
225,4 feet in a second without any new acceleration. 

275. From the second of the above equations, namely, 
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we learn that in order to find the space or height s through which 
a heavy body falls in a number / of seconds, we have only to 
multiply the square of this number of seconds by | g, that is, 
by the space described in the first second. 

Hence, the height or number of feet through which a heavy body 
faUt during a number i of seconds is so many times 16,1 feet as there 
wrt umis in the sifuare of this number of seconds. 

Thus, when a body has been suffered to fall freely during 7 
seconds, we may be assured that it has passed through a space 
equal to 49 times 16,1 feet, or 788,9 feet. We see, therefore, 
that when, in the case of falling bodies, the time elapsed is 
known, nothing is more easy than to determine the velocity ac- 
quired, and the space described. 

276. If the question were to find the time employed by a 
body in falling from a known height, the equation 5 = jgt^^ 

gives t^ = J—, and consequently, 

3 S 



~>!ri"' 



that is, we seek how many times the height s contains i g, or 1 6,1 
feet, the space described by a body in the first second of its fall, 
and take the square root of this number. 

277. If we would know from what height a heavy body must fall 
to acquire a given velocity, that is, a velocity by which a certain 
number of feet is uniformly described in a second ; from the 

equation v = gt^l deduce the value of /, namely, ^ = — 5 sub- 

o 

stituting this value in the equations = igt',l have 



*= *5 ^ Tj 



V V^ 



by which I learn, that in order to find the height s from which a 
heavy body must fall to acquire a velocity t?, of a certain num- 
ber of feet in a second, the square of this number of feet is to be 
divided by double the velocity acquired by a heavy body in 
one second, that is, by 64,4. 
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Thus, if I would know, for example, from what height a heavj 
body must fall, to acquire a velocity of 100 feet in a second, I 
divide the square of 100, namely, 10000, by 64,4 ; and the quo- 
tient Vt.4* = 155,2 &c., is the height through which a body 
must fall to acquire a velocity of 100 feet in a second. 

We might evidently make use of the same formula in deter- 
mining to what height a body would rise, when projected verti- 
cally upward with a known velocity. 

Moreover, from the above equation, s = — we obtain 



r* = 2g 5, or r = v2g* = 8,024 v'#? 

that is, the velocity acquired in falling through any space s, is 
equal to v2^«, or equal to eight times the square root of * nearly, 
r, g, and 5, being estimated in feet. Thus the velocity acquired 
in falling through 1 mile or 5280 feet, is equal to 

8,024 vb^^o = 583 feet very nearly. 

278. By these examples it will be seen that all the circum- 
stances of the motion of heavy bodies may be easily determined; 
and it is accordingly to these motions, that we commonly refer 
all others ; so that instead of giving immediately the velocity of 
a body, we often give the height from which it must fall to ac- 
quire this velocity. Occasions will be furnished for examples 
hereafter. 

We will merely observe, therefore, by way of recapitulation, 
that all the circumstances of accelerated motion, and consequent- 
ly of the motion of heavy l)odies, are comprehended in the two 
equations v = g <, 5 = j g t^ y so that, g being known, and one 
of the three things, /, 5, r, or the time, space, and velocity, the 
two others may always be found, either immediately by one or 
the other of the above equations, or by means of both combined 
after the manner of article 277. 

279. When a body is subjected to the action of a force that 
is exerted ufjon it without interruption, but in a different manner 
at each successive instant, we give to the motion the general de- 
nomination of varied. We have examples of varied motion in 
the u^ibending of springs ; although in this case the velocity goet 
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|l increasing, still (he degrees by which it increases go on 
The same may be observeil with respect lo the c] 
f which the motion of a ship arrives at uniformity ; the action 
\ the wind upon the sails diminishes according as the ship ac 
Quires motion, because it is witlidrawn so much the more from 
this action, according as it has more velocity. 

280. The principles necessary for determining the circcm- 
»tances of this kind of motion are easily deduced from the prin- 
ciples that we have laid down with regard to uniform motion, 
ant] motion uniformly accelerated. 

(I.) In whatever manner motion is varied, if we consider it 
with respect to instants infinitely small, we may suppose that the 
velocity does not change during the lapse of one of these instants. 
Now, when the motion is uniform, the velocity has for its express- 
ion ihe >^acc described during any time (, divided by this lime. 
Accordingly, when the motion is uniform only for an instant Ihe 
velocity must have for its expression the infinitely small space 
described during this instant divided by this instant. Hence, if 
« represents the space described, in the case of a variable motion, 
during any time l,ds will represent the space uniformly descrit- 
^d during the instant if r ; we have, therefore, 



- or d B 



= vdl, 



U the JirsI /iindamenlal equation qfvaried motion. 

98t. In ihe equations =^f, we have understood by ^ the^ 
)city which the accelerating force is capable of giving to a 
idy ill a determinate time, as one second, by an action that is 
Bed lo continue constantly the same. In the equation 

dv = gdl, 

esame thing is to be understood. But wc must observe thai 
fc accelerating force being supposed to be variable, the quaatl< 
\ff which represents the velocity that the accelerating forca 
^pable of producing, if it were constant for one second, i 
Uitity g, I say, is dilTcrenl fur ail Ihe ditlereiit instants of the 
in. Indeed, it will he readily conceived, that when the 
xlerattD^ force becomes le&s, the velocity thai it is cajiable 
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of generating in a second by its action repeated equally during 
each instant of this second, must be less, and vke versd. 

282. From the two equations ds =:vdt, dv = scdtyWe can 
obtain a third that maj be employed with advantage. Thus 

ds 
from the equation d * = r d /, we deduce d t = — ; substituting 

this value instead of d i in the equation dv ^ gdt^vre have, 

J di 

or, 

gds = V dv» 

2B3. We remark, that in the process by which we have just 
arrived at the equation dv =: gdt^we regarded the velocity as 
increasing. If it had gone on diminishing, it would have been 
necessary, instead of d v to put — d v ; so that the two equations 
dv := gdt, and g d « = v dv, to become general, must be written 

ri=dT=gd^, zh gds = vdv^ 

the upper sign being used when the motion is accelerated, and 
the lower when the motion is retarded. 

284. There is a fourth equation that may be deduced from 
the two fundamental equations, and which should not be omitted. 

Thus, the equation ds = vdt gives v = --t- ; whence we obtain 



dv 



dt 
di 



=<^> 



substituting this value for d v in the equation gdt=: dt dv^vft 
have 



''"^-(^y 



If we suppose, as we are authorized to do, that d / is constant, 
we shall have, 

gdi z= do — Lor gdt' ^ zt dds. 
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Bat it must be recollected that, in the equation gdt^ =: zh dds^ 
it is supposed that dt is constant. When d t is variable, we make 
use of the equation 

Occasions will occur in which these formulas will be of gi'eat 
use. But we must not forget that the quantity g which they 
contain, represents, for each instant, the velocity which the ac- 
celerating force is capable of giving to the moving body in a 
known interval of time, as one second, if during the second, it 
were to act with a uniformly accelerating force ; so that as each 
quantity g measures for each instant, the effect of which the ac- 
celerating force is capable, we shall give it, for brevity's sake, the 
name of accelerating force. 



Of the direct Collision of Bodies* 

r- 

285. We suppose, in what follows, that no account is taken 
of the gravity of bodies, of friction, or other resistance. 

We suppose also that the bodies, whose collision is the sub- 
ject of consideration, act the one upon the other according to 
the same straight line, passing through their centres of gravity, 
and that this straight line, is perpendicular to the plane touching 
their surfaces at the point where they meet. 

We shall consider bodies as divided into two classes, denom- 
inated unelastic and elastic ; the former are supposed to be such 
that no force can change their figure ; the latter are regarded as 
capable of having their figure changed, that is, of being conv- 
pressed^ but as endued at the same time with a property by 
which this figure is resumed after the compressing force is re- 
moved. 

Although there are not in nature bodies of a sensible massj 
that answer perfectly to either of these descriptions, yet it is only 
by proceeding upon such suppositions, that we are able to de- 
termine the action of such bodies as are actually presented to 
0ur observation. 
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33. 



Of the direct Collision ofunelastic Bodies* 

286. Two unelastic bodies which meet, (or one of which falls 
upon the other at rest) communicate, or lose, a part of their 
motion ; and in whatever manner this takes place, we may al- 
ways, at the instant of the collision, represent each body, accord- 
ing to the principle of D'AIembert, as urged with two velocities, 
one of which remains after the collision, while the other is des- 
troyed, 

287. Let us, in the first place, suppose the two bodies to 
move in the same direction. That which goes the faster, will 
evidently lose a part of its velocity by the collision, and the 
other will gain by it. Let m be the mass of the impinging body, 
and u its velocity before collision ; n the mass of the impinged 
body (which may be less or greater than, w), and v its velocity 
before collision. Let us suppose that the velocity u changes to 
u' by the collision ; m will accordingly have lost tt — uf. I will 
consider m as having, at the instant of collision, the velocity vf^ 
and the velocity u — u'. If we suppose, in like manner, that » 
becomes i/ by the collision, n will have gained t/ — r ; I can 
liccordingly consider it, at the instant of collision, as having the 
velocity t/, in the direction of the actual motion, and the velocity 
v* — vm the opposite direction ; since, on this supposition, it 
will really have only the velocity r' — {i/ — v) or v. 

As, therefore, among these four velocities there can, by sup- 
position, remain only vf and v\ the two others m — u', and 
v' — T, must be destroyed in the act of collision. Now as these 
are directly opposite, it is necessary that the quantities of mor 
tion, which the bodies would have in virtue of these velocities^ 
should be equal ; we have, therefore, 

m{u — w') = n (i/ — r). 

Now in order that u' and i/ may, as we have supposed, be 
the velocities which the two bodies m and n have after col- 
lision, these velocities must be such, that the impinging body 
shall not have the greater action over the impinged, that is, 
that the two bodies shall, after collision, proceed in company; 
we have, accordingly, r' = u' ; and hence form the equation, 
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will — mu' =5 nu' — n ?, 
we obtain 

. mti + nv 
^ = T 5 

therefore, iiA€ii Ae bodies move in the same direction^ in order to find 
Ae velocity after coUision^we Udu the stmn of the quantities of motion^ 
which the bodies had before collision^ and divide this sum by the sum 
efthe masses. 

Thus, if m, for example, be equal to 5 ounces and n to 7, u 
equal to 8 feet in a second, and v to 4 feet in a second, we shalji 
have^ 

6X8+7X4 _ 40 + 28 _ ,,_ ,. 
^- 6 + 7 12 -tj-5t> 

that is, the velocity after collision will be five feet and two thirds 
ID a second. 

288. If one of the two bodies, as n for example, were at res- 
Mare collision, we should have v = 0, and the expression of 
the velocity after collision would accordingly become 

. mu 

u' = 



that is, we should divide the quantity of motion belonging to the 
impinging body by the sum of the masses of the two bodies. 

If, however, instead of deducing this case from the more gen- 
eral one, we would find it directly, we should proceed according 
to the same principles, and consider the impinged body as hav- 
ing, in consequence of the collision, a velocity u^, equal to and 
(in the direction of that which it is to have after collision, and a ve- 
locity — uf^ of the same magnitude, but in the opposite direction. 
Thus, since it is to preserve only the first, it is necessary that in 
▼irtue of the second it should be in equilibrium with the body m, 
havbg a velocity u — u' which it is to lose. Accordingly we 
must have 

Mech. 33 
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m (u — wO = w wS 

from which we deduce 

tnu 



uf = 



m + n* 



the same as the expression above obtained from the general for* 
mula. 

« 

289. When the bodies move in opposite directions, in order 
to find the velocity after collision, it is only necessary to suppose 
in the first formula, that v is negative, which gives 



tnu — nv 
w = 



/ — • 



that is, when the bodies move in opposite directions^ in order to find 
the velocity after collision^ we take the difference of the quantities of 
motion belonging to the bodies before collision^ arul divide by the sum 
of the masses ; and this velocity will take place in the direction of thai 
body which had the greater quantity of motion* 

We might also obtain this result directly by proceeding as in 
the above example. 

Thus the laws of the direct collision of unelastic bodies reduce 
themselves in all cases to this single rule ; the velocity after collis^ 
ion is ^ual to the sum or to the difference of the quantities of motion 
before collision {according as the bodies move in the same or in op- 
posite^ directions)^ divided by the sum of the masses. 



Of the Force of Inertia. 

290. We have supposed in what we have said, that indepen- 
dently of gravity, the resistance of the air, and other obstacle^ 
one of the two bodies opposes a resistance to the other, and 
makes it lose a part of its velocity. But how can a body with- 
out gravity, and which is confin*id by no obstacle, oppose a re- 
sistance ? Does not this seem to imply that it would be capable 
of giving motion ? 
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Now every resistance does not always imply an actual motion 
in the resisting hody. If the body A, for example, be drawn at 
the same time by two equal and opposite forces represented by 
■3R, AC, it would evidently have no motion. But it is not lesa Fle.149. 
evident that if a force equal lo CA were to act upon it in the 
direction CB, this force would be destroyed by the cflbri AC, 
and the body would yield in virtue of the force AB^ equal (o that 
just applied. 

We do not pretend to decide whether the resistance which 
bodies oppose lo motion, does or does not arise from a cause of 
this kinti. However the fact may be, the resistance in question 
which wc call iheybr« of inertia, dilfers from the resistance op- 
posed by active forces (as thai of bodies which impinge against 
facU other in opposite directions) in this, that these last aimihi* 
late a part of the motion ; whereas, with respect to the force of 
inertia, while it destroys a part of the motion in the impinging 
bocfy, this motion passes wholly into the impinged body, as is 
dearly shown by the equation 

m(u — u') = ji («' — v), 
above obtained fur determining the motion after collision of 
two bodies which move in the same direction ; for u — u' is 
the velocity lost by the impinging body, and consetjuently 
in (m — i/) is the quantity of motion which this body loses by 
collision. We have, in like manner, seen, that «' — v, is the ve- 
Ischy, and » (u' — v) the quantity of motion, gained by the im- 
id body. Now wc have shown that these two quantities 
necessarily be equal. 
The force of inertia, therefore, is, properly speaking, the 
tns of the communication of motion from one body to another, 
body resists motion, and It is by resisting that it receives 
motion ; it receives also just so much as it destroys in the body 
that acL^i upon it. 

Wc hence see that, every obstacle being removed, however 

ill we suppose the impinging body, and however great the 

impinged, motion will always take place upon collision. 

n, for example, one of the two bodies is at rest, the velocity 

which has for its expression 
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can never become zero, whatever be the vsilues Aligned to m, n, 
and 11 ; the only case where u can be infinitely small, is that in 
which n is infinitely great. Thus, if in nature We see bodies 
lose the motion that they have received, it is because they com- 
municate it to the material parts of the bodies which surround 
them. Now it is evident from the formula^ 

mu 
u' = 



that the greater the mass of the impinged body n, the less (other 
things being the same), will be the velocity t/, n being consider- 
ed as the sum of the material particles among which m parts 
with its motion. It will be seen, therefore, that the velocity vf 
may soon be so reduced as to escape the notice of the senses, even 
when it is not opposed by immoveable obstacles, as friction, &c. 

291. The force of inertia, being a force peculiar to matter, 
exists equally in every equal portion of matter, and consequents 
ly in a determinate mass it takes place according to the quanti^ 
ty of matter, or in proportion to the mass ; and as the mass is 
proportional to the weight, the force of inertia may be regarded 
as proportional to the weight. But wc must take cat% not to 
infer hence, that the force of inertia arises from gravity ; it is 
altogether independent of it ; indeed, if while a body is falling 
freely, it be forced forward by the hand with a velocity greater 
than that of its natural descent, the hand will experience on 
overtaking the body, a blow, or resistance, that manifestly can- 
not be attributed to gravity, which acts only downward. Still 
less can it be ascribed to the resistance of the air ; for the resist- 
ance of the air, being capable of acting only on the surfaces of 
bodies, cannot, like the force of inertia, be proportional to the 
quantity of matter. 

The force of inertia, therefore, is a force peculiar to matter, 
by which every body resists a change of state, as to motion and 
rest. The force of inertia is proportional to the quantity of matter^ 
and takes place in all direction's according to which an ^ort is madt 
to nwvt a body. 
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Application of the Principlts of Collision ofunelastic Bodies* 

292. The principles which we have laid down respecting the 
collision of unelastic bodies are applicable, whether the bodies im- 
pinge directly upon each other, as we have supposed, or whether 
thej act upon each other by means of a rod which joins their 
centres of gravity, or whether one draws the other by a thread, 
provided the action is immediately and perfectly transmitted to 
the centre of gravity of each. 

Ifi for example, the two bodies m and n act upon each other Fig.149. 
by means of a thread passing over a pulley P, and we would de- 
termine the motion that they would receive in virtue of their 
gravity, we observe that gravity tends to impress the same veloc- 
ity upon each of the two bodies at each instant. Now as one 
caonot move without drawing the other, the same thing will take 
place with regard to the two bodies at each new action of gravi- 
ty, as if the two bodies drew each other in opposite directions 
with equal velocities ; therefore, in order to find the resulting 
velocity, it is necessary, calling u the velocity produced by 
gravity at each instant in a free body, to take the difference 
1IIV — n u of the quantities of motion, and to divide it by the 
sum m + ^ of the masses ; we have accordingly 

mu — nu m — n 
or —J— tt 

for the actual velocity that each new action of gravity would 
give to the body nu We see, therefore, since m, n, and u, are 
constant quantities, that the body m is carried with a motion uni- 
formly accelerated, and that the force which actually accelerates 
it, is to free gravity 2g 






m — n m — n 

; — u \ u i: : — : 1 : : m — n x m + n. 

m -^ n m -{- n 



Coosequently, if we call g the velocity which gravity communi- 
cates to a free body in one second, we shall have that which it 
would communicate in the same time to the body 771, impeded by 
the body n, by the proportion 
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m — » 
m + n : m — n :: g : — ■ — g* 



If, thcrefoiv, we call w the velocity of m at the expiration of a 
264. number / of seconds, we shall have 

m — n 
267. and the space which it will have described, will be 

which is readily found, by putting for t the given number of sec- 
275. onds, and for g 32,2 feet. 

293. If at the first instant the body n, supposed to have less 
mass than the other, receive an impulse or velocity v, that is, if 
it were struck in such a manner, that, being considered free and 
without gravity, it would pass over in a second a number of feet 
denoted by r, it would divide this action with the body m which 
it would draw during a certain time. In order to determine how 
the action in question would be divided, it must be remarked^ 
that at the first instant the action of gravity bemg infinitely small 
gr nothing, the body n, urged with a velocity r, acts upon the 
body m as if this last were at rest. It is necessary, therefore, 
in order to find the velocity remaining after the action, to divide 
28. the quantity of motion n v by the sum of the masses, which gives 

for the velocity with which n would draw wi, if gravity 

did not act in the following instants. But as we have seen that 
it would act in such a manner as to give to the body m, in 

the opposite direction, the velocity — -— g t in the time t ; it 

follows that, at the expiration of the time ^, the body n will have 
only the velocity 

nv m — n 



m + n m -{- n 

Whence it will be seen, that however small n may be, and how- 
€ver small the velocity v, and however considerable the mass of 
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the body f?i^ n will always draw m for a certain time, after which 
m will prevail, and draw n in iu turn. 

Indeed, whatever may be the quantity of motion n v, impress* 
ed upon n, so long as it is of a finite value, it is evident that ii 
would always be necessary, in order to counteract it, that gravi-* 
ty should act for a certain time, for it only acts by degress infi- 
iitely small at each instant. 

If we would know at the expiration of what time m will cease 
to ascend, we should proceed thus. Let f be the time employed 
by a heavy body, falling freely, in acquiring the velocity v ; ac-^ 
oording to article 263, we shall have 

therefore the velocity of n will be changed to 

n gf m — n 



f/» + n m -{- n 

vfaich being put equal to zero, gives 

ngtf = (m — w)f /, 
from which we deduce 



i = 



m — »i 



If, for example, the velocity r, supposed to be impressed upon n, 
is such as a heavy body would acquire in one second, we should 
have If = v. Suppose m = 100^^ and n = !**», we should 
have 



= ^" ^^ 



100^1 99 ' 

that is, the body n would draw the body m only during one 
UDCty-ninth of a second ; still it would draw it. 

We see, therefore, that there is not a finite force, however 
small, which is not capable of overcoming the weight of a body ; 
and that it is not possible for a body actually in motion, to be 
placed in equilibrium with the weight of another body, that is, 
with a body that has the simple tendency of gravity. The for- 
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Mier would &*8t draw the latter, and afterward be drawn by it ; 
there would indeed be an instant of rest, but it would be that ija 
which the former had lost all the velocity impressed upon it, and 
this state would continue only for an instant. 

294. Thus the force of bodies in motion cannot be estimated 
by weights, that is, by the simple tendency of gravity in bodies 
destitute of local motion ; but only by other forces of the same 
kind, as those of heavy bodies having fallen from a certain height. 
Hence, in order to have an idea of the force of a body of 3 
pounds, carried with a velocity of 50 feet in a second, I should 
seek by the method of article 277, from what height a heavy 
body must fall to acquire a velocity of 50 feet in a second, and 
I should find it to be 38,8 feet nearly. I should conclude, there> 
fore, that a body of 3 pounds, urged with a velocity of 50 feet in 
a second, must strike as if it had fallen from a height of 38,8 
feet. 

295. The force which bodies in motion are capable of exert- 
ing, is called percussion. 

The force of percussion cannot, therefore, in any way be 
compared with simple pressure, or the effort which a mass is 
capable of making by its weight without local motion. A blow 
of a hammer, though feeble, will drive a nail into a block of 
wood ; also a body of small mass, which by its fall had acquired 
but little velocity, would be attended with the same result, while 
a very considerable weight would produce no effect. 

The reason of this difference is, that in the former case, all 
the degi'ees of velocity possessed by the body in motion, arc 
exerted in an instant ; whereas in the latter, the weight which 
exerts only a pressure, receives its degrees of force successively, 
and imparts them in the same manner to the nail and the sur- 
rounding mass ; and as each of these degrees is infinitely small, 
it is absorbed as soon as it is received. 
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Of Ae Cotlinim of elastic Bailiit. 



396. Although elastic bodies, according lo ibc definition 
wblcli we have given, must be compressible, we are nol hence 
la infer that they must be so much the more compressible, as 
ihc/ are more elastic. A ball of wool, for example, is not more 
clastic tlian a ball of ivory, although it is much more comprcssi- 
blr. 

Be this as it may, com prcssi bill ly seoms lo be inseparable 
TDm elasUcity. A body in virtue of its compressibility, changes 
- figure, when a force is applied lo it from without ; and in vir- 
'f of its elasticity, it lends to recover this figure. Bui among 
i elastic bodies, some recover their figure entirely, others only 
11) part. These last 4re called imperfctlxf elastic tmdits. As to 
tiw former, they may resume their figure more or less promptly^ 
aod by Tcry different degrees. Bui if they are such that, after 
Mng struck, they restore themselves according to the same de- 
.'1 cs by which ihey were compressed, we call them perfectly 
-■wtic bodies. In other cases they are denominated simply clastic 
' tiif^. We shall here consider ouly those ihat are perfectly 
■■l.i»tic. 

We observe with rcipeci lo perfectly elastic bodies, that la 
coiUsion, a resistance takes place on the part of the body wiiich 
hu the least velocity, and consecjucntly a compression, and that 
n ibis account not only a restoration of the figure follows this 
•Dnqmssion, but this restoration is itself followed by a new 
duige of figure directly contrary to the first. To this succeeds 
MoUter, which reduces the body to the figure first given by the 
eonpreasion, and so on. In this way the parts of each body 
km^ with respect to their centre of gravity, a vibration, or mo- 
tioii badrward and forward ; since the parts tend to return to 
Atir first figure by a motion which goes on increasing, and thus 
cairies them beyond their former position. These changes of 
%Dre, which alternate with each other, are sensible in several 
•lasUc bodies, when strucic, and particularly in (hose that arc of 
ttic senorous class. 
Mtdt. ti 
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It i^ not, however to be supposed, that these vibrations affect 
the velocity which the bodies take after collision. They can 
have no influence upon the motion of the centre of gravity, since 
this motion takes place in each of the two bodies independendy 
of the other. 

The collision of perfectly elastic bodies is to be viewed, 
therefore, in the following manner. When the two bodies m, n, 
Fig.l48.come to meet in C, the resistance which n opposes to m, causes 
them to be mutually compressed, untiP the two centres and the 
point of contact have all the same velocity ; thus far every thing 
takes place, as in the collision of hard bodies, with the exception 
of the change of figure, which can contribute nothing to the 
quantity of motion lost or gained. 

The change of figure is effected in such a manner, that each 
of the two bodies is flattened to the sam£ degree on opposite 
sides ; since the parts farthest removed from contact, advancing 
more rapidly in the one body and less rapidly in the other, 
until the compression is completed, crowd very much the inter- 
mediate parts. The compression once finished, the parts of 
each body bordering upon the points of contact, support them- 
selves the one against the other, while the contact is transferred; 
and the recoil of the spring takes place toward the parts oppo- 
site to the point of contact, with all the force by which the bodies 
tend to restore their figure. 

It will accordingly be seen that the impinging body loses by 
the recoil, a velocity equal to that which it had lost by the com- 
pression ; and that, on the other hand, the impinged body gains 
by the recoil a velocity equal to that which it had gained dur- 
ing the compression ; and, although the two bodies do not cease 
to exert their elastic force when they have regained their orig- 
inal figure, they have no longer any action upon each other, 
since the force with which they go on to dilate themselves, be- 
ginning now to grow less, they separate from each other at this 
conjuncture. 

If, when the two bodies move in the same direction, u is the 
velocity of the impinging body, and v that of the impinged ; ti' 
being supposed the common velocity which they would have 
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after collision, considered as unelaslic, u — u' would be iheg 

(jcity lost by ihe itnpinging body ; when, ihercfore, ihe recoi 
he spring (taking place in a direction opposite to the mottoid 
6es as mnch motion to be lost, as had already been lost bjg 
compression, there will remain only the velocity 
to the impinged body, u' — v is the velocity gained by col 
luion; and we have seen that, by the recoil of the spring, it a 
quirts as much more ; it will have, therefore, 

If the bodies move in opjiosite directions, the reasoning w 
risely the same for the one which has the greater quantity of 
motion. As to the other, it would, considered as unelastic^J 
lose its velocity by the collision, and acquire another in the op- 
posite direction ; m' being this velocity, we shall have v + i 
for the velocity lost. Doubling this effect, on account of t 
bodies being clastic, atid adding it to the original velocity — V\ 



«-2(«-«')=2u'_« 



1. + 2 (u' — r) = 2 u' — I.. 

B case comprehends that tn which one of the two bodies is at^ 
I before collision. 



2(v + «') - 



. = 2 u' + I 



^^ 297. By attending to the resulting expression in each of thfti 
above cases, it will be seen that the circumstances of the collisH 
, ion of bodies perfectly elastic are all comprehended in this singlsj 



Stek the common vtlocih/ whicit the two bcdiis would havi aJitSi 

, ifthry xutre daliliiU oj" tiasliclly, ihtnfrom double this v&^ 
), lake Ihf velocity vihich tach had before colliaion, and we shtUl 
t th* Vfiocittj of each afitr collision ; it being understood that 
^n the bodies move in opposite directions before coIHmou, the 
«^ — is to be given to the velocity of that body which has ihej 
less quantity of motion. 

1998. F'rom the principles above laid down, we might easily 
Jfcin, for the collision of elastic bodies, formulas which should 
llAln only the masses and velocities before collision. In ordci- 
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to this, it would only be necessary to substitute, in the express- 
ions 2 u' — u and 2 u' db dj the value of w' furnished by the 
rules of articles 286, 288. But as these formulas would not pre- 
sent themselves in a manner so easy to be retained as the rules 
we have given, we leave this substitution to be made by those 
who may wish to see the result* 

299, We observe that, when one of the two bodies is at rest, 
the velocity which it would receive by the collision is double 
that which it would have had, considered as non-elastic. This 
is an evident consequence of the general rule. 

306. To give a few examples of these rules, let us suppose, in 
the first place, that the two bodies are equal, and that one Of 

them is at rest ; then — -r— , which expresses the velocity after 

collision, the bodies being considered as unelastic, becomes 

— — or I u. From twice 1 u or w, therefore, we subtract u to 
2 in 

297. obtain the velocity of the impinging body after collision, which 

is consequently zero. To find the velocity of the impinged body, 

from twice | u or ti, we subtract 0, which it had before collision, 

and we have u for the velocity after collision. Hence we see 

that the motion of the impinging body passes wholly into the 

impinged. Accordingly, if several equal elastic bodies be placed 

in contact with each other in the same straight line, and one of 

them be made to impinge against the others in the direction of 

this line ; the only effect would be, that the one at the opposite 

extremity would be driven off with the same velocity. If two 

are made to impinge at the same time against the others, two 

would be detached from the other extremity, and so on. 

Let us suppose the two bodies to move in the same direction, 
one of 5 ounces, and with a velocity of 6 feet in a second, and 
the other of 7 ounces, with a velocity of 2 feet in a second. For 
the common velocity which they would have after collision, con- 
sidered as unelastic, we obtain 

6x6 + 7x2 _ ,4 _« , 
6 + 7 ■ - Ti - 3 ^. 

If, therefore, from double this quantity or 7 ^, we take the veloc- 
ities before collision, namely, 6 and 2 respectively, we shall hare 
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for the Telocily of the impinging body after collision I J, and for 
that of the impinged 5 J. 

If (he impinfjed body, instead of 7 ounces, had a mass of 20 
ounces; ihe velocity, after collision, the bodies being considered 
■s unebstic, would be, 

5 X 6 + an X 2 



If from double this quantity or 6 i, we subtract the velocities h 
fore collision, namely, 6 and 2 respectively, we shall have, 

H. 5 1 — 6 and 5^—2, 



^ f and 3 |, 

for the velocitiea after collision, in which the sign — before rt 
indicates that the impinging body would rebound. 

If the two bodies are made to move in opposite directions 
with the same masses and the same velocities, as in the first of 
th« above examples, the velocity after collision, the bodies being 
tonsidored as unelaslic, would be 



5x6—7x2 
5 + 7 



■ = H = 



U from double this velocity or 2 |, we subtract the velocity 6, I 
which the impinging body had before collision, we shall have 
— 3 } for its velocity after collision ; it will rebound, therefore, 
Rith a velocity of 3 J feel. As to the impinged body, it will be 
recollected that to twice 1 J- or 2 |, the velocity before collision 
b to be added, which gives 4 | for its velocity after collision. S97. 

301. Since, when elastic bodies move in Ihe same direction 
before collision, the velocities after collision arc 297, 

2 «* — w and 2 u' — v, 
B* being the velocity which they would have, considered as u 
Uatic; the difference u — d of these two velocities, is the sam 
as the diHerence ofthe velocities before collision. This diiTereiu 
fe called the relative velocity, and is accordingly the same i 
ikn mi after collision. 



397. 
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When, on the other hand, the bodies tnove before coHbion 
in opposite directions, their velocities after collision are, 

2 u' — u and 2 t«' + r, 

the difference of which is ti + "p? and this was their relative velo- 
city, or that with which they approached each other before col- 
lision. Therefore the velocity with which they separate from 
each other after collision, is the same as that with which they 
approach each other before collision ; thus, with respect to elastic 
bodies the relative velocity is the same before and after coUisunu 



Of the Motion of Projectiles. 

302. By the motion of projectiles, we understand that of 
- bodies, which, being thrown with a certain force, are afterward 

left to the action of this force and that of gravity. We shall first 
seek the path that would be described in free space» 

w\ 149 Froni the point A^ let a body be thrown in the direction AZj 
and with any given velocity. If gravity were out of the ques^ 
tion, it would move uniformly in the direction of the straight line 
jJZ. But as gravity acts without interruption, the body will not 
be in the straight line AZ^ except for an instant ; instead of AZj 
it will describe a curved line ABC of which AZ will be the tan- 
gent at the point A, since AZ is one of the instantaneous direc- 

y7. * tions of the moving body. 

303. In order to determine the nature of this curve, let AE 
be the velocity communicated to the projectile, or the number of 
feet that it would describe in a second, if it preserved continual- 
ly this velocity ; and at the instant of its leaving the point jJ, let 
us suppose this velocity composed of two others one AD hori- 
zont:il, and the other AF in a vertical direction. It is evident 
that the direction of gravity being vertical or perpendicular to 
AD^ its action will not lend either to diminish or increase the 
velocity AD^ and that consequently whatever course the body 
may take, it will presence constantly the same velocity parallel 
to the horizon. 

As to the velocity in the direction AF^ when the body, in 
virtue of its constant velocity, parallel to the horizon, shall have 
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advanced by a quantity equal to AP^ it will not have risen to 
a height PJf^ equal to that at which it would have arrived, 
uninfluenced by gravity, but to some lower point M in the same 
vertical PN ; be<?ause its velocity in a vertical direction, being 
directly opposed to that of gravity, the space which it would 
have described in virtue of this vertical velocity, must be dimin- 
bhed by the space which the action of gravity would have 
caused the body to describe in the same time. 

Accordingly let v denote the velocity communicated in the 
direction AZj or the number of feet that the proj^tile would 
describe uniformly each second, in virtue of this velocity, and 
I the time, or number of seconds or parts of a second, employed 
io passing from A to some point .AT, we shall have 

AK = r ^ 

> Let g be the velocity communicated by gravity in a second, 
\gt* will be the space that a heavy body would describe in a 
number / of seconds. If therefore M be the point where the 
body will arrive at the expiration of the time /, we shall have 

JVJtf=ig/^ 

Through the point A^ draw the vertical AX^ and through the 
point M the straight line MQ parallel to the tangent AZ. Call- 
ing jJQ, a/, and QM^ which is equal to AN^ xf^ wc shall have 

x' = I g ^*, and yf z=ivt. 
If from this last equation, we deduce the value of ^, namely, 

v 

and substitute it in the first, we shall obtain 



or 






\8 



v^ 



208. 



276. 



But — expresses the height from which a heavy body must 
fall to acquire the velocity v \ hence, if we call this height A, we 277* 
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shall have -^ = A, and consequently - — = 4 A ; 

S 9 S 

therefore, 

We hence infer that each point M of the curve AMC has this 

property, that the square of the ordinate^ or QJIf, parallel to the 

tangent ^Z, is equal to the product of the abscissa AQ or ac' by 

a constant quantity 4 h ; therefore the curve AMC is a parabola 

i^ which has for a diameter the vertical line AX^ and for its param* 

eter the quadruple of the height due to the velocity of projection, 

and of which the angle AQM^ made by the ordinates with this 

Trig, diameter, is the complement of the angle of projection ZACL 

183. rpjjjg curve, therefore, is easily constructed, when the velocity of 

projection and the angle of projection are known. 

304. We proceed to examine some of the properties of this 
curve, considered as the path traced by a projectile ; and for 
this purpose we refer the different points M to the horizontal line 
AC by drawing PM perpendicular to AC, 

We designate AP by «, PM by y, and the angle of projec- 
Trig. 80. ^^^^ ^'^^ ^y ^' ^^ ^^^ right-angled triangle APJ^we have 

\ I AN II sin NAP : PN, 
:: cos NAP : AP; 

whence 

PN = AN sin NAP =:vt sin a, . 
and AP or x = v / cos a. 

Also, since MN = J g /*, as we have seen above, 

PM ory=:vtsina — i g <*• 
Deducing from the former equation the value of /, namely^ 

V cos or 
and substituting it in the latter, we shall have, 

^ a: sin a ig^* 

^ GOta "" 9' cos a^ ' 
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V 






i^ ^ i^ COS 'a C08 a* ' 

or, putting for -r— its value 4 A, and multiplying both membecs 

2 O 

by COS a*, 

4 %y cos a' = 4 A OP sin a cos a — x", 
which will furnish us with the following properties. 

305. As the velocity communicated to the projectile is sup- 
posed to be limited to a certain measure, its effect in a vertical 
direction must be exhausted at the end of a certain time by the 
action of gravity, so that at a certain point the body will cease 
to ascend, and thence will commence a downward motion ; but, 
as its horizontal velocity does not change when it has reached 
its highest point, as fi, it will describe the second branch BC of 
the same curve, and will again meet the horizontal line AC in 
another point C Now in order to determine the distance AC, 
called the horizontal range* of the projectile, we have only to sup^ 
pose y = 0. We have, accordingly, 

4 A X sin a cos a — x^ or a? (4 A sin a cos a — a?) = ; 

which gives x = 0, and x = 4 /i sin a cos a. The first value of 
I indicates the point A ; the second is that of jJC, which may be 
determined by producing XA till AK is equal to 4 A, and letting 
fall from the point K upon AZ the perpendicular KL^ and from 
the point L upon AC the perpendicular £C; since we have 

/? = 1 : sin A' = sin a : : AK = 4 fc : AL = 4 A sin a, and 
£=1 : sin ALC=^cos a : : AL-^A h &in a : AC^-A h sin a cos a» 

306. If with the same velocity of projection we would know 
what angle would give the greatest horizontal range, we take the 
differential of the value of AC^ by regarding a as variable, and 

put this differential equal to zero ; thus ^ . -- 

4hda cos a" — 4 A c2 a sin a^ = j 



* Sometimes called also random and ampliiudt, 
Mcch. 25 
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from which we deduce. 



or 



sin a* B COS a* 



sin a* __ 
T " *> 



COS a^ 



THg.8. »'>*' •''' 



tang a' = 1, 



and consequently, 



tang cr = I9 

in other words, the tangent of the angle of projection is in this 
T l« 24. ^**® equal to radius 5 accordingly this angle is equal to 45*« 



Therefore, iht greatest horizontal range is obtained^ other things 

the samcj when the angle of prqjecfUm is 45^. It is here supposed 

that 

Trig. 20. - 

^ sm a = cos a = vi ; 

this value substituted in the above expression for AC^ gives 

•5C=4fcvi V4 = 4A X i= 2fc; 

therefore, the greatest random is double the height through which a 
body must fall to acquire the velocity of projection. 

307. If we would know to what height the body ascends, or 
the highest point B of the curve, we proceed thus ; in the equa- 
tion 

4 Ay cos a' = 4 A a; sin a cos a — x^, 

we put equal to zero, the differential of y, taken by regarding x 
only as variable, which gives 

4hdx sina cos cr— 2xclx = 0, 

from which we obtain 

x = 2h sin a cos a; 



206. 



therefore, since AC =: 4 A sin a cos a, if wc suppose the perpen- 
dicular £Z), we shall have 

X or AD =2&sinaco8a=:| AC. 

Moreover, this value of x being substituted in the equation, 
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4%ycos a' = 4 Ax sin a cos a — op*, 
gives 

4hy cos a* = 8 fc* sin a' cos a' — 4ft* sin a* cos a', 

firom which we obtain 

y or BjD = ftsin a*. 

This determines the vertex of the axis, since dy being zero at the 
point jB, the tangent at B is parallel to AC, or perpendicular to 
BD. 

308. We propose now to determine the direction AZ, to be 
given to a projectile in order that it may fall upon a known point Fig.liO. 
Jf, that is, the inclination that a mortar, for instance, must have 
to throw a shell upon the known point M. 

The perpendicular MP upon the horizontal line passing 
through the point A, being drawn, the distance APj and the an- 
gle MAPy are to be considered as known. AP being designated 
by c, ai)d the angle MAP by c, we shall have 

cos e : c : : sm e : MP = , 

cos e 

we have, therefore, for the point M^x^c, and 

csin e 



» = 



cos i 



Substituting these values in the equation 

4hy cos a* = 4 Ax sin a cos a — x*, 

we obtain, 

4 A c sin f G0« a^ ^ « • 

ss 4 A € sm a cos a -— c', 

cos e 

or 

4 ft sin e cos a' = 4 ft sin a cos a cos e — c cos e, 
or 

4 ft cos a (sin a cos e — sin e cos a) = c cos e, 

that is, 

4 ft cos a sin (a — e) = c cos e^ 



Trig. 11 



I 
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or, since 

Trig.27. cos a sin (a — c) = i (sin {a + a — e) — sin (a — a + e) % 

4 fc i (sin (2 a — e) — sin c) = c cos e, 
and 

sin (2 a — c) = 1- c, 



cos e cos e 



which maj be given by the following construction* 

Having raised upon AM the indefinite perpendicular AE i 
from the middle D of jIK = 4 A, we erect upon AK the perpen- 
dicular DEj cutting AE in some point £,from which as a centre, 
and with a radius equal to EA^ we describe the arc JtNN'K ; 
having produced PM till it meets this arc in the points ^, A^, if 
we draw the lines ANZ^ AN'Z'^ these will be the directions in 
which the projectile being thrown with a velocity due to the 
height K, it will in either case fall upon the point M. 

2^^' Indeed it will be readily seen that the angle EAD of the 
right-angled triangle ADE is equal to MAP. Therefore, since 

AD = 2 fc, ED = ; and, since AP = c, we shall have.. 

^ cos c ' ^ *^ 

ED + AP or £/ = ii!!!L! + c, 

cos < ' 

consequently, 

--?^sin(2a — €) = £/. 

cos e ^ ' 

But in the same triangle ADE^ AE = ; therefore, 

cos w 

AE sin (2 a — e) = EL 

Let the arc KJfA be produced till it meets, in G, the vertical G£, 
and from the points .AT, ^, draw the perpendiculars ^L, N'L'. 
In the triangle NEL^ we have 

^•jE; : JVL, Qx AE x El \\ 1 : sin JV£G; 
whence, 

AE sm JVJBG = £/ 5 
accordingly. 
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8in(2a — e) = 8m^£6, 
and 

2a — « = J^'EG = JfEA + e j 
consequently, 

a = i JVJS^ + e. 

But because the angle JfAM has its vertex in the circumfer- ^ 
ence, and AM is a tangent, JfAM is equal to ^ J^EA ; also the isi. 
angle MAP = e ; whence 

a = JVA^f + MAP = JVjJP ; 

(ho^fore the point .AT satisfies the question. 

The same may be shown with respect to the point JV^. Ijor 
deed in the triangle J^EL', we have 

JV^JB': J^L\ or AE : EI :: 1 : sin N'ED, 

:: 1 ; sin JV^£G, 

whence 

AE sin J^EG = £/; 

and, since 

.iJ£sin(2a — «) = £/, 

as above shown, we have 

sin (2 a — e) = sin Ji'EGj 
and 

2a — c = M'EG = Ji'EA + e; 
therefore, 

a = 4 •AT'fiwi + e = JV^^Jtf + MAP = JV^^P. 

309. Thus with the same force of projection, a projectile may 
always be made to fall upon the same point J(f, according to 
two different directions, provided that AP does not exceed DR. 
The direction AJf' is the most favourable for crushing buildings 
or other objects with shells. The direction AJi is to be pre- 
ferred, when the purpose is simply to throw down walls and 
breast-works, and by rebounding to lay waste at a distance. This 
leads us to speak of ricochet firing ; but we shall first remark 
that the equation xz=:vt cos a, found above, gives a simpls «x- 
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pression for the time employed in paamg from A to any point 
M» We have only to put for x its value c, and for v its value 
■277. \/ 2gh , and we have 



t = 



cos a \/2gh 

Now we have ^een how h i3 determined by eKp^rjuai§nt| aod we 
know that g = 32,2 feet. 

When the inclination is 45% cos a being Vft ^^ i V%^^ h^M 



Trig.20. 



i\/av^2^/i ^gh ' 



hence, if the point Jlf is in a horizontal line, which gfres e equal 
30^ to the range oV to 2 fc, we obtain 



_ 2^ ^ fT 



-J- 



I 

This general expression ibr the tine oay be made use of in reg^ 
ulating the fusees of bombs. We proceed now to the snb§fiClL^ 
ricochet firing. 

310. By the above term is meant a motion by which a pcp- 
jectile, after meeting with an obstacle, rebounds and commences 
a new motion similar to the first. The smaller the angle of ele- 
vation above the horizon, the greater, other things being the sanie 
is the tendency, upon rebounding, to proceed forward ; since the 
projectile force is exerted almost entirely in a horizontal dire&> 
tion, and much time is required for the resistance of the air and 
other obstacles to destroy it. If the projectile be of an unelastic 
substance, and the surface .upon which it falls be horizontal and 
unyielding, it would not bound, since upon arriving at C, accord* 
ing to any direction MC^ its velocity might be decomposed into 
two others, of which QC, perpendicular to the surface would be 
simply destroyed, the rebounding in other cases being caused 
entirely by the elasticity, so that the other part PC remains (no 
account being taken of friction and the resistance of the air), aiid 
4he body would move along CZ* 
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311. fifll if SI the point C. where the body moets the surface Fig.lo 
there be a mound or eminence Ctl, the motion according to MC 
being decomposed into two others, one according to QC perpen- 
tltcular to the surface CE, and ihe other PC in the direction of 
this surface, Ihe body Would proceed acccording to this latter, 
describing tbe line PE, and might, after leaving the point £!, des- 
cribe jtist surb a curve a3 it ivoiild have described, if it had been 
projected from iJ, according to C£, with the same velocity ; so 
thai it would elevate itself to a certain point, and then return lo 
ike surface in some other point /, when the motion under similar 
circumstances might be again renewed. 

SIS. A ricochet motion, therefore, depends upon the position 
, of ibe obstacle against which the body in question strikes. But 
if the obstacle be flexible or yielding like the earth, w-ilcr, &c., 
this moiioa may take place even when the surface is perfectly 
horizontal. Indeed, by the vertical velocity QC, the body tends fi-u 
to bury itself, and docs bury itself more or less, according to the 
nature of the obstacle ; while with the velocity PC it plows the 
earth, and forms a furrow, the depth of which increases till the 
vertical sclocily QC is destroyed. Then Viy the remaining ve- 
locity in a horizontal direction, it drives before it the matter 
which lies in its way, and in working for itself a passage, it in- 
clines in the direction from which it experiences the least resist- 
ance, and the surface of the furrow becomes, with respect to the 
tmdy, what CE was in the last case. Now as the remaining pro- Fig.i« 
jectile force, other things being the same, is so much iht greater 
according as the depth of the fitrrow is less, and as this depth 
dqwndv upon the vertical velocity QC which n ill be so much the 
lcsf> according as the angle MCP, or the angle of projection H^Z, 
it less, it will be seen how the smallncss of the angle of projec- 
llon is favourable to this sort of motion. 

313. The ligure of the Ijody also, i» of great importance. 
^ for example, the question related lo a motion upon water, and 
B body were of a spheritu] shape, the velocity -MC must be 
b thai the vertical velocity QC mny be destroyed bcfure the 
nical diameter of the body is entirely imiitcrsed, since, when 
e body is once covered, the resistance of the water wuutd act 
f in t\ery direction, and tjiere would be nothing to change* 
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its direction, except gravity, the tendency of which would be to 
prevent a ricochet. 

314. As this immersion, however, takes place gradually, it 
will be seen that the motion of the centre must be in a curved 

V 1A4 '"^® * since while any part of the body remains above the sur- 
face, the direction in which the resistance acts b changing con- 
tinually. If, for instance, when the centre C, after having des- 
cribed any line PC^ tends to move according to the prolongation 
C/, of this line, we imagine two tangents BR, DS, parallel to this 
direction, it is evident that the part BVL only would be exposed 
to this resistance ; and that if the body is spherical, the resultant 
CK of all the resistances exerted upon the different points of 
BFL would have a direction tending to elevate the body above 
CI ; so that the parallelogram CIEK being formed, CE will be 
the course which the body would take instead of C/, no allow- 
ance being made for gravity. 

315. Finally, if the body and the obstacle are flexible and 
elastic, this circumstance will further contribute to a ricochet 
motion. We take a very simple case, as an example ; let the 

Fie 166 ^^^J ^^'y ^® considered as flexible and elastic, and let this elas- 
ticity be perfect ; the body being supposed at the same time to 
be destitute of gravity. At the instant in which the body, pro- 
jected according to AC, comes to touch the surface, its velocity 
is decomposed into a horizontal velocity which would remain al- 
ways the same, if there were no friction, and no resistance on the 
part of the medium in which the body moves. As to the per- 
pendicular or vertical velocity PC, it compresses the body, and 
being destroyed gradually, while the horizontal velocity contin- 
ues, it is evident that the centre C approaches the plane HZ by 
degrees, which go on decreasing, while the rate at which it ad- 
vances parallel to HZ, remains the same. Consequently, if at 
each instant we imagine a parallelogram having its horizontal 
sides to its vertical, as the horizontal velocity is to the velocity 
that remains in a vertical direction, the diagonal of this parallel- 
ogram which must mark the course of the centre each instant, 
will be different, and differently situated each instant, so that the 
centre C will approach HZ in a curve, while the compression id 
going on. When the compression has ceased, the centre C will 
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carried for an instant in ibe direction of a tangent parallel to 
; after which, the recoil taking place, tbe body recovers by 
d^recii ilie velocity by which it lenili to clcparl from the plane 
«fter the same manner in which the velocity was destroyed by 
Oic compression during its approach to the plane, and it will des- 
thc second part RO of the curve perfectly similar to RC. 
itijr, when it shall have arrived al the poiiii 0, distant from 
Hie jiiaDe HZ by a quantity eijual to the radios /C, it will move 
according to ibe langcnt OT, situated like ^C; that is, the ob- 
lique collbton of a body against an inflexible and undaalic plane, 
(IHcUon being out of the nutstion) takes place in such a manner 
lo make the anj^le of reGeciion ecjiial to the angle of incidence, 
le angles having for their measure the inclination to a hori- 
BMtat plane of the langonls ni the extremities C, O, of the curve 
described by the centre ef the iwdy during its compression and 
&ub«e>|iient recoil. 

316. If BD be ihc direction in uliich a body is thrown, re- 
1 being had to gravity, this body wdl describe the portion 
Cof a parabola of which BD is the tangent, until it touches 
I plane, then, when the compression has ceased, it will describe 
r portion SO of a parabola equal to the first and placed 
|[ Ihe same manner. 

H7. Friction, moreover, contributes to the kind of motion 
p conf>iUeration, since it occasions a rotation in the body that 
i it ill ritiing above obstacles, as we have already seen, 

318. We conclude what wc have to say on the subject of 
;lilcs moving in an unresisting medium, with observing 
I, tlnce gravity draws a body downward from the direc- 
I given it by the projectile force, when wc take aim at an 
I io shooting or in throwing any body, we should direct 
ht above this object, and so much the more above it, ac- 
j as it is more distant, and according also to the ft cbleness 
e force employed. It is on this account thai in fire-arms the 
s of sight makes an angle with the axis of the piece, so thai 
liocs produced would meet at a point beyond the muzzle 
i the mark. The projectile, hall, or bullet, propelled in the 
n of tti<! axis, coninienccs its motion in a direction making 
T angle with the horizon than that made by the line of 
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sight; 80 that the precaution is the same as if we had taken aim 
in the direction of the axis, but at a point above the object. 

319. We remark further, that there are cases in which, al- 
though we have given no impulse to a body, and seem to aban- 
don it to gravity alone, yet this body describes a curved line 
common to all projectiles. A body, for example, which is suf- 
fered to fall from the mast-head of a vessel under sail, really des- 
cribes a curved line^ If we attend to the point of the deck where 
it strikes, we shall find it just as far from the mast, other things 
being the same, as the point from which it started, so that the 
body describes a line parallel to the mast ; but with respect to a 
spectator at rest, it has actually described a parabola (the resist- 
ance of the air not . being considered), for, at the instant it was 
dropped, it must have had the same velocity with the vessel ; the 
case is therefore precisely the same, as if, the vessel being sta- 
tionary, we had thrown it with a velocity equal to that of the 
vessel, and in the same direction. It will be seen, also, at the 
same time, why it describes with respect to the mast a straight 
line parallel to this mast ; it is because they both move with the 
same velocity, and in the same direction ; considered horizontal- 
ly, therefore, they must preserve the same distance from each 
other. 

320. In the foregoing theory, we have taken it for granted; 
(1.) That the force of gravity is the same throughout the whole 
range of the projectile. (2.) That it acts in lines parallel to 
each other. (3,) That there is no resisting medium. The two 
first suppositions, although not strictly conformable to filet, are 
attended with no material error in practical gunnery, and those 
arts to which this theory is subservient. But the third is of es- 
sential importance to the truth of the results we have obtained. 
We can readily put the theory to the test of actual experiment. 

The initial velocity of a cannon ball, for instance, may be 
obtained with considerable accuracy, by either of the following 
methods. 

321. (1.) Let the cannon together with the carriage and 
other weight if necessary, be suspended like a pendulum so 
as to move freely m the direction opposite to that in which the 
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bail is to be dificharged.* V\ioa the explosion laking place, the 
centre of gravity will remain unchanged, ihal is, the quantilies jg. 
of inolioa in opposite directions will be equRl ; constquenlly, if 
Uie motion of the gun, &c., be made so slow by means of the 
attached weight, as to admit of its velocity being taken by actual 
observation, the velocity of the ball will be as much greater as 
its mass is less. Knowing the mass of each, we should use the 
following proportion ; as the mass or weight of the ball to that of 
ihe gun, carriage. Sec, so is the velocity of the latter to that of 
llie former. 

322. (2.) The ball may be discharged into a large Mock of 
wood suspended so as to move freely after the manner of a pen- 
dulum,* and, the velocity being observed as before, we then say 
■ii the mass of the ball to that of the pendulous body, so is the 
velocity of the latter lo that of the former. This latter method 
Is adapted to finding the velocity at diflerenl distances from the 
caoBOO. 

Il is ihus found that the velocity of a cannon ball varies ac- 

Hag to the quantity and quality of the powder, the size of ihe 

I, the length of the piece, &lc. At tlie commencement of the 

Hioo, it is ordinarily between 800 and 1600 feet in a second. 

323. With a velocity equal to 800 feet in a second, the angle 

)r projection being 45*, for instance, [he horizontal range, great-tc' 
It elevation, &.C., are readily determined by our formulas. 
We first find the height h through which a body must fall lo 
acquire (he velocity of projection 800 feet, and double this height 
will be the horizontal range required. Now to acquire a veloc- 
ity of BOO If et in a second, a body must fall through a space equal 
(800)' . 800 ft.... log.. ..2,90309 27' 



h = 9937,73 



64,4... 



Range = 19873,5 = 3,7 miles. 



• It will be seen hereafter at whiil point in Ihe pendulum the im- 
it be applied, In order that no part of it may be expended 
aimtllie supports from which Ihe pendulum is Buspcnded. 
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The greatest elevation is equal to h mukiplied by the sine 
square of the angle of projection, that is, equal to h (sin 45<*)'. 

h = 9937,75ft. log 3,99729 

45* log sin 9,84949 

9,84949 

Greatest elevation = 4969 feet 3,69627 

4969 wants only 31 1 feet of a mile. 

Moreover, according to the case supposed, we have 
2 I — as the expression for t the time of flight. 

h. = 9937,75....Iog....3,99729 
g = 32,2 log 1,50786 

2)2,48943 

17'',57 1,24472 

2 



t = 35, 14 



On the supposition of a vielocity of 1600 feet in a second, the 
angle of projection being the same, we should have for the hori- 
zontal range 79503 feet or 15 miles, for the greatest elevation 
3,7 miles, and for the time of flight 3 minutes and 58 seconds* 
So great, however, is the resistance of the air, that a cannon 
ball, under the most favorable circumstances, is seldom known to 
have a range exceeding 3 miles ; the path described is not strict- 
ly a parabola or any known curve ; its vertex is not in the mid- 
dle, but more remote from the point of projection than from the 
other extremity ; and the path through which the body descends 
is less curved than that through which it ascends. This resistance 
increases faster than the velocity ; so that in the slower motions, 
there is a nearer approach to the foregoing theory, than in those 
which are more rapid, as is apparent to the eye in the spouting 
of water, and more especially of mercury from the side of a ves- 
sel. To treat of this resistance, atid to estimate its effects, be- 
longs to that branch of our subject which has for its object the 
motion of fluids and that xrf bodies immersed in them. 
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Of ihe Motion of heavy Bodies down inclined Planes. 

324. A h.avy body left lo itself upon a plane surface A'LH//'s '« 
iDclilicd [O a horizontal surface P7//jV cannot yield entirely lo 

ils gravity. A pari of the force derived from (his cause, is em- 37. 
ployed in pressing ihe plane, and tlie otlitr senes to bear it 
along the plane, ll ia necessaiy, therefore, lo decompose iu 
gravity into two forces, one of which produces the pressure upon 
the plane, and the other the motion along this plane. 

325. Let G be the centre of gravity of the body m, or the 
point in which all its action raay be considered as united. Let 
GB be ibe space through which it would fall 'in an instant, if it 
were free. Let GC be drawn perpendicular to the plane; and 
suppo&e a plane to pass through GB, GC, this plane will be per- 
pitidicular lo the two planes KLHI, IPNH, since it passes^.*"""- 
through the straight lines perpendicular to these planes. If 
ihertfore, we conceive DE, EF, to be the intersections of this 
plane wall k'LHI,IPJ{H; 0£, i.'/* will be perpendicular lo the ^^^^ 
Common intersection /// of these two planes. 3o5. 

Draw ft4 parallel to D£, and construct the parallelogram 
IBC of which GB is the diagonal, and G^, GC, the sides. 
may suppose that gravity, instead of urging the body accord- 
to GB, urges it at the same time according to GC with the 
velocity GC, and according to GA with the velocity GA Now 
it is evident that GC, being perpendicular to the plane, cannot 
bat be destroyed, if the point where it meets the plane is a! 
the same lime a point common to the plane and the body m. 
As to the force Gjl, bincc it tends neither lo approach toward, 
to recede from the plane, it cannot but have its full effect. 
therefore, represents the velocity with which the body tends 
ore, and with which it would move in the first inslant. 
I As the force GA is in the plane of the two right lines GB, GC, 
k in ihc plane DEF. We can therefore leave out of consid- 
1 Ihc extent of the two planes KLhU, IPJ^H, and employ 
■ ihe plane DEF represented in figure 157, so that the body 
f be supposed to move in the right line DE. 
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326. Since the force GA passes through the centre of gravity 
G of the body m, it must distribute itself equally to all parts of 
this body. Therefore, so long as friction is supposed to have 
no influence, the body can have no motion except that of sliding 
along the plane, that is, it can have no tendency to roll, whatev- 
er may be its figure, provided the perpendicular GB meets the 
plane in a point that belongs at the same time to the surface of 
the body. This would not be the case, however, as we have 

l^» seen, if the perpendicular did not meet the base of the body, or 
the surface by which it rests upon the plane. The influence of 
friction, moreover, tends to produce a rolling motion. 

327. Since the body m must describe GA in the same time 
in which it would describe GB by the free action of gravity, if 
we conceive that at the end of the first instant, gravity acts anew ; 
as it communicates in equal instants equal degrees of velocity, 
by supposing for the second degree of velocity communicated in 
a vertical direction, a decomposition similar to that above made 
for the first instant, it is evident that the second parallelogram 
will be equal in all respects to the first. We accordingly in- 
fer, in like manner, that the force perpendicular to the plane 
will be destroyed, and the force parallel to the plane, and equal 
to Gj4, will be added to GA. By reasoning in the same manner 
for the following instants, we should conclude that the velocity 
along the inclined plane is accelerated by equal degrees ; in other 
words, that the motion of heavy bodies down an inclined plane is a mth 
lion uniformly accelerated* Hence all that has been said upon the 
subject of motion uniformly accelerated, is strictly applicable to 
the motion that takes place down inclined planes. Consequently 
in this latter case, as well as in the former, the velocities are as 
the times, the spaces described are as the squares of the times, 

264,&c.or as the squares of the acquired velocities, &c. 

328. Therefore, in order to determine the motion that takes 
place upon a plane of a ki\pwn inclination, we have only to find 
the ratio of the accelerating force to gravity, that is, the ratio of 
GA to GB. Now GjJ, Gfi, being parallel respectively to jDjB, 
DF, the angle AGB is equal to EDF^ and the angle A being a 
right angle as well as the angle -F, the two triangles AGB^ EDF^ 
are similar ; whence. 
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DE : DF :: GB : G'.3; 
ikM is, iht Itngih nf the. ind'mrd jilaiie is to^ ilf height^ ax the rc/ocify 
vJtith gravity cmniaunicalts to a fret h'>dy, U lo thut vilh which it 
UF^M the body along iht inclined plane. 

329. Now as gravity gives to a free bcdy, in a second ol' time, 
a velocity by i\'hich a spice of 33,2 feet are desciibeJ utiiforinly 
in a second, it will be easy lo determine the velocity acfjuired ' 
by a body in the first second of its descent down an inclined 
plane. If, for example, ihe lcnc:th of the plane is double the 
iifighi, Ihe velocity acquired along the plane during the first 

■ coiid, will be half of 32,2 feet ; thai is, at the end of the first 
"-ood, if gravity ceased to act, the body would pass over 16,1 
l<jct in a second. 

Having thus determined the velocity for the first second, we 
shall h:ive the velocity after any proposed number of seconds, 
by multiplying (his by the number of seconds; also the space 
is found by multiplying this first velocity by half the si|iiare of ' 
the number of seconds. In short, it would be easy to determine 
all the other circumstances of ihe motion in question, by articles 
367, &x. We hence deduce (he following propositions. 

330. If two heavy bodies, setting out at the same lime from 
the point D, descend, one iilong (he plane DE, and llic other in p. ^^^ 
llic direction of the perpendicular DF, and we would know in 
vital pan of the plane DE the first would be, when the second 
had arrived at any given jx)int .4, we have only to let fall from 
the point .1^ upon Z>t' the perpendicular JIB; and the point B 

I be the place sought. Indeed if we represent by g the velo- 

f that gravity comimuiicates to a free body in one second, by 

g I the time employed in describing A^, we shall have 

h the other hand ihe velociiy acquired in a second by the body 
It descends along ihe plane DE, is -— — ; accordingly by 
tng f the time employed in descending from D to B, we shall 
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whence, 

DA : DB:: ig/« : ^^^^ X i C% 

:: Z)£ X <« : DF Y. tf^. 
But by similar triangles, 

Geom. 

2i». DA . DB .. DE I DF; 

consequently, 

DE I DF XI DE y. t^ : DF >c if'', 
therefore, 

<'« = <« or ^^ = ^ 

Fi2.l69. ^^^* Hence, if DG be a third plane described by a third 
body setting out from D at the same time with the other two, by 
drawing from the point A the perpendicular AC^ A^ B, C, are 
the three points at which the three would arrive in the same 
time. 

332. If upon DA as a diameter, we describe a semicircum- 
ference, it will pass through the points C and £, since the angles 
at C and B are right angles. Consequently, the chords JOC, 
jDB, and the vertical diameter DA, are all described in the same 
time ; and as this does not depend upon the length or inclination 
of the chords, we may draw the general conclusion, that the time 
employed by a body in falling through any chord of a circle, drawn 
from the extremity of a vertical diameter, is the same as that employ^ 
td in falling through this vertical diameter. 

333. We have seen that g being the velocity communicated 

fr X DF 

to a free body in one second, ^ ^^ — is that given in the same 

time to a body that descends along DE. Let t, if, be the times 
employed in describing DF and DE respectively; we shall 
have 

DF=igt',DE= -^-J^ XK*; 
whence, 

DF:DEi:igt» : ^-^ x \f; 



Geom. 
128. 
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which gives, by multiply iog the extremes and means and reduc- 
ing, 

DF 

X ^« = DE X /% 



DE 



or, 



DF X e^ = DE X /% 

or, taking the square root of each member, 

DF X t" :=^ DE X ti 

in other words, 

t : f :: DF : DE. 

In like manner, if f represent the lime employed in describing 
DG ; we shall have 

t : f' :: DF : DG, 

whence, 

if : t' : : DE : DG -, 

that is, the times employed in describing different planes of the same 
hei^t, are to each other as the lengths of these planes. 

334« The velocity of the body which descends along DF^ is 
f f at the expiration of the time /• For a similar reason, the 267. 

velocity of the body that descends along DE, is ° — X t' at 

the expiration of the time t'. Accordingly, if we call ti, r, the 
velocities acquired by the two bodies respectively upon arriv- 
ing at the points Fj £, we shall have, 

u : v:: gt : ^ ^^ X t% 

whence, 

DF 

vgt = ug X ^, X t\ 

But, as we have just seen, 

t : f :: DF : DE, 

which gives 

Meek. 27 



322. 
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_ DFx^ 

substituting for / this value in the above equation, we shall have, 

r = w. 

Therefore, if several bodies descend along planes differently inclined, . 
hut of the same height^ they will have the same velocity upon arriving 
at the same horizontal line. 



Of Motion along curved Surfaces. 

335. If a body without gravity and without elasticity, des- 
cribes, in virtue of a primitive impulse, the successive ^ides AB^ 

Fig.160. jgQ ^Q^^ Qf Qj^y polygon, upon meeting each side it will lose a 
part of its velocity, which may be determined in the following 
manner. 

Let us suppose that the body moves from A toward fi, and 
that when it is at J5, its velocity is such as in a determinate time, 
one second for example, would cause it to describe, if it were 
free, the line BF in AB produced. Having erected ufK)n BC 
from the point B, the perpendicular BE, we imagine the rectan- 
gular parallelogram BDFE, of which BF is the diagonal, and 
the sides of which are in the direction of BC and BE. Instead 
of the velocity BF, wc may suppose that the body has at the 
same time the two velocities BD, BE ; and as the side BC pre- 
vents its obeying the velocity BE, it is manifest that its velocity 
is reduced to BD, 

If from the point B, as a centre, and with a radius BF, we 
describe the arc FI, DI, which is the difference between BF and 
BD^ will accordingly be the velocity lost. Now DI is the verseH 
sine of the arc Fl^ or of the angle FBC, made by the two con- 
tiguous sides jIB, BC. Therefore so long as these two sides 
make a finite angle, the body will lose a finite part of its veloc- 
ity upon meeting each of the sides. 

336. But if the angle formed by the tw^o sides is infinitely 
small, the velocity lost will not only not be a finite quantity, but 
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it will not be an infinitely small quantity of the first order, it will 
only be an infinitely small quantity of the second order. In es-Cal. 4. 
tablishing this, the question reduces itself to showing that the 
versed sine of an infinitely small arc is an infinitely small quan- 
tity of the second order; and this may be done thus. CD being pig.iei. 
any arc of a circle, and BD a perpendicular upon the diameter 
AC. we have ^^''ni. 

' 210. 

AB : BD :: BD : JBC; 

hence, if CjD, (and for a stronger reason BD) be infinitely small, 
EC the versed sine of CZ), will be infinitely smaller than fi/), 
since it is contained in BD as many times as BD is contained 
in the infinitely greater quantity AB, Therefore BC is infinite- 
ly small of the second order. 

• 

337. Accordingly, if a body without gravity move along //ieFig.ie2. 
curved surface ABC, it will have throughout the same velocity. For 

by considering this curve as a polygon of an infinite numbci- of 
sides, since the sides make angles infinitely small with each other, 
the loss of velocity at the meeting of each two adjacent sides is 
an infinitely small quantity of the second order with respect to 
the original velocity. Consequently the sum of the velocities 
lost in passing over an infinite number of sides, that is, in passing 
over any arc ABC^ can only form an infinitely small quantity of 
the first order. Therefore the velocity is not aflected by this 
circumstance. c»*- 4- 

338. We come now to the motion of heavy bodies along 
curved surfaces. We shall consider for the present only that 
which takes place in a vertical plane. 

339. Accordingly, let AMB be a section of a curved surface, figi^a. 
made by a vertical plane, and the path described by a body 
along this surface. Let us consider this curve as a polygon of 

an infinite number of sides, and let us suppose that the body has 
just described the small side LM»^ As its mcctinir with the side 
MJ^ cannot occasion any loss of velocity ; it will describe JtfjV 336. 
with the velocity which it had in M^ gravity being supposed no 
longer to act upon it. But the force of gravity being exerted 
according to the vertical JlfO, urges the body anew as it would 
urge one upon a plane of the same inclination. Consequently, 
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if we imagine the velocity MO^ which gravity tends to give iq 
an instant, decomposed into two parts, one MD pei^endicular to 
JO", and the other DO or ME directed according to MJ^ ; we 
shall see that it is by virtue of this last that the velocity of the 
body will be accelerated. Now by letting fall the perpendicular 
RJ^^ and comparing the similar triangles MOEy MJ^R, we shall 
have, 

J^R X MO 



MJ^ : J^R :: MO : ME = 



MJV 



Let us suppose that the different points of the curve AB arc 
referred to the vertical axis BZ. If we call, 

BP^ X ; PMy y ; and the arc BMy s ; 
we shall have * 

PQ or i?JV = — do? ; and MJ^ - — d s. 

We give the sign — to these quantities, because x and s go on 
diminishing, while the time t increases. Let g be the velocity 
which gravity gives to a free body in a second ] gdt will be that 
267. which it would give in the instant dt. We shall therefore have 
the velocity represented by MO as follows, namely, MO i= gdL 

Calling V the velocity which the body has when it arrives at 
M\ d-D will denote the augmentation received during the time 
di\ thus, 

ME =z dv. 

Substituting the values above obtained in the equation, 

„« J^R X MO 

^^= MJV ^ 

we shall have, 

1 — dx - dx , . 

dv^ -—-jy X gdt = — X gdt. 

ds 

But, by article 280, ds =^ v dt^ or d t = — , or, s being consid- 
ered as decreasing while / increases, d t = ; whence, by 

substitution. 
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_ dx ^ \^ -ds gdx 
dv = -J- X g X = — ^ , 

ds ^ V D ' 



or, 

vdv ^ — gd Xm 

The integral of this equation is, CaL 88. 



D« 



-^^C-gx, 

whence, 

«« = 2 C — 2gar. 

In order to determine the constant C, let us suppose that the 
point A from which the body begins to fall, is elevated above a 
horizontal line passing through jS by a quantity BZ = h. It is 
necessary, therefore, when v is zero, that x should be equal to h ; 
accordingly we have 

= 2C— 2gA, 

and consequently 

2 C = 2fl[A,or C = gA; 

whence, by substitution, 

v^ = 2gfc — 2gx = 2g(ft — x), 

= 2^ X ZP. 

Jfow if a heavy body fall through the space ZP^ the square of 
the velocity which it will have upon arriving at P, will be 

2^ X ZP. 

Therefore, when a body descends along any curved line^ it has at 
any point whatever^ the velocity which it would have acquired by fall- 
it^g freely through a space of the same perpendicular elevation. 

Thus the velocity which a body successively acquires by its 
gravity in descending along the concavity of a curved line, is 
altogether independent of the nature of this curve. 

340. Hence, if the body, after having arrived at the lowest 
point B (the tangent to which I suppose to be horizontal,) meets 
the concavity of the same or of any other curve, touching the 
first in B, it will rise upon this last to a height equal to that 
from which it descended. 
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Indeed, let us suppose that the ' body is actually in B^ or 
that a? = ; its velocity will be such, that we shall have 

v^ = 2gfc, oru^ = 2gA, 

by calling this velocity u to distinguish it from the other. Let us 
imagine that with this velocity it ascends along any curve BM\ 
we shall find by the same reasoning as that above pursued, that 
its velocity in any point M\ is determined by the equation, 

by calling v% the velocity in this case, and ^ the arc BM% and 
observing that t/ diminishes according as t\ ^, and x increase 

ds' 
280. respectively. Consequently, putting for d t its value — p, we 

V 

shall have 

— dr' = ^—r- ov t/ dv' ^ — sdx\ 

V 

and by integrating, 

« 

r'» = 2C — 2ga;. 

But, whenx = 0, the velocity d' is u; accordingly, 

w« = 2 C — 0, 
and since 

u» = 2g/i, 
we have 

i/* = 2gft — 2gx. 

Now when the body ceases to ascend, i/ = which gives 

= 2gfc — 2gx; 

whence we deduce 

ar = ft. 

Therefore the point at which the body will have arrived in any 
curve BA'^ will be at the same height as the point A. 
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341. As to the time employed in describiDg any arc AM or 

— d.M 

AB of the curve ; since d t = , substituting for -o its 

equal \/2gh — 2gx ^ we have, 

— ds 



dt = 



90 that it would be necesary by means of the equation of the 
curve to find the value of d 5 in x and dx^ and having substituted 
It in the expression for d /, wc should have that of t by integrat- 
ing. 



Of the Motion of OscillatioH. 

342. We have seen that a heavy body having descended 
through any arc of a curve AB must, s : tting aside the resistance 
of the air and friction, ascend again to the same height in Aurve 
BA^ which has at the point B the same horizontal tangent with 
BA, Accordingly, this body in returning would describe in a 
contrary direction the whole extent of the curve A^BA ; and thus 340. 
would continue to move backward and forward without end. 
This kind of motion is called oscillation. We have seen what is 
in general necessary to determine ihcdurationof each oscillation 
which must evidently be double the time employed in describing 
the arc AB^ if BA^ is the same as AB, 

When the curve through which the body descends is circular, 
and the oscillations take place through small arcs only, ihcy 
have this remarkable and important property, that their [Juration 
is not sensibly affected by the extent of the arc AB-^ so that the arc yi„ ^^^ 
AB being small, as four or five degrees only at the most, the 
body will always arrive at B in the same time very nearly, wheth- 
er it set out from the point A^ or from some other point 0, taken 
between A and B. 

Thus, retaining the denominations used above, and designat- 
ing by a the radius BC of the circle BAD^ we shall have, by 
the nature of the circle, Trig. 

101. 

y^ = 2 ao? — X* or y = \/2a.r — a-a ; 
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from which the value of Mm, or di or \^dx* +dy» is readily 
fouDd to be as follows, namely, 

eal. 78. , adx 

a s = 



But since the arc BM is small, x is small with respect to a, and 
x^ may be neglected when taken in connection with 2 ax with- 
out material error, which leaves 

, adx 

a s = 



9il 



\^2ax 



Substituting this value of d ^ in the expression for d t, we shall 
have 

J ^^adx — adx 



V2ax V'2 g h^2gx V4 Va V» ^g S^k — 5c 
— ^ adx 



\/aVgVhx^^x' 



or, smce 






v« 



dt= /£x -^'^^ 



=J 



^ 



VAx — x2 



Now as — ==• expresses the element of an arc of a 
V'2ax — x^ 

circle of which the diameter is 2 a and the abscissa x ; so in like^ 

manner, ==, expresses the element of an arc of a cir- 

' \/kx — X* ^ 

cle whose diameter is h and abscissa x. But the line BZ being 
A, if upop BZ as a diameter we describe the semicircle BM'Z, 
JA' wl will be this element; so that we shall have 



Vfcx 



\h,dx -mm. m ^ 
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wlience, 

idx d (BM) 

■ — • ■■ ■ ' • 

V^Aoc — «* h 

Sabstitudng this value in the expression for dtjvre have 

and by integrating, 

BM 



= C— \± 

Sg 



X 



We have therefore only to determine the constant quantity C ; 
and it will be seen, that when t = 0, that is, when the body sets 
out from the point A, the arc BM^ becomes the semicircumfer- 
cnce BMZ ; accordingly. 



nr X BMz 



whence, 



therefore. 



Sg 



^ <J 


'^' h ' 




= ^7^ 


BM'Z 
h 5 




X ^^'2 - 

h 


-■ii^ 


BM 

h 


= If- X 


ZM' 





S g 



We have thus an expression for the time employed in describing 
any arc jJJtf, the time being supposed to be reckoned in seconds. 
But when the arc AM becomes AB^ that is, at the end of a semi- 
oscillation, the arc ZM' becomes ZM'B ; consequently, by calt 
ing the duration of a semioscillation ^ f^ we shall have 

Mech. 38 



or, 



2ZMB 



Ge6m. ^^^9 ^ being the circumference of a circle whosie diameter is 1^ 

I : n :: h : 2ZM'B; 

whence, 

2ZMB 
— r— =^i 



and consequently, 



=jf 



«'= J^x«, 



or. 




Wc have thus an expression for the duration of an entire os- 
cillation ; and as this quantity does not contain ft, or the height 
from which the body falls, and which determines the extent ol 
the path described AB, it follows that the time tf does not send- 
bly depend upon the extent of the arc, so long as this arc is verj 
small. Therefore, the osdllations which take place in small arcs of 
a circle are sensibly isocronous or of the same duration. 

343. This property belongs to the small arcs of all curves ic 
which the radius of the evolute at the lowest point is not zero : 
since the arcs are confounded with those of the circle by whicli 
Cal. 79. their curvature is measured. 

If we would know the error liable to be committed by taking 
this value of tf for the duration of a semioscillation in a circle 
we proceed thus ; 

Taking the value found above for d 5, namely, 

, adx 

as ss 



\^2 ax — »' 



^1 we reduce it to a series, retaining the three first terms only 
JVMe 9. which are abundantly sufficient for our purpose, and we shal 
have 
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V2ax \ 4 a 32 oV 

by subttituting this value in the expression for dlf, namely, 

— d* 

*»^ — ^ _^^^»„ 

and reducing, we obtain 

^Ng V 4a 32a« / 

As we know already the integral of the first term, we shall 
confine ourselves to finding that of the two last. Representing it 
by 1 1\ we shall have 

To obtain the integral of this equation, we have recourse to 
the method laid down in the Calculus^ articles 126, &c., and put 
\ f equal to the following expression, namely, 

\tf'^—\\± {Ax^ +Ba?^)(fc — or)* 

— \J^CJdx x~^Qi—x)~^ + D. 
The co-efficients are then determined as follows, namely, Cal.l». 



256 a>' 



Now the integral of x ^ d x (fc — x) * , or of 

dx r ^ xy \hdx 



or of 



\'hx — x^ \h vAx — X* 



is -^ X arc BM ; 
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therefore the whole integral is 



X ^ X (±+ 1J^\ + D. 

h \8a 256 aV 



To determine the constant Z), we observe that when a? = fc, 
t'' must be equal to 0, and that the arc BM becomes BM'Z ; in 
this case, therefore, we have, 



o = -Jf 



h \8a 256 a«/ 



Substituting the value of D obtained from this equation in the 
expression for | t^'j making x-^hin order to have the entire in- 
tegral, and observing that BM' becomes then zero, the result will 
be 

S g h \Sa 256 aV 

But, by taking k for the ratio of the circumference of a circle to 
its diameter, we have — r — = -5- ; accordingly, 



'"'JtC 



h_ , 9fc' \ 
8 a 256 a»/ 



Comparing this value of d* with that of t' found above, we shall 
have, 

Sg Ng Vsa 256 aV 



or. 



\8 a 256 o»/ 



a quantity in which - is the versed sine of the arc described dur- 
ing a semioscillation, radius being 1. 




Penduhmu. 



[ Suppose f €f]ual to 1", and ihat the arcs described on each 

e of [he vertical are 3°. The versed sine of 6° is 0,0038053, 

Consequt 

9*' 



- = 0,0004757. With rei 



peel to the term -7^ ^-, it is less than a unit of the sixth placej 

The error in each o^illaiion will, therefore, be 

t' = I" X 0,0004757 = 0",0004757. 

Thus, if a body descend by the action of gravity along a circu- 
lar curve, and describe arcs infinitely small on each side of the 
lowest point in a second of time, the duration of each oscillation, 
no allowance being made for friction or the resistance of the air, 
would differ only 0",0004767 from that of an oscillation through 
an arc of 5" on each side of the lowest point, so that in a day or 
during 24 X 60 X 60 = 86400" vibrations, the difference would 
amount to 86400 X O",0O04757 or 41". Thus a pendulum ( 
the length required to vibrate seconds, and performing its 05ci|| 
Utiuns through arcs of 5° on each side of a vertical, would los^ 
on!^ 41" a day, when compared with one vibrating in arcs infr 
Dileljr small. 

If the arcs described on each side of the vertical were onlj" 
1°. the versed sine of which is 0,0001523, the daily loss would I 
only I", 64, that is, 1| nearly, and for half a degree, the loss wouM 
be 0",4 1 or f of a second daily. 

t344. What wc have said is particularly applicable (opcndu-|.j ,g. ■ 
)•. By a ;'t/i(Jii/u;i), is to be understood a rod or thread sus- 
pended at one extremity from a fixed point, and supporting 
u the other extremity one or several bodifs. It is called a «m- 
kptndulum when it is supposed to consist merely of a mass or 1 
bghl sustained by a thread or rod without gravity, and when J 
ihe same time this mass is of a diameter very small relative! 
iie length of the pendulum. We «hnil speak for the present/^ 
f of the simple pendulum. 



Of PtniMums. 
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When the pendulum CB is drawn from its vertieal position, 
the force of gravity acting according to the vertical line miM is 
not wholly employed in moving the body ; a part is exerted 
against the point C. Let therefore the whole force of gravity, 
represented by ^Jlf, be decomposed into two others, represent- 
ed the one by AJ>r^ directed according to G/J^, which will be 
destroyed, and the other by AP which urges the body along the 
arc AB. Now as the radius CA is perpendicular to the arc, it 
will be seen that the motion is here decomposed in the same 
manner as in the case above considered, where the body is 
supposed, without any material connection with C, to descend 
along the arc AB^ which has for its radius the length AC of the 
pendulum. Accordingly every thing which we have said is ap- 
plicable to pendulums. The following are some of the conse- 
quences which are derived from the preceding investigation. 

345. We have found for the duration t of an oscillation, the 
following expression, namely, 

g 

Hence, for another pendulum whose length is a', and which is 
urged by a different force of gravity, or one that is capable 
of giving the velocity g' in a second, we shall have, by call- 
ing /' the duration of an oscillation in this second case, 

g 

hence we derive the proportion, 

g g g g Vg Vg" 

that is, if two pendulums of different lengths are urged by different 
gravities^ the durations of the oscillations are as the square roots of 
the lengths of the pendulums^ divided by the square roots of the qutm- 
titles which denote these gravities. 

346. As gravity is the same in the same place, we shall have 
for pendulums of different lengths vibrating in the same place or 
same part of the earth, g' = g, and consequently in this case the 
proportion becomes 
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t z If :: \/ir : x/'W ; 

tbat is, in ihe sanu place (he durations of the oscillations are as the 
square roots of the lengths of the pendulums. 

347. But if the same pendulum be successively exposed to 
the action of two different gravities, a being equal to af^ the pro- 
portion 

t\fi: V~ ' V~ 



S g 

inotlier vfords^iudiiraHonsoftheoscUlationsofthesamependiLhan 
m iifiremt places are inversely as ike square roots cfgra^oiiy. 

34B. Let n be the number of oscillations or vibrations made 
by the peodulum « in a given time, as one hour or 3600^, we 

3600" 

shall have t = . For the same reason, if we represent 

by nf the number of vibrations made by the pendulum of in the 
same time, we shall have ^ = ; — : 

accordingly, 

, ^ 3600" 3600" 

t I tf :: : ; — :: n* : ni 

n n 

that is, the number of vibrations made in the same time by two 
pendulums of different lengths are inversely as the durations of 
their respective vibrations. Consequently, since 

g g 

n : n' :: ^ — : \ —^ 

g g 

that is, the number of vibrations made in the same time by two pendu- 
lums of different lengths^ and which are urged by different gravities^ 
are in the inverse ratio of the square roots of the lengths of the peri' 
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dulunu divided by the $quare roots of ike graviiies; so that if the 
gravities are the same, the number of vibrations will be recipro» 
cally as the square roots of the lengths of the pendulums ; and if 
the lengths are the same, the number of vibrations will be direct- 
ly as the square roots of the gravities. 

349. Hence if the same pendulum, carried to different parts 
of the earth, does not make the same number of vibrationai in the 
same interval of time, it is to be inferred that gravity is not the 
same in these places, and the number of vibrations actually 
made in the same time by the same pendulum in two different 
places, will furnish the means of ascertaining the relative inten- 
sities of gravity at these places. It is by experiments of this 
kind, taken in connection with the foregoing proposition, that we 
are now assured of the diminution of gravity as we approach 
toward the equator, and on the other hand of its augmentation 
as we proceed from the equator toward either pole. 

350. If we call t the time employed by a heavy body, falling 
freely, in describing the diameter BD or 2 a, we shall have 

t78. 2 a = ~- or - = — : 

^ g ^ 

Fig.164. whence ^ 

4^= it. 
g 

Substituting this value in the equation, 

g 
we obtain, 

t' = int or ^ C = J ;r (, 

which gives 

it' : t :: in : li 

that is, the duration of the descent through any small arc AB is 

to the time of falling through the diameter, as the fourth of the 

circumference of a circle is to its diameter. But the fourth of 

292. ' the circumference is less than the diameter; consequently a 



I 
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■ ■<iy employs less time in dcacenditig along a small arc of a 
' ircl*- of which the inferior laiigenl is hori/.ontal, than it would 
emplo__f ill falling through the diameter; and since [he lime re- 
quired to puits through the diameter i? the same with that re- 
quired to describe any chord jiti, K will be seen, ih^l a body 
would [tass sooner from .1 lo J3, by thscending iilong the arc ^fi, 
than by moving through the straight line JIB. Therefore, al- 
ihfHigh the straight line is indeed the shortest way from one point 

> another, it is not that which reijuii-es ihe least time for the pas- 
■ ige of a heavy body. 
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351. Hot only Ia not a straight line lliat along which a heavy 
body would proceed in the shortest time from one point to anoth- 
er,out of the same vertical, but it is not the arc of a circle whicb 
aniwcTs to this description ; it is the arc of another curve which 
may be found in the following manner. 

Suppose AMR lo be the curve sought, or that through which Fig,i66. 
a heavy body would pass in the- least time from a given point A, 
to a given point B. If we lake in this cm-ve two points M, m', 
iafiniiely near to each other, the arc Aim' must also be described 
in legs lime than any other arc passing through these same points 
Jif, m', since these two points may be taken as the very points in 
i{ue»tion. Having taken the point JV* infinitely nearer to .Wm' 
than .tf is to m', suppose infinitely small straight lines MJ^, A'ni' 
to be drawn; since the time of describing M m m' must be a 
Biiniinum, it follows that the dilference between the time of pass- 
ing through Mm m' and the time through M^m', which is the 
differential of ihc time.niusl be zero. 

Through the points M, ^, /«', draw the horizontal lii>e9 MP, 
mP',nf P", and through .i, the vertical lino AC. Call AP, Xy 
PM, y ; AM, », and siipi^wsc M m = m m', or that, d « is constant. 
'rhtnmr = dx, rjW=:di/,m/ = rf,c+</(i «,/»»' = «i3(-t-rf(iy. 
U'l u be the velocity with which the body describes Mm ; it will 
': the velocity with which MJ^ is described; iind u ■\- d\t will 
■■■ that with which fii mf and Jf ti4 will be descFibed. Therefor* 
.W«A. 59 
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the time of passing through JIf m will be — j and the time througl 
24. • • 

mmf will be — — r-. 

From the points M and tnf as centres, and with the rad 
MJ^^ m m', describe the arcs J^n^mt', then comparing the triai 
gles Jifnn^I{mtj with the triangles Mm r^mntf r*^ we sh^ hav 



and 



a i 






Whence, 



and 



a* 



a$ 



Therefore the time through JIf A* will be 

ds—Nm X ^ 

as 



akid the time through J^m' will be, 

d, + jsrmxly±i^ 

as 

We have, therefore, 

as ds ds ds 

■ i 



u + du u u+du 

an equation which reduces itself to 
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then, by integrating, we have 

-^ = -^, or Cdy = uds. 

But since the velocity u is equal to that which the body would 
acquire in falling from the height MP^ we have 

Therefore, 

Cdy = d* V2^«, 
and 

C« dy^ rz2gxds» =i2gx(dx* + dy^); 

whence we deduce 



an. 



da?v/2^a: 

To determine the constant C, it will be observed that whea 
V'5i» = C, we have dy =ds, answering to the lowest point /?, of 
the curve, where dx=0, and a?=fc; therefore if wje call r the velo^ 
city which the body will have at the point where \/2gx = C, the 
equation Cdy = uds becomes C d * = r.d *, which gives C = v» 
And if we call h the corresponding height •/JC, we shall have 

hence, 

Therefore, 

J da; \^2gx dx \/x 

dy ^ — -^ =* — — i 

\2gh — 2gx V ^ — a; 

is the equation of the curve. But the better to understand this 
curve, let us give another form to the equation* 

Imagine the vertical line RD drawn through the point /f, 
where dy =z ds; and having produced PM to 0, call AD^ a ; 
OR^x'-y and OJV/,/. Thenjp = A — j/,y=:a — y'^dx=z — da/, 
rfy = — dy'i substituting these values, we have 

dx^ \/h^3f hdxf — (xf dx* 
_ \}ido[/ — o^ do[f \h,dxf 



V /t a/ — z'2 vA«' - <r'« 
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Therefore 

^^jf' — af'* 

Imagine that upon DR or A, as a diameter, is described the 
semicircle DER. We shall have 0/2 =p y^ «' — *''» and the arc 

we have therefore generally, 

ojtf ;= e 4- oi; 4- /ii5. 

To determine the constant C\ it must be observed that when 
a?' = 0, we have / = 0. Therefore, since OE and RE then be- 
come zero, we have = 0; consequently OM = OE + RE\ 
and the curve sought is therefore the common semicycloid, of 
which DER is the generating circle, and AD the semibase. 

The only thing which remains to be determined, is the quan* 
tity h ; for the only things given are the two points A and J5, 
through which the body is to pass. K is determined in this manr 
ner. 

Having drawn the vertical BK^ which meets in K the hori- 
zontal line AK passing through the point A^ we describe upon 
AK as a semibase, the semicycloid AVT^ that is, a semicy- 
cloid of which the generating circle has AK for the length of its 
semicircumferencp. And having drawn AB cutting this cycloid 
in F, we draw VK^ and parallel to FiST, through the point B, we 
draw BD^ which determines AD for the semibase of the cycloid 
sought, that is, for the semicircumference of its generating circle. 
This construction is founded upon the circumstance, that the cy- 
cloids AVT^ ABR^ which have their bases upon j3jD, and the 
point A common, are similar, as may be easily shown.* 

* Since the diameters of circles are as their circumferences, or 
„ as their semicircumferences ; 

287. DR : KT :: DA : KA; 

but 

DR : KT :: DB : KF, 
hence, 

DB : KV : : DA : KA, 
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352. We have supposed the body to have no velocity on its 
leaving the point A. But if it had already acquired a certain 
velocity in a given direction, the origin of the curve would be 
at some higher point. The equation Cdy = uds, found above, 

gives y;- = -7^ ; whence the constant C must be such that the 

initial velocity being divided by it, the quotient will be equal to 
the sine of the angle made by the direction of thib initial velocity 
with the vertical, a condition, which, with the other, that the 
body must pass through Ji and B, will determine the cycloid for 
the case in question. 

S53. Besides this property of being the curve of swiftest 
descent in an unresisting medium, the cycloid is on several other 
accounts quite remarkable. It has, for example, this singular 
property, that whatever be the point -AT, from which a body be- 
gins to descend along the concave part of the cur\x, it arrives 
always at the lowest point R in the same time. This property 
is thus proved. 

Calling / the time, and s the arc RM corresponding to any 

point M, where the body is found at the end of the time /, we 

ds 
have d / = . Now designating by h' the height of X 

above the horizontal line OM^ we have m = \ 2g(k' ^ x) . More- 2T7. 
over, it is easy to infer from the value of dy, found above, that 



ds^i^, 



hence 






therefore. 






whence, reasoning as above, and calling f the whole time em- 
ployed in falling from X to /?, we conclude that 



839. 
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^ being ihe ratio of the circumference to the diameter. There- 
fore, 

*' = ;« V— > 

thnt Is, the time ^ is independent of the height K from which 
the body sets out. 



Of the Moment of Inertia. 

Fig.167. 354. Let M, m', m'', be any masses without gravity, and let 
them be considered as points situated in the same plane with the 
point F^ and connected together, and with the point F, in such a 
manner as not to admit of any change in their relative distances, 
or of any motion except about the point F, or about an axis pass- 
ing through F, perpendicularly to the plane in which they are sit- 
uated. Let us suppose that these masses receive at the same 
time impulses according to the lines zd, w\ w''^ directed in the 
above plane, and such, that if the masses were free, they would 
have velocities represented by these lines respectively, it is pro- 
posed to determine the motion that would ensue. 

We decompose, according to the principle of D'Alembert, the 
^^ velocities a/, w\ w'\ each into two others, one of which shall be 
efTectivc, and the other such, that if the masses m, m', m", had res- 
pectively only this velocity, they would remain in equilibrium. 

Now it is manifest that the velocities, which the bodies are 
supposed to have, since they admit only of a rotation about the 
point F, must be perpendicular to the radii r, r', r''. Moreover, 
in order that these velocities may take place, that is, not mutually 
disturb each other, it is necessary that they should be proportion- 
al to these radii, or to the distances respectively from F. Accord- 
inglj', the communicated velocities w, w/, w\ being decomposed 
into the effective velocities r, r', u", and the velocities i£, m', u", 
with wluch the masses would be in equilibrium about the point F, 
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Ire have, 

V : v^ :: K : r\ and v : v" :: r : r^ (i). 

Letting fall from F the perpendiculars a, tf', o^, upon the direc- ^^ 
lions of the velocities u, td, v{\ we obtain, 

M • u • a + ^ 'v! • of — ^' • u" • of = 0. 

Now if we let fall also the perpendiculars c, {/, cf, upon the direc- 
tions 9, »^, fl/', we shall have by article 63, 



' U* a + W V R = ll*OT*C, 



or, 



M * U * CI = !!•»•€ — ]f*V*B; 

la like manner, 

mT'u''' of = m" • w" • c" + m'' • i/' • r'^ 

If from the sum of the two first of these three equations we sub- 
tract the last, we shall have 

or 0, equal to the expression below, thus, 

= M • w • c + m' • zo' • c' — m" • a^ • c^ 

M • V • R m' • P • b' -• m" • t" • r". 



V " r' V * R'' 

But the above proportions (i) give i/ = and v" = 

R R 

vabstituting these values for v and v", the equation becomes 
= M • w ' c + M* • to' ' c — m" • to" • c" 

M' • X) • R'* m" • r • R'" 

R R ' 

= M • li • C • + M' • to' • </ Mf ' tBf' ' Cf' 

(m • R» + m' • r'« + m" • R^'O 

R 

whence, 



M • TO • C + M* • to' • (f M'^ ' V/' ' &^ 

U'R^ + Mf 'W^ + ml" • R' 
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Now the numerator of this fraction, since it expresses cbe 
of the moments of the forces m * id ' c, &c.. is equal to the moment 
of their resultant. If, therefore, we call this resultant p, and 
its distance from the point jP, D ; the sum of the moments will bs: 
g X D. Moreover the denominator of the abore firaction, being; 
the sum of the products of each mass or particle into the sqaare 
of its distance from F, if we represent in general any one what- 
ever of the^. masses by m, and its distance from F by r, the wmmi 
of these products may be represented by the abridged ezpnna*r 
ion fm r', (J denoting the word fum); we have accordingly fiw 
the velocity of any given point m, whose distance from the axis 
F is FM or r, the following expression, 

also, 

gX D=-rmr'. 

■ » 

355. Although we have supposed that all the forces, and aB 
parts of the system arc in the same plane, it will be perceived 
that we should arrive at the same result, if they were in planes 
parallel to each other, and perpendicular to the axis of rotatiOQ^*> 
provided that all parts of the system admit only of a rotatioa 
about a fixed axis. 

356. Accordingly, as a solid body of whatever figure may be 
considered as an assemblage of material points, thus coaoecfad 
together, we may say generally, that when a body h of whatever fi^ 

168. urf , and urged by forces of whatever number and magnitude^ am have no * 
ottier motion^ except a motion of rotation about a faced etxis AB, sikmied 
within or without the body^ the velocity belonging to any given pointy 
is found by taking tlie siwi of the moments of all the forces (or Ae 
moment of the resultant)^ dividing this sum by the sum of the pnh 
ducts of the several parts of the body itUo the squares of tlieir diitan^ 
ces respectively from the axis of rotation^ and multiplying the quotiaU 
by the distance of the point in question from this same axis. 

ie9. 357. Let G be the centre of gravity of the body L, and fct 
us suppose that while any point m, in turning, describes during 
an instant, the infiniieiy smad arc v, the centre of gravity O 
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vmtld describe tbe arc GG" perpenilicular lo FG ; through the 
point Q' 1^ the line Cf be drawn parallel and equal lo GF. 
Instead of suppoiing the body to turn about F, wc may imagine 
it carried parallel lo ilscll" with a velocity equal to GG', and that 
at the same time its several parts turn about a moveable point G 
with such a velocity iJiat by taking G'K = GF, the point K 
would describe the arc KF, equal to G'G ; for, on this supposition, 
the point F of the body L would still remain stationary. Now 
body in this case being free, the resultant of all the motions of 
ilion about the moveable point G is zero. Consetjucnily the 
reaultaol of all the motions with which the body is actually urg- 
ed is no other than that which the body L would have, impress- 
fd with the velocity GG' ; that is, this force must be perpendic- 
lo FG, and equal to 



^Hp mais of the body being denoted by L. Now since the parts 
^^Mbe body describe similar arcs, we have 



FM : FG : 



. X GG', 



: GG' 



FG XV 



pefore, ihc resuliii 
t point F, is 



; force of all the motions of rotation about 



Ix FG X V 

FJiJ. ■ 



But although this reeultant is the same a& if, the body being 
free, the centre of gravity had received the velocity GG', still it 
will be seen that this resultant does not pass through G, but 
through some point of FG produced ; since, the more remote 
parts having the greater force, the resultant, while it falls on the 
tame side of F with the centre of gravity, must pass at a greater 
dbtance from F than this centre. Designating this distance FO 
SI which the resultant passes by C, we shall have for the mo- 
LxFGxv 



)>:nl of ihe resultant - 



FM 



■ v.iy. 



If now, at the instant when the forces wid-c, fee, above consider- 
ed, begin to act upon the parts of the body, there be opposed to 
ihcm, at the distance/)', aforcecqual lothatjual determined; that is, 

j\Uch. 30 



334 Djfnamcs. 

equal to the whole cflfort which the abovementioned forces would 
exert upon the body, there would evidently be an equilibrium ; 

but in this case the moment =^^ X D must be equal 

to the moment p X D ; accordingly, since 

we shall have 

— m — X ^ = ■mf'"'' ' 

and, consequently, 

^ FMx LxFGxv" LxFG' 

358. We hence derive the general conclusion, that, if any 
number whatever of forces^ directed in any manner we please^ in plane* 
perpendicular to tlic axis of rotation, act upon a body, and are ca- 
pable of producing only a motion about this axis; (I.) The force 
thus exerted, will be equal to the mass of the body multiplied by the 
velocity belonging to the centre of gravity ; which velocity is deter- 
mined by article 367. (2). This force will be perpendicular to the 
plane passing through the axis and the centre of gravity. (3.) Its dis^ 
tance from the axis {always the same, whatever be the forces and their 
directions) will be equal to the sum of the products of the several par- 
ticles of the body into the squares of their distances respectively from 
the axis, divided by the product of the mass of the body into the dis* 
tance of the centre of gravity from this same axis. 

359. v denoting always the velocity with which a determinate 
point M of the body L, tends to turn in virtue of the action of 
any number of forces, or of their resultant g, if we designate the 
distance of any particle from the axis of rotation by r, and the 

r TJ 

mass of this particle by m, since FM ; v :: r : -tttt-, we shall 

have -TTTT- for the velocity of rotation of the particle m, and -jqrr- 

for the force it would exert, and consequently, for the resistance 
27 it would oppose to g by its inertia ; accordinglj^, 



Moment of Inertia. 335 



mv r mr'* V 



X r, or — -T^TT- ^• 



FM ' /W 

will be the moment of this resistance ; tlierefore the sum of the 
moments of these resistances which the particles of L would op- 
pose to the motion of rotation, produced by p, upon these par- 
ticles, is * ^ ^ , or prri Pmr^y for the two expressions are 

the same, since v and FM do not change, whatever be the par- 
ticle m, which we consider. 

We hence perceive, that, other things being the same, the re- 
sbtance which the particles of a body oppose to the motion of 
rotation, communicated to them, is so much the greater as Pm r' 
is greater. 

The quantity -=Tr f^mr^ is called the moment of inertia of 
a body, and fmr* the exponent of the moment of inertia* 

360. We shall see soon how the exponent of the moment of 
inertia in any body may be determined ; but when this expo- 
nent has been determined with respect to any axis whatever, it 
is very easy thence to infer, what it must be with respect to any 
other axis parallel to the former. 

Let AB be any axis, and A^B^ another axis parallel to it, and Flg.170. 
passing through the centre of gravity G of the body. Let m be 
any particle of this body ; and through m suppose a plane mFP^ 
perpendicular to the two axes AB^ A'Bf ; mF^m P, being drawn, 
and the perpendicular mP being let fall upon FF'^ the lines 
mF^mPy will be perpendicular respectively to AB^ A'B*. Sfo "' 

This being supposed, we shall have, 

m jF = mF' + FF + 2 FF' X PP ; 

. Oeom. 

hence, 192. 

Jm 'mF^Jm-mP +fm ' FP +fm . ^ FP X PP. 
Now, since the distance FP is always the same, whatever be the 
particle m under consideration,yw • FF' is simply FF' • r^i, or 
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— t 

FF' X Lj the mass of the body being represented by L. For 

the same reason/ m x^FP X PP is simply 2 FPfm X PP. 

ButJ*m X PP, being the sum of the products of the particles 

into their respective distances from a plane passing through A'Bj 

04 that is, through the centre of gravity, must be equal to zero ; we 

have therefore simply, 

fm • fiTF =/m • mP + Lx FP. 

Hence, knowing the exponent J* m ' m P of the moment of vmt^ 
with respect to an axis passing through the centre of gravity, we have 
(he exponent with respect to any other axis parallel to this, by oMing 
to Oie first the product of the mass into the square of the distanu 
between the two axes, 

354. From this result, and the expression for the velocity of rota- 
tion, it may be inferred that of all the axes about twhich a body mag 
be made to turn in virtiu of any force or impulse, those about which 
the velocity of rotation will be the greatest are such as pass throi^ 
the centre of gravity ; since the exponent of the moment of inertia 
with respect to an axis passing through the centre of gravity, is 
les^ than it is with respect to any other axis. 



Of the Centre of Percussion and the Centre of Oscillation. 

36 1 . The foregoing propositions will be found to be of the 
greatest importance in many inquiries to be resumed hereafter; 
we shall confine ourselves for the present to the use that may be 
made of them in finding the centre of percussion, and centre (^ 
^ig^ni, oscillation, of bodies that admit only of a rotation about a deter- 
minate axis or point. We understand by the centre of percuss 
sion, the point O of the straight line -TO, where it would be nec- 
essary to place a body in order that it might receive the greatest 
impression from the body L turning about F, Now it is evident 
that this point must be that through which passes the resultant 
of the motions of rotation of all the particles in L. The centre of 
percussion, therefore, is determined by the proposition of arli- 
de 358. 
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As to the centre of oscillaLion, it is the point of a body i-pj. y 
system of bodies, whose distance from F is equal to the length 
which a simple pendulum must have in order to perform Us os- 
cillations in the same time. We shall see that this centre is the 
same as the centre of percussion. 

Indeed, when the question relates to gravity, the force p, re- 
sulting from the action of gravity, exerted upon each material 
particle of a body, is equal to the whole mass multiplied by the 
velocity communicated by gravity in an instant to each particle ; 
thai is. 

P = « X i, 
u reprcsenling this velocity. Moreover this resultant g passes 
through the centre of gravity ; and consequently its perpendicu- 
lar distance from the fixed [wint /*, or from tbe axis passing 
through F, is FH; hence the velocity of rolation v, of any point 

Pwhen the body is left to the action of its gravity, is 354 

so that, for llic centre of gravity G, the velocity is 

»ce = '"'j''J'/" xFG. 
Now in order that a simple pendulum, whose length is FO, 
nay make its oscillations in liie same time with the body L, it 
is necessary. L being supposed to be drawn from a vertical po- 
sition by ihc same angular quantity, that the velocity impressed 
l>y gravity at O (lig. 172), perpendicularly to FO, should be the 
same as that of the point O (fig. 171); in other words, that it 
should be to the velocity of G (fig. 171), as FO is to FG. Now 
by decomposit)g the velocity « or OP (fig. 172), coramunicalcd 
by gravity in an instant to a free body, into two others, namely 

'^MK in the dirpcijon of FO, and OO' perpendicular to FO, we 

^■■1! have 

^f V : 00' :: FO : OZ .: FG : FH; 

H wlicncc 

u : OO' :: fC, : FH, 
aitd cwnsequenlly 
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We hence derive the proportion, 

t Ut J fnr^ 

which gives 

ux Lx FHxFG L X i^G' 
367. which is the same as the expression for the centre of percussion. 

362. Since all the forces which act upon the body L, or up- 
on a system of bodies that admit only of a motion of rotation 
about a point or a fixed axis, cause in this body such a velocity 
that, for any given point Jtf, we have 

and since it is evident, that if this body were to turn in the op- 
posite direction with the same velocity, there would be an equi- 
librium among all these forces ; we infer, that if a body, turning 
with a velocity which for a determinate point M is equal to t, 
would have its motion counterbalanced by a power (>, the direc- 
tion of which passes at a distance from F equal to £), this power 
taken in connection with its distance D, must be such that the 
moment g X D shall be equal to the velocity of the poiht M^ di- 
vided by the distance /W, and multiplied by the sum of the pro- 
ducts of the particles into the squares of their distances respect- 
ively from F, or from the axis passing through F. Indeed this 
power must be such as will be sufficient to produce the same ve- 
locity in the body L, supposed at rest ; and this velocity would 
be 



which give: 



fmr* 



^^^^mf"""^'' 
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363. If a body L, of any figure whatever, admitting only of *''8*^'^^' 
a motion aboiit a fixed point F, or about an axis passing through 
f, which may in other respects be situated as we choose, if, I 
say, a body L be struck by a body ^, the motion of each after 
collision may be determined by the principles above established. 

Thus, let u be the velocity of .AT, before collision, accord- 
ing to the perpendicular TH, and u' its velocity after collision ; 
u^— tt' will be the velocity, and J^{u — w') the quantity of mo- 
don, lost by collision, and which will pass into the body L, This 
quantity of motion will cause in L a velocity of rotation, such 
that the point T^ for example, will turn with a velocity 



l!ff being drawn perpendicular to TH, Let the infinitely small 
arc TP, described about the centre F, represent this velocity ; 
the parallelogram TA 'PC being formed upon the tangent TA 
and the perpendicular Z!f/, it will be seen, by substituting for 
TT the velocities TA, TC, that the velocity TA cannot affect 
the velocity vf which the body .AT must have ; but that the veloc- 
ity TC would impair the velocity u^ if it were smaller than u'; 
accordingly, since we suppose that u' is actually the velocity 
which JV* preserves after collision, it is necessary that TC 
should be equal to u\ Now the similar triangles FHT, TCT, 
give, 

TC 



FT : 


FH : TT or v 


whence, 






FT =^c: = v, 


and consequently 




« 


«'XFT 



FH ' 

Substituting for v this value in the equation (i), we have 

u' XFT _ A- (u - tQ X FH 

FH "■ /mH ^^' 

from which we deduce the value of u' ; thus, 



286. 



364. 
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FH fmr* /m r» » 

v!xfmr' N X u' X FH ^ JV X tt X -Fg 
/mr» X FH^ fmr* X FU'^ fmr' ' 

^ ( fmr'+J^xFH \ , J^ X u X FH 
\ /mr'xTUrJ /"»»•• 

, J^xuxFH fmfxFH 

« = 7 i X -^ =5> 

-'"*'■ fmr* -^NxFH 



J^XuxFH 
/m r« + JVxFff 

Prom this the value of r, or the velocity of rotatioD, is readilj 
obtained. But the equation v = j^ , orv FH = u^FT^^ioce 

it gives the proportion 

u! : V :: FH : FT^ 

makes it evident, that w' is the velocity of rotation of the point H] 
from which it will be seen, that the point H turns with the veloc« 
ity that remains to JSf after collision. 

364. We hence perceive, that in order to find the motion of 
bodies that turn about a fixed point or axis, we must be able to 
determine the value of /*mr'. This will always be easy, as we 
shall soon show, when the bodies are such as admit of being ex- 
pressed by equations. We may, indeed, in any case consider 
the body as composed of parallelopipeds, pyramids, &c., which 
are capable of being thus expressed ; and finding for each com- 
ponent part the value of /*mr*, take the sum of these as the to^ 
tal value oijm r^ for the entire body or system of bodies. 

When the body is such as admits of being expressed by aa 
equation, we proceed thus in finding the value of Cm r*. 



J 



Cmirts of Pt 



and Osciltalim 



Let ^B be the axis of rotation, and through AB suppose two I 
planes PQ, jIR, to pass perpendicularly to each other ; lei m be j 
my particle of the body iq question, and having let fall the pep- , 
pemlicular m F upon ^B, we draw m H perpendicularly to the 
pluie JM; and joining FH, this line will be perpendicular to 
4B, and consequently lo the plane PQ. The right-angled trian- 
gle nHf gives \ 



Fm 



-. FII + Hm 



Jm X Fm or/m r' -fm x FH +fm • Hm. 

Thf problem, therefore, reduces ilself to finding the sum of the 
rrndocts of ihe particles into the squares of their distances from I 
'■>» planes, which pass through the axis of rotation, and are pci"- | 
I'MiJicuIar to each other. Now, when the algebraic expression 
i r this sum is found with respect to one of the planes, it is easily 
' 'iiaincd with respect to the other. Let us therefore inquire how 
' ' can find the sum of the products of the particles of a body 
■lu the squares of their distances respectively from a known 



IVe will suppose the body divided into infinitely thin strata, 
r.illel to the given plane; and, representing the thickness of 
■■■■'■ of these strata by DU, its surface by tf, and its distance FD^. ,-j 
I'nn the plane ui question by x, since the points of the surface 8 
■ jII distant from the plane PQ by the sauie quantity x, we 
1 ill have s* lix for the sum of the products of all the points 
! 'hi? surface into the squares of their distances respectively 
■Nil this plane, and consequently /"i' o dx for the entire sum 
; (iiese products for the whole body. 

If wc represent, in hke manner, by / the corresponding dis- 
ncfi from tlie plane perpendicular to PQ, and passing through 
■■"■ !ixii of rotation AB (the body being supposed to be divided 
'"Mrata parallel to this second plant), and by & the surface 
' Jue of these strata, we shall have I x" o' d x for the sum of 
■ts of the particles into the squares of their distances , 
Ktivcly for this second plane; and accordingly 
31 
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will be the value of the sum of the products of each partkle of 
the bod J into the square of its distance from the axis AB. 

365. Let us now suppose, bj way of illustratioii, that the 

**'fri'** body in question is a rectangular parallelopiped, turning aboot 

the axis AB perpendicular to the axis of the parallelopiped, and 

to the side IK. By the nature of this body, the surfeice <t is con- 

stant ; thus the integral /* a?' 6dxi& -^, which, when x is eqoal 

JL3 ^ 

to the altitude h of the parallelopiped, becomes -^^ 

In like manner, C being a. constant quantity, /*«'* ^ dc' be- 
comes 

3 • 

or, MX being represented by fc', which gives a/ = J K; 

and, as the plane which passes through the axis divides the body 
into two equal parts, the two halves will be 

therefore the entire sum of the products will be 

9 

I 

357, If we would find the centre of percussion or of oscillation, we 

have only to divide this quantity by the product of the mass of 

the paraUelopiped into the distance of its centre of gravity ; that 

G«om, is, hyhh'fx J A or ^ A* A'/, IM being denoted by/, which gives 

^^' for the distance of the centre of percussion or of oscillation 



smce 



« = A7, and tf' = A/. 



I 
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If« K is very small with respect to fc, so that -^ may be neg- 

lected, the expression becomes -^. Hence, <Ae distance of the 

«fi/re of percussion or centre of oscillation of a straight /tnc, or of 
a parallelogram^ turning about one of its sides ^ as anaans^ is ^ of the 
Imgkfrcm the point of suspension or axis. 

Thus, the rod or bar FA, turning about the fixed point FFig.l77. 
would strike a nail T with the greatest effect when the distance 
of the nail FP is equal to | FA. 

If the rod FA be considered as turning by the action of grav- 
ity only, the force which it would exert upon the nail, would be 
equal to the mass of the rod multiplied by the velocity acquired 
by the centre of gravity G, in falling along G'G, that is, by the 
velocity acquired by a heavy body in falling through the height 
QD. ^' 

366. We take the sphere as a second example. In this caseFig.l78. 
the surface which we have called tf , is a circle, having for its ra- 
dius /Jf, which I shall call y ; and, n being the circumference 
of a circle whose diameter is 1, we have 

^ 291. 

Let DI be denoted by z, Bni the radius of the sphere by r ; we 

have 

y^^siiz — zf, ^ xrig.ioi 

and consequently. 

Calling DF, a, 

FI or x=^ 2 + a, and dx=:dz; 

consequently, 

fx^ 6dx, 
becomes 

/{2 + ay Xx{iKz — z')dz, 
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or, by developing the whole, 

f n(2a^B2d2+4aR2'dz — a' z'dz+2KZ*dz — 2az^dz^z*dz\ 
Cal. 86. and by integrating, we have 

^(a« R2» + JaR2» — ia' z^ + ^kz* —^az*— i r»X 
which, when z = 2 r, becomes 

7r(4a«R' + V flR* — |a»R» + 8r» — 8aR* — y R») 

or 

^(f a* R» + |aR« + |R')- 

To find the value oijoif^ ^ d x\ it is not necessary to begin the 
calculation again, since from the regular figure of the sphere, it 
is evident that this value will be similar to the former ; we have 
only to suppose, therefore, that a, which expresses the distance 
of the plane PQ from the surface, becomes — r ; that is, that 
this plane passes through the centre, it being supposed at the 
same time to be perpendicular to its first position, and we shall 
have 

^(i^' — \^^ +|R«) or w X T*xR*- 
The two integrals being added together, make 

n (f a« R' +|aR* + H »')• 

^"- Since the bulk of the sphere is/rxfR^orl^^rR', and the 

distance of its centre of gravity from the plane PQ is a + r, if 

we divide the above result by the product | ^ r' X (o + r) of 

these two quantities, we shall have the distance of the centre of 

^^ oscillation and that of percussion ; thus, 

fO- ^afl*'^^ + §flR^ + f|RO 

j;rR' (a + r) 
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_ tt» + 2aR +|r» 
a + R 

_ a* + 2aR + R*+f R« 
a + R 

R» r^ ^^ 

Hence the centre of oscillation and that of percussion are below 
tbe centre of the sphere; and the centre of the sphere cannot be 
taken for the centre of oscillation or that of percussion, except 
when its radius is very small compared with the distance of the 
centre G from the point of suspensij^. 

If the sphere is suspended by a rod or lamina, and we 
wwdd have regard to its mass, it will be recollected, that 

we have found — -— + —— for the sum of the products of the 

particles of such a body into the squares of their distances res- 
pectively from the fixed point or axis. Now h is what we have 
represented by a ; moreover, since 

6=zh'f, and 6'^hf=af, 
we shall have by substitution, 

a^h'f h'^ af , 
3 ■*■ 12 ' 

this quantity^ and that for the sphere must be multiplied respec- 
tively by the specific gravities 5, S\ of these bodies, if their spe- 
cific gravities be different ; then by adding the two products, we 
shall have, 

fcr the sum of the products of the particles of the whole system 
into the squares of their distances respectively from the axis. 
This sum divided by the product of the masses, S a h'f+ S' J^ r^ 
into the distance of the ccMitrc of gravity from the axis, gives the 
fclance of the centre of oscillation. 



3(». 
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367. It may suffice in practice to divide the body into a great 
number of parts, and multiply each part by the square of its 
distance from the axis in order to obtain with sufficient exactness 
the value ofy'mr*. 



Of the actual Length of the Seconds Pendulum. 

368. The number of vibrations performed in the same time 
by two different pendulums, urged by the same gravity, being 
inversely as the square roots of the lengths of these pendulums^ 
we can find very nearly the length of the seconds pendulum for 
any given place by a very simple process. Having suspended 
to a very fine wire of at least three feet in length, a small dense 
body, as a ball of lead, gold, or plalina, we ascertain the length 
of this wire and the radius of the ball with great exactness. Wc 
thicn cause this pendulum to vibrate by di*awing it a litde from 
a vertical position, and count the number of vibrations performed 
in a given time, as one hour, very carefully determined, and then 
make use of the proportion ; as 3600, the number of vibrations 
to be j)erformcd by the pendulum sought, is to the number actu- 
ally performed by the above pendulum, so is the square root of 

846, the length of this latter pendulum to a fourth term or x, which 
will be the square root of the length of the pendulum sought ; 
and by squaring this fourth term, we shall have very nearly the 
Jengtli of the pendulum required to vibrate seconds. 

This result would be exact only on the supposition that the 
wire or string is without weight, and that the ball consists only 
of a single particle or has its matter concentrated at the centre. 

369. If we attempt to find geometrically the centre of oscil- 
lation of the ball and wire, we shall still be liable to some small 
error arising from irregularities in the form and distribution of 
the matter in question. We accordingly have recourse to 
another method, depending on a curious property of the com- 
pound pendulum by which the distance between the point of sus- 
pension and centre of oscillation, answering to the length of the 
simple pendulum vibrating in the same time, can be ascertained 
with the greatest precision. 
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We hatre obtained a general expression for the distance in 
question, as follows, namely, 

FO = 4^ = ^r'^'Tf. 351. 

LxFG LxFF' 

But 

Jm'mF= frn'mT' +L X FP -, 
wbence, by substitution, 



LxFF' ■ 



tbtis, 






L X FP 

whence, 

— » 

' ^"" LXFP' 

Thus, /he distance of the centre ofosciUation below tlit centre of 
gravity is equal to the sum of all the parts multiplied by the squares 
Aeir respective distances from the axis drawn through the centre of 
gravity J divided by the product of the mass into the distance of the 
centre of gravity from the aons of suspension. 

Now by multiplying both members of the above equation by 
FP^ and dividing both by PO^ we shall obtain, 






L X OF 

Accordingly, if we consider the body as inverted, and make O 
the point of suspension, F will become the centre of oscillation, 
nnce we have the same expression as before for the distance 
df this point below the centre of gravity. 

We hence infer, that the point of suspension and centre of oscil- 
lation are convertible^ that w, either being made the point of suspen- 
sion the other becomes the centre of oscillation. 



S«0. 
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Reciprocally, if two points are so chosen, or so adjusted to 

each other by moveable weights, that the pendulous body shall 
vibrate in the same time when suspended from one as when sus- 
pended from the other, these points are alternately the centres 
of oscillation and points of suspension, and the distance asunder 
is the length of the pendulum in question, and equal to that of a 
simple pendulum vibrating in the same time. The above proposi- 
tion was demonstrated by Huyghens, the original author of the 
theory of the pendulum, but it was not till very lately applied to 
any useful purpose. Captain Kater was the first to perceive 
that it furnished a very simple aud accurate method of deter- 
mining the length of the compound pendulum. 

Figure 1 79 represents Captain Kater's pendulum. The axes 
jP, O, were adjusted by means of intermediate moveable weights 
C, D, and with so much accuracy that the number of oscilla- 
tions made in twenty four hours, F being uppermost, differed from 
those performed in the same time with O uppermost, less than 
half a vibration ; and the mean of twelve sets of observations with 
first one then the other uppermost, differed from each other less 
than the hundredth of a vibration. The length of the pendulum, 
as thus obtained, is stated to be 39,1386 inches. This is for the 
latitude of London, or 51** 31' 08'',04 .Y, and on the supposition 
of the arcs of vibration being infinitely small, taking place in a 
vacuum, and at the level of the sea, the temperature being 62*> 
by Fahrenheit's thermometer. This determination exceeds what 
was considered the most accurate result of the methods previous- 
ly in use by 0,00813 or nearly one hundredth of an inch, a very 
important difference in researches where the ten-thousandth of 
an inch is appreciable quantity. 

It may be observed, moreover, that if the two axes of the 
pendulum be cylindric surfaces, the points of suspension and 
oscillation are truly in these surfaces, and the length sought is 
rigorously the distance between these surfaces. This second 
property, so necessary to the completeness of the method, when 
actually applied to practice, was discovered by Laplace. See 
Ed. Rev. vol. 30, p. 407. Phil. Trans, for 1818. 
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370« It is not necessary to go through the same process in 
t>rder to find the length of a pendulum required to vibrate in any 
other proposed time, as half a second, or half a minute. The 
principles we have investigated will enable us to solve all prob- 
lems of this kind with the greatest facility and exactness, when 
ihe length and time of vibration of one pendulum is known. Thus 
if it is proposed to find the length of a pendulum required to vi- ^^' 
brate half minutes, the proportion 

by substituting for (, f, 1" and 3(y^, and for a 39,1386, the length 
of the seconds pendulum, we have 

1* :: (30)> :: 39,1386 : of = 39,1386 x 900 = 35224,74 
inches, or 2935,39 feet. 

In like manner, the length and time of vibration of one pen- 
dulum being known, the time of vibration, in the same place, of 
any other pendulum whose length is given, may be determined. 
Suppose, for example, that it is required to find the time in which 
a pendulum of 20 feet, or 240 inches in length, would perform its 
vibrations ; by substituting the known quantities in the general 
proportion, 

we have 

^89,1386 : vaio" : : 1'' : f = |_?i2 = 2'^5 nearly. 

^39,1380 "^ 



Measure of the Force of Gravity. 

371. It will be easy now to determine through what space a 
lifavy body must pass in the first second of its fall, the air and 
all other obstacles being removed. For the equation 



""ss 



gives, by squaring both members and transposing, 

71^ a 

Hu 32 
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in which g represents the velocity acquired by a heavy body 
at the end of the first second of its fall, and which is double the 
height or space through which it would descend in a second firooi 
266. a state of rest ; a is the length of the pendulum each of whose 
vibrations is performed in the time f. Accordingly, if for If we 
put one second, a must be 39,1 386 inches for the latitude of Lon* 
don.* Moreover ;r, the ratio of the circumference of a circle 
Geom. to its diameter, is equal to 3,1416 nearly ; hence 



g = (3,1416)« X 39,1386. 



Accordingly, 



3,1416....2 log....0,99430 
39,1386 log.... 1,59260 

386,28 2,58690 

The value of g, therefore, is 386,28 inches, or 32,1 9t feet, equal 
to 32,2 nearly ; and half this quantity or 16,1 is the space des- 
cribed by a heavy body in an unresisting medium at the surface 
of the earth in one second from the commencement of its motion. 
273. We have thus fulfilled our promise. 



Application of the Pendulum to Time-Keepers. 

372. The pendulum attached to clocks for the purpose of reg- 
Fig.180. ulating their motions, is ordinarily a rod of metal or wood loaded 



* The length of the seconds pendulum, and consequendy the val- 
ue of ^, is referred to the latitude of London on account of the great 
accuracy of the observations that have been made at this place. The 
difference, however, in the length of the pendulum in different lati- 
tudes, at the level of the sea, is so small as to amount only to about 
\ of an inch at the extreme, or when the places to which the obser- 
vations relate are the equator and the pole ; and the difference la 
the value of^at these places, is only about two inches, as may be 
easily shown by the above formula. 

t The most accurate observations on the length of the seconds 
nendulum at Paris in latitude 48^ 51' give for the value of ^ 32,182 ft. 
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[he lower ^strpniiiy witli a weight in the forn] of a lens, s^^^^f 
bccd as meet with as liulc resistance as possible from (he alrJ^^H 
Die axis also or jwiiit of suspension is filled lo have very little ' 

1 iciioti> Connected with the pendulum, is a train of wheels and 
iiiioDS. the leeth and leaves of which are so adapted to each 
her, (hat the motions correspond lo the several divisions of 
iriie, and their axes carry indexes that show by the arcs they 
If-cribe, the hours, minutes, and seconds. Around the axis aL^^J 
one extremity of this train of wheels, is wound a cord bearing ft^^^| 
wrigbi, that would put the whole system in rapid motion, but ftq^^^f 
ihr appcndai^e to the pendulum CFD at the other extremity of ihe^^H 
■' itn of wheels, which, while the pendulum is at rest, effectually 
revents all motion. But if the pendulum be made lo vibrate, 
; "ill suffer one tooth to pass or escape at each vibration, while 
I the same lime the impulse of ibc teeth upon Ihe arms FC, FD, 
■ - so adjusted, bj increasing or diminishing the weight, as just to 
mrrcomc the friction and the resistance of the air, and thus to ^^J 
keep up the motion, while (he action of the weight continuesi^^^H 
The contrii'ance by which the train of wheels is connected with^^^H 
ihc pendulum, is called the escnprmmt. ^^^M 

373. On account of the constancy of gravity the oscillationt^^^H 
of the pendulum, other ihiiij^s being the same, mast be equal <»^^^| 
of the same duration. There are, however, several causes ihaf^^^f 
tend todisiurbthisisochronism. (l.) The air is subject to ebange^^^H 
of dcnsiiy, on account of which the arcs of vibration will some*'^^H 
Iniea be longer and sometimes shorter, while the maintaining 
i-^wer remains the same.* But if these changes are noted, or if 
lir arc* of vibralion are noled, the deviation from perfect regu- 
I <rity can be calculated, and allowance made accordingly.! It 

*As iho Mir beromes more dense the pendulum is moro resisted 
111 wuuli] Miera lo be retarded, but the arc of vibration being dtm!n' 
<k<d, the clock goe* faMer, so that one of these causes tends to coun- US. 
muti ihii Hther. In like niaanor, when ihe motion of the axis and i 

'< )ii-eU is ohsiructc-il by dust or want of oil, the impulse of the wciglitj^^H 
ononimicBted lo ihe peiidulnm is dimini»bed, the nrcs of vibratioi^^^H 
"rt' reduced, Hud heiire there is ii tendency tn tnrrenau its rate <^^^^| 
"'""?■ ^^l 

f If llio pendulum could he made to move in tlio Rrc of a cycloid, 
It irill be )>erceived from what has been said of this curve, thai nil ^- ■ 
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may be remarked, moreover, that the irregularity from this 
cause, is rendered for common purposes altogether inconsidera- 
ble, by making the pendulum very heavy, and the arcs of vi- 
bration very small. 

374, (2.) A much more im{X)rlant source of error, in the rate 
of going of common clocks, is to be referred to changes in the 
actual length of the pendulum arising from heat and cold. A 
brass pendulum rod, for instance, has its length increased about 
two hundredths of an inch for a change of temperature of 30® of 
Fahrenheit's thermometer. This would seem to be a small 
quantity ; yet as it is continually exerting an influence, the accu- 
mulated effect in the course of 24 hours or 8640(y' amounts to 
more than a third of a minute. The expansion of iron is about 
I of that of brass. There are some kinds of wood that are sub* 
ject to very little variation of length, particularly in the direction 
of the fibres, on account of temperature. Still no substance is 
entirely free from these changes. The effect of any augmenta- 
tion or diminution of length in the pendulum may be computed 

346. by means of the principles that have been investigated. 

375. But we can obtain more convenient and sufficiently ex- 
act formulas for the variation in the rate of the going of a clock, 
when the changes in the length of the pendulum are very small, 
as those are which arise from heat and cold, a being the exact 
Icnf^th of the seconds pendulum, or that by which the clock 
would keep correct time, and of the actual length, as affected by 
heat and cold, if we put n for the number of oscillations in a day, 
performed by the former, n* for the correspondiFjg number of the 
latter, and ^ for the time of this latter, we shall have 



346. 



also 



' = ^!? = 



348. n' 



arcs whether longer or shorter, would be described in the same time. 
But the practical difficulties attending all the methods hitherto pro- 
posed, are such as to occasion errors, that more thr.n compensate for 
the theoretical advantages to be derived from a cycloidal motioo. 
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whence 






and 



0^ = 



n'» 



Supposes to be the augmentation or diminution of length in ques- 
tion, and y the corresponding daily loss or gain in seconds, we 
shall have 



a' = a zb OP = 



an* an an* a 



<* (n=Fy)» n«=F:2ny + j,« 1 zr: ^' 

n 

searlj, neglecting ^ as very small ; that is, 

a±x=ra(l ± ^), 

nearly, from which we obtain, 

2 va J nx ^ 

x= -^, and y = _..» 
n xa 

Thus, if for any given rise of the thermometer, the pendulum 
is lengthened one hundredth of an inch, we shall have for the 
number of seconds lost per day, 

nx 86400^x0,01 ^ ,„ , 

y = ^ ^ 2 X 39,14 = ^^ "'^'y- 

On the other hand, if a clock is known to keep time correct- 
ly at a particular temperature, as 55^ for instance, and at 32° is 
found 10 gain T' a day, we should be able to determine the cor- 
responding diminution in length, or the contraction in the rod of 
the pendulum, answering to this number of degrees; thus, 

2ya 2 X 7 X 39,14 ^ ^^^ . . 
X = — ■^— = , = 0,006 inches. 

376, It will be seen, tliercfore, that by rendering the weight 
of the pendulum moveable upon the rod, and connecting it with a 
micrometer screw, a correction may be applied for the expansion 
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and contraction according to the state of the thermometer. But 
a more convenient method has been devised by which the expan- 
sion of one metal is made to counteract that of another. The 
expansion of iron and brass being to each other as three to five, 
E^ig.181. if we make the rod FB of iron, and the rod AO of brass in the 
proportion of 5 to 3 ; they being connected at the lower extrem- 
ities, and the weight being attached at O, the rod AO will expand 
upward just as much as the rod FA expands downward, and the 
point O where the weight is a{^lied, will consequently remain 
amid all changes of Jtemperature at the same distance from J*, 
the point of suspension. A number of rods of each kind is usu- 
ally employed as represented in figure 182 where the rod which 
supports the weight, is attached at /^and free at Z), jy, the brass 
rods expanding upward and the iron ones downward as before; 
so that if the proper proportion as to length be observed, a com- 
pensation for the effect of temperature will be obtained. Other 
means have been invented for accomplishing the same purpose* 
Of these we shall mention only one which has been attended 
with great success. The weight AB is made to consist c^ a glass 
tube about two inches in diameter, and from 4 to 7 inches long, 
filled with mercury. As the rod of the pendulum supporting this 
weight, expands downward, the mercury expands upward, as in 
the contrivance first mentioned, and the quantity may be increas- 
ed or diminished till a compensation is eiffected. A clock pr^* 
vided with a pendulum of this construction, made by T. Hardy of 
London, for the Royal Observatory at Greenwich, was found after 

* The expansions of glass and mercury being as 1 to 10 very near- 
ly, if the suspending rod be of glass, the column of mercury must be 
,'^ of the length of the pendulum or about 4 inches. If the rod be of 
iron, as this substance has a greater expansion in the ratio of 3 to 2 
near!}-, the column of mercury should be about 6 inches. A steel rod 
would require a column 6,4 inches in length, which, on the suppo- 
sition of a diameter of two inches, would weigh lOlbs. From accurate 
calculation, it is found that if such a pendulum should keep perfect- 
ly true time, when the thermometer is at 30®, and that it should gaio 
or lose 1" a day when the thermometer is at 90°, the imperfection 
would be remedied by the subtraction or addition, as the case requir- 
ed, of 10 ounces of mercury. 
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two years' trial to vary only j^ of a second in 24 hours from its 
mean rate of going. A clock of the same construction owned by 
W. C. Bond of Boston, though much less costly, has been found 
by careful observation, to go with nearly the same accuracy. 

377. A . watch or chronometer differs from a clock by hav- 
ing a spring for its maintaining power, and a horizontal in- 
stead of a vertical pendulum, in which a small, fine spring per- 
forms the office of gravity. The pendulum or balance^ in this Fig.184. 
case also, is subject to irregularity from heat and cold, and re- 
quires a distinct compensation. Considerable weights m, w^, are 
attached to the balance by means of slips C m, C m\ of brass and 
steel, the brass slip in each being outermost. While, therefore, 
the general expansion of the wheel tends to throw the weight 
to a greater distance, the superior expansion of the brass slip 
over the steel brings the weight nearer to the centre, and the 
length of the slip being properly adjusted to the weight, the cen- 
tre of oscillation, or rather of gyration^ will be preserved always 
at the same distance from the axis. 

273. We have found formulas for the difference in the rate 
of going of a clock answering to small changes in the length of 
the pendulum, the position with respect to the centre of the earth, 
and consequently the force of gravity, being supposed to remain 
the same. It will be easy also to find formulas for the vari- 
ation in the force of gravity and in the rate of the going of a 
clock, depending upon small changes of distance from the centre 
of the earth, n, n', for example, being the number of vibrations 
of the same pendulum at the two stations? respectively, the pen- 
dulum being supposed to vibrate seconds at the first ; from the 
proportion. 



when a' = n, we have^ 






n- 



If the second station be below the first, or that at which the 
pendulum vibrates seconds, s^ will exceed g, and the clock will 



Z4B. 
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^in ; on the contrary supposition it will lose. Let 

and let y denote the daily gain or loss in seconds ; we shall have 

^ f 1 ± x> = g ('^ ^ y)' = g(n»=h2yn) 
nearly. Whence, 

0? =E db — ^. 
n 

Thus, if a pendulum fitted to vibrate seconds at the equator, 
would, upon being carried to the pole, gain 5' or 30C a day, we 
should have 

2 X 300 I 

X = 



86400 144' 

that is, the forc^ of gravity at the equator is to that at the pole, 
on this supposition, as 144 to 145. 

Let the difference h in the distances of the two stations from 
tlie centre of the earth be given, gravity being supposed to vary, 
inversely as the square of the distance, the gain or loss of the 
clock might be readily found as follows. 

If we call R the distance of the centre of the earth from the 
first station, and g the force of gravity at this station, the pendu- 
lum being supposed to vibrate seconds, we shall have for the 
distance of the second station R zh h, and for the force of grav- 
ty at this station, 

R^ r. 2h 



R^ - n _^ 



2 h 
nearly. Hence, putting —=r- for x in the above formula, we obtain 



2/i ^ 2y , . 
q=-^ = zi=--^, anddby = 






Thns, if the second station be above the first, as 1 mile for in- 
stance, the radius of the earth being 3956, or 4000 nearly, the 
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the fomub givei 

— y - VAV = 21,6'', 
the sign — indicatuiig that the clock loses. 



Rotation of Bodies unconfimd. 

879. It has been demonstrated that when a body L re- Pig.186. 
eeives an impulse in a direction HZ, not passing through its 
centre of gravity O, this impulse is transmitted entirely to *^- 
the centre (rf* gravity, which moves in a direction parallel to HZ 
according to which the body has received the impulse ; and that 
the parts of this body, in the mean time, turn about the centre 
of gravity in the same manner as if it were fixed. Therefore, if 
the figure of this body, and the forces impressed upon it (of 
which I suppose g to represent the resultant) are such that it can 
turn only about a single axis ; as this axis will necessarily pass 
through the centre of gravity, all that we have said on the 
sobiect of the moment of inertia, is applicable to this case, . 
wiaerstanding by r in y*m r", the distance of any particle from 354^ l^g^ 
the axis which passes through the centre of gravity, and by p x Z) 
the moment of the force HZ, taken with respect to the same axis, 
or the sum of the moments of all the forces which act upon the 
body, taken with respect to this same axis. That is, the centre 
of gravity will move parallel to the direction of the force p, with 

a velocity = —-, L being the mass of the body ; and if we draw 

GZ peri)endicular to HZ, and call v the velocity of rotation of 
the ppbt Z, we shall have 



28. 



or 



fmr^ ' 
Of this we shall give a few applications. 

380. Let us suppose that the body .AT impinges upon the 
body L, according to any direction whatever EQjiu such a man-Fis.iso. 
Meek. 33 
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ner as to cause no rotation in L, except about a single axis per* 
pendicular to the plane which passes through the centre of 
gravity 6, and the perpendicular TZ belonging to the point of 
contact T; it is proposed to determine the velocities after collis* 
ion, and the directions of these velocities, the body L h&Dg 
supposed at rest* 

Let us imagine a plane touching the point 7\ and let the ve- 
locity of .AT, according to EQ be decomposed into two otheti 
one according to ET perpendicular to this plane, and the other 
according to El parallel to this same plane. If Jf had no other 
velocity but £7, it would only touch L in passing, and would 
communicate to it no motion, the effect of friction being out of 
the question. It is therefore only in virtue of the velocity £7*, 
that the impulse is produced. Now as it is easy to determine 
ET in the parallelogram ETAI^ of which all the angles and the 
diagonal EA are supposed to be known, we shall consider this 
velocity £7 as known, and we shall call it u. Let vf represent 
the velocity of A* after collision, according to the direction ET 
or CZ \ consequently u — u' is the velocity lost by collision, and 
^ X (tt — u') is the force impressed upon the body L, which 
we have called g. Therefore the centre of gravity and all the 
parts of the body will move in the direction GM parallel to CZ^ 
with a velocity 

L 



P = ^^ ^ (.), 



calling this velocity 9. 

But, as the force ^ X (u — u^) does not pass through 6, the 

centre of gravity of L, the body must turn about 6, as if this 

180. point were fixed. Let v' be the velocity of rotation of the point 

Z where GZ^ perpendicular to CZy meets the latter line ; we shall 

have, therefore. 



SS8. 



. j>r X (u — «') X oz 

^= ji;^ ' 



or representing GZ by D, 
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It may be obBWved, moreover, that it is necessary, in order 
tkat the body N may really have the velocity vf^ that the point 
7* of the body L should also have this same velocity vf accord- 
ing to TZ. Let us now see with what velocity this point must 
advance according to TZ. 

It will have, in the first place, the velocity v common to all 
the ports of L. Moreover, if we suppose that the infinitely small 
arc TP perpendicular to G7, represents the velocity of rotation 
of the point T, by constructing the parallelogram TCTB upon 
the directions TT", TA and TZ, we shall have TC for the veloc- 
ity of 7 according to TZ in virtue of its rotation. Now the sim- 
ilar triangles TTCy GTZ^ give 

GT: GZ :: IT' : TC^ ^^ GT^^ ' 

But since v' is the velocity of rotation of the point Z, we have 

1/ : Tr :: GZ : GT, 

whence 

_ v'xOT ^ 
^^ "" ''GZ'' 

and consequently 

oz ^;xGr^ 

OT ^ GZ ' 

therefore the total velocity of the point T belonging to the body 
L, according to £Z, \&v + x/ -j and hence v + t/ = uf (3), 

If firom the three equations found above, in order to express 
the conditions of the motion, we deduce the values of uf, i/, and 
a, we shall obtain 

_ J^ifmr' + LD*)u 



A** fmr' 



{A + L)fmr'+LD^fP 



^ "" (A-+ L)fm^ ^LD» J^ 



If tiie distance GZ or D =: ; that is, tf the di^^tim of die 
impulse passes through the centre of gravity G, the velocity tf 
rotation t/ = 0, the velocities w' and v are equal to each other 

and to , as indeed they ought to be, according to article 

•/v ^ 1j 

288. The velocity u' being determined, if it be compounded 
with the velocity £/, which has suffered no alteration, we shall 
have the absolute velocity of .AT, and its direction after collision. 

If the body L were in motion before collision, we should de- 
compose the velocity of JV before collision into two others, one df 
which should be equal and parallel to that of L ; this would 
contribute nothing to the impulse, and we should employ tlj^ 
second as we have employed the velocity according to £Q, conr 
sidering the body jL as at rest. 

If we compare the value found above for r^, with that which 
8d3. we before found for the velocity of rotation, by attending to the 
difference in the import of r in the two cases, we shall be able to 
determine the difference between the velocity of rotation which 
belongs to a free body, and that belonging to one which admits 
only of a rotation about a determinate point or axis. 

381. From the value which we have found for r', the veloc- 
ity of rotation, may be deduced a method for determining by 
experiment the value of J mr^^ and the position of the centre of 
gravity in a body of any figure whatever. We shall apply to a 
vessel what we have to say upon this subject. 

Let us suppose, that, by means of a weight J^ and a rope at- 
tached near the stern, the vessel is drawn in a direction perpen- 
dicular to its length, the weight being small compared with the 
whole weight of the vessel. Let this weight pass, for instance. 
Fig 187 over the pulley P. The velocity of the vessel during the exper- 
iment, (which should continue only for a very short time, as a 
minute or half a minute) will be so small as to make it unneces- 
sary to take account of the resistance of the water. 

The action of grQ\ity communicates to A*, in the instant if/, 
the velocity gdi (g being the velocity acquired in a second of 
time), and produces in the vessel an infinitely small velocity of 
rotation, which I shall call dv'lor the point A where the rope is 
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attached. Patting, therefore, g <{ < for ti, and di/ fori/, in the 
▼alue oft/ found above, JV* being considered as very small or 
nothing compared with £«, the mass of the vessel, which gives 

we shall have 

fmr» 

Let dt/^ be the velocity with ilrhich that point of the vessel turns 
which is distant one foot from the centre of gravity ; we shall 
.have 

dT/ : dv" :: AG I 1 :: D i 1, 
and consequently 

di/ = Z)dt/'. 
Substituting for df/ this value, we have 



and, by integrating, 



_ g/rpt 



fmr* 

Let z be the arc described by the point in question during 
the time i ; we shall have 

dz = i/'dt, 

and consequently 



"' - /mr« ' 



whence, by integrating, 



.= -^ 



A"Z)<« 



2/mr« ' 



Therefore, if the rope acting always perpendicularly to the 
length of the vessel, be attached to another point /, and we call 
7f the arc described by the same point during the same time t, 
we shall have 
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• 



calling D the distance IG ; whence we have 

2 I 2f r. B . ly II AG I IG', 

and hence 

A1gi224. 

2 — 7f : z : : AG -^ IG or AI i AG. 

Now if after each experiment we measure, as may easily be 
done in several ways, the angles of rotation, that is, the nam- 
ber of degrees contained in the arcs 2, 7f respectively, we may 
substitute these numbers instead of the arcs 7, 2^, in the propor* 
tion ; and since the distance AI is known, we readily obtain AG^ 
that is, the position of the centre of gravity. 

The value of AG or D being determined, we calculate the 
294, ' length of the arc z which has 1 for radius, and of which the 
number of degrees is known; then, since N is known, and g is 
271. equal to 32,2 feet; if we take care to observe the number of 
seconds which elapse up to the instant at which the number of 
degrees in z is counted, we shall know every thing except f mr* 
in the equation 



^ 2/mV ' 



but this equation gives 



fm r* = -S-- 

whence we obtain the value offm r*, which it would be very 
troublesome to obtain by a particular calculation of the differ- 
ent parts of the vessel. 

382. When a body L of any figure whatever, having received 
'^' ' an impulse in a direction /7Z, not passing through the centre of 
gravity, takes the two motions of which we have spoken, it is ea- 
sy to see, that for an instant it may be regarded as having but 
one single motion, namely, a motion of rotation about a fixed 
point or axis jP, which according to the figure of the body, and 
also the distance GZ at which the impube passes from 6, may 
be situated cither within or without the body. For if, while tb? 
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line GZ h carried parallel to itself from GZ to G'Z'y we imagine 
it to turn about the moveable point G, since the points of the 
body have velocities of rotation greater in proportion to their 
distances from G, it is manifest that there is upon the line ZG a 
point F which will be found to have described from P toward 
Fj an arc equal to Cr&^ and which may be regarded for an in- 
stant as a straight line ; the point F then will have retrograded 
as far by its motion of rotation as it has advanced by the veloc- 
ity common to all parts of the body ; this point will therefore 
have remained constantly in jP, which, for this reason, may be 
considered for an instant, as a fixed point about which the body 
toms. If we would know the position of the point Fj it will be 
remarked that the arcs FP, Z'l^ which the points F' and Z' de- 
scribe in an instant, may be considered as straight lines perpen- 
dicular to GZ^ or parallel to GG' ; now the similar triangles 
FPG'^ G'Z'I, give 

G'Z' I &P I. Z'l I FP, 
or 

GZ : GF :: Z'l : GG' -, 

bat we have found the velocity, 

GG' = ^, and the velocity Z'l = £ii^ ; 
hence 



therefore 



GZorD:Gi'::£il^:f; 



D X L 



383. The point Fls called the ctnirt of spontaneous rotation^ 
because it is a centre which the body takes as it were of itself. 
This point is precisely the centre of oscillation which the body 
L would have, if it turned about a fixed point or axis situated in 
Z; for fi'om 






we have 
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^^=^irL+''^ Din 

/mr» + LxGZ 
"^ GZxL 

JHowfmr^ + L X GZ is in article 360 precisely what we have 
understood hjfm r* in article 36 1 ; therefore the point F is hert 
the same as the p^unt O in article 361. 

We perceive, therefore, that the point about which a body 
may be considered as turning for an instant, is independent of 
the value of the force or forces which are applied to this body; 
and generally it may be inferred from the value of FG^ that this 
point is the more distant, according as the force in question, or the 
resultant of all the forces, acts at a less distance from the cen- 
tre of gravity. 

a<si. 384. We have seen that when a body turns about a fixed 
point or axis, its centre of percussion is the same as its centre of 
oscillation ; whence these two centi'es are found by tl^e «anie op- 
eration. It is not the same when the body is free. For, let as 
suppose a body whose mass is L, to turn about its centre of grav- 
ity with a velocity, which, for a point situated at the known d^ 
tance a, shall be v ; and that at the same time this centre mores 
with the velocity u. It is manifest, in the first place, that the rc- 
sul ing force of all the motions belonging to the different parts 
of this body, will have for its value L x u or L u, that i$, tkf 
same as if the body had no motion of rotation. In the second 
place, the distance at which the resultant must pass from the 
centre of gravity, is evidently that at which a force 6;i|ual to Lti, 
would produce in the body a velocity of rotation equal to thai 
which it actually has ; but this velocity v has for its expressiMD 

-, calling D the distance sought ; we have, therefore 
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and consequently 
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ti La 

SDd hence we see that the distance of the centre of percussion 
of a free body depends on the ratio of the velocity of rotation to 
the velocity of the centre of gravity ; and particularly that it is 
nothing when the velocity of rotation is nothing, as in fact it ought 
to be. 

We may hence determine at what poiht to place an obstacle 
io order to stop a free body which has a progressive and rotato- 
ry motion at the same time ; namely, at the centre of percussion 
of this body, or the point where it would give the strongest blow 
or exert the greatest force* 
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385. Any force has for its measure, as we have already said, 
(he product of a determinate mass, into the velocity which the 
force in question is capable of giving to this mass. It seems 
proper, in this place, to add something by way of illustrating the 
application of this principle to machines. 

When two weights act against each other by means of a sim- 
ple fixed pulley, it is necessary in order to an equilibrium that 
their masses should be equal ; and this equilibrium once estab- 
lished, will always remain. 

But if instead of opposing a weight to a weight, we oppose 
the force of an animal, as that of a man, for example, although 
it be true that, in order to an equilibrium, this man has only to 
exert an effort equal to the weight to be sustained, that is, equal 
to the quantity of motion represented by the mass of this body 
multifllied into the velocity which gravity communicates in an 
instant ; it is, nevertheless, evident that if the man were capable 
of but one such effort, the equilibrium would continue only for 
an instant, because gravity renews each successive instant the 
action which was destroyed in the preceding. 

Mech. 34 
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It is not, therefore, by the mass only which the man supports, 
that we are to estimate his strength ; but we must consider, also, 
the number of times that he is able to exert an action equal to 
that which gravity communicates every instant to the body. 
Now if g represents the velocity which gravity is capable of 
giving to a free body in a second of time ; and d t represents an 
-^- infinitely small portion of any time t^gdtwiil be the velocity 
which gravity gives during the instant d f, t being supposed to 
be reckoned in seconds. Therefore, if m be the mass which it is 
proposed to sustain, mgdt will be its weight, or the quantity of 
motion which gravity gives it each instant di; it is accordingly 
the eflTort also which must be exerted each instant by the force 
which is to support m, either directly or by the aid of a pulley. 
Therefore, during any time /, this force must expend a quan- 
tity of motion equal to 

tmgdt or mgU 

Therefore, if i denotes the time at the end of which the agent is 
DO longer able to support the mass m^mgt may be regarded as 
the measure of his strength. We do not mean by this that he is 
no longer capable of exerting any eifort; but his force having 
become unequal to the effect to be produced, it is considered as 
nothing with respect to this effect. LiCt us, for example, suppose 
that in order to support a weight of 50*** for an hour, it is pro- 
pased to employ a force, which acting by equal and infinitely 
small degrees, is known to produce in a mass of SO'^, a velocity 
of 50 feet in a second, at the instant when this force is exhausted. 
It is manifest that this mass of 20*^ will have a quantity of motion 
equal to 

20**» X 50 or 1000. 

Let us see, then, if this quantity of motion be equal to what 
the quantity m g t becomes, by putting 50'** for m, an hour or 3600*' 
278. for /, and 3^2 feet for g. It appears to fall far short of it ; such a 
force, therefore, would not supjx)rt a weight of 50* during an 
hour. If we wished to know during what time, or what number 
of seconds, it would su{)port it. we have only to suppose 

mor/ = 1000; 
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and, putting 50 for fn, and 33,2 for g, we shall have 

mgt _ 1000 _ 1000 _ 100 _ ^" , 

mg ^^ 50 X 32,2 ^ 1610 "" IgT "" 8 "^^"^ ' 

that is, such a force would support a weight of 6tf ** only about f 
of ? second. 

386. Let us now suppose that it is required not only to sup- 
port the mass m during the time <, but also to move it during 
same time with a uniform and known velocity v. 

It is manifest that in communicating the velocity r, either succes* 
siTcly or at once, to the body w, there must have been expend- 
ed a quantity of motion equal to m v ; and to maintain this veloc- 
ity V during the time t, the action of gravity is to be resisted all 
the while just as if the body had remained at rest ; that is, there 
must have been expended an additional quantity of motion equal 
to mgti therefore to maintain in the mass m the velocity v dur- 
ing the time <, the agent must be capable of producing a quantity 
of motion equal to m v + mgt- 

387. It is ascertained by actual trial, that a man can work at 
a machine like that represented in figure 97, for 8 hours success- 
ively, and cause the winch to make 30 turns a minute, the radi- 
os of the cylinder and that of the winch being each 14 inches, 
and the weight applied at the surface of the cylinder being 25^« 
This experiment determines the value of 

mv -i- mgtj 

and consequently the limit to be observed in estimating the force 
of a man working at a machine, and for a definite period of time. 
Indeed, since the radius of the winch and that of the cytpbder are 
equal, the weight in this case passes through the same space with 
the power. Thus, the radius being 14 inches, at each turn the 
power passes through 28 X 3,1416, or 88 inches nearly; and^' 
since it makes 30 turns a minute, it describes 44 inches a second, 
or f I of a foot ; that is, the velocity 
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m = 25* g = 32,2^, and / = S"* s= 2880(K'. 

The substitutions being made, we have 

mv + mgt=^ "J* + 23184000 = 23184092. 

By means of this number, we can judge whether the strength fA 
a man be sufficient to produce a proposed effect* For instance, 
if it be asked whether it be possible for a man, with the machine 
above referred to, to raise a weight of 60* with a velocity of 10 
feet in a second, during 6 hours, we shall perceive that it is not» 
For we should have in this case 

m = 60*; 1) = 10 ; g = 32,2; i = 21600^' ; 

which gives 

mv + mgt = 600 + 41731200 = 41731800; 

as this greatly exceeds 23184092, it follows that a single man is 
unequal to such an effect. 

It may be remarked that in these two examples, the velocity 
V with which the man is supposed to nK>ve the weight, is of very 
little consequence in estimating the force required ; for in the 
first example, the quantity of motion which answers to this veloc- 
ity, is 'I' ; and in the second, 600; quantities which are very 
small compared with 23184092 and 41731800. Therefore, in 
the second example, if we are unable to produce the desired 
effect, it is not because the velocity is greater than in the firs< 
case, but chiefly because the mass and the time during which it is 
to be moved, require of the agent too great a quantity of motioa. 

While^herefore the velocity required in the agent is small com- 
pared witng <, that is, with the velocity which a heavy body fallinj 
freely would acquire in the time during which the agent is sup 
posed to be employed, we may take simply for the measure o: 
the force in question, the quantity mg/ ; and we shall have 

mg< = 23184000. 

Thus, if the mass (the velocity with which it is to be moved be 
ing moderate) multiplied by the velocity which a heavy bodj 
felling freely would acquire in the time during which the powei 
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is to act, farms a product less than the constant number 231 84000, 
or exceeding it but a little, the power may be considered as suf- 
ficient for the proposed effect, it being supposed to act as in the 
two preceding examples. But if the velocity with which the 
weight is to be moved, is considerable compared with g /, it will 
be necessary to subtract from the constant number 23184092, 
the quantity of motion m v due to the velocity with which the 
body is to be moved ; and if the weight multiplied by g f, the ve- 
locity which a falling body would acquire in the time during 
which the machine is \o be worked, forms a product smaller than 
the remainder above found, the power may be deemed sufficient. 

388. In what wc have now said, we have taken no account 
of friction. When the motion of the machine has become uni- 
form, (which is the state in which machines ought to be consider- 
ed) the effect of friction may be regarded as constant, and it 
may be compared to a new mass required to be moved together 
with the proposed mass. Thus, in the case above considered, 
the friction being supposed equivalent to the weight of a known 

part — of the mass m, this resistance will require in the power 

c 

a quantity of motion equal to — ^gi^ and thus, 

c 

mv H »wg< +w»g^ 

c 

or 

ffiv + f f- 1) mgt 

will be the measure of the moving force. 

If then, in the experiment above referred to (the axle being 
supposed to have a radius much less than that of the cylinder), 
we suppose the friction to have been j\ of the weight, m v being 
neglected, as it may be in this case, we must augment the number 
33184000 by its twelfth part ; then the force of a man in similar 
circumstances may be represented by the number 25116000. 
We see, therefore, that to be able to estimate w^ith sufficient ac- 
curacy the force of a man, we must previously ascertain the ra- 
tio of the force of friction to that of the weight, in the experiment 
employed, with the view of determining this force. Then if k 
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be the value derived from this experiment for f h 1) ♦'•g^ 

we shall have, 

neglecting m r, when v is small compared with g I. This equa- 
tion will enable us to judge for any other supposed value of 

— , whether the force of a man will be sufficient to move the 

e 

weight m during the proposed time L 

389. In all that we have now said, we have regarded the 
agent as acting immediately upon the weight, and as deriving 
no advantage from local circumstances and the nature of the 
machine. We may often rely upon a much greater effect than 
the particular considerations now presented would lead us to 
expect. For instance, in the use of the pulley a man may add 
to his own proper force the weight of his body, or a large part 
of it. There are, moreover, many other circumstances of which ' 
he may avail himself, and other machines which admit of similar 
expedients. Frequently the motion is not continued, but takes 
place by starts, as in the pulley ; and if there is a loss on this 
account, there is also this advantage, that the agent by intervak 
of rest is capable of exerting the same action for a longer lime. 
We shall not dwell upon these details which it will be always 
easy to take into the account after all that has been said, espec- 
ially if we proceed according to experiments in which care has 
been taken to distinguish the several causes on which the action 
of the moving force depends, and to note what belongs to each. 

It is commonly said that a man can continue during about 
eight hours, to exert an effort equal to 25i^. It will be seen from 
what precedes, that such a statement does not sufficiently deter* 
mine the value of the force in question ; besides, it is necessary, 
as we shall soon undertake to show, to have regard to the velocity 
with which the man acts ; it is no less necessary to consider also 
the manner in .which the action is applied, and many other cir- 
cumstances which we cannot now stop to enumerate. It is prop- 
er, when circumstances vary, to proceed in our calculations upcm 
new experiments made with reference to these circumstances. 
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390. Although we have considered that case only, in which 
the weight transmits all its resistance to the power, it is not less 
easy, after what has been said respecting the ratio of the weight 
to the power in each machine, to determine whether by the aid 
of a particular machine, a given power will produce a proposed 
cflTect. In the wheel and axle, for instance, if the radius of the 
cylinder be <J, and that of the wheel D ; in order that the weight 
may move with the velocity v, it is necessary that the power 

should have a quantity of motion equal to — =:r— ; and since in 

the lime I, the action of gravity would give to the body m the 
quantity of motion mgt^ the power in order to sustain this effort 

must have the force or quantity of motion ^^jr — ; iBnally, if the 

friction is equivalent to the — part of the weight, m being suppos- 
ed to be applied at the distance (f , the power will require the addi- 
tional quantity of motion — X — jr — ; thus, in order to detep- 

mine whether the power be sufficient to move with the velocity 
V during the time /, the mass m, upon a wheel and axle of which 
the radilis of the axle is <y, and that of the wheel /), we must de- 
termine by experiment, the value of 

mvd /a . \ mgid 



ivd fa \ mg 



by employing at a wheel and axle, of known dimensions and 
known friction, a man movhig a known mass ; then if k is the 

a 
value found by putting for w, r, rJ, A — ? and /, the values of 

these quantities respectively in the experiment, it will be neces- 
tary, in every other case, that 

fiivd , fa .\ mgt6 



iv6 .fa \ mgt 



should have a vahie not exceeding /c. 

So also, upon the inclined plane, the power acting parallel 
to the plane ; if we call i the inclination of the plane, mg t sin t ' 
will be the quantity of motion which gravity will communicate 
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successively to the moveable body, according to the directions 
of the plane, in the time t ; thus the power will be required to 
have a quantity of motion equal to 

mv + mgt sin i; 
and if the friction be the — part of the weight, it will be neces- 

c 

sary to employ beside a quantity of motion equal to 

mv + mgt sin t + — mgU 
Having, therefore, determined by experiment one value of 

mv + mg f sin t H ^SU 

it will be necessary when we wish to determine whether th* 
same power be capable of moving a given mass m, with a known 
velocity r, during a known time f, upon a plane whose inclina- 
tion b t, and upon which the friction is a known part of the 
weight ; it will be necessary, I say, to determine whether the 
value which • 

m r + m g ( sin i H mg /, 

c 

will then have, is less than that in the experiment, or at most 
only equal to it ; in either case the thing will be possible. 

If the time /, during which the machine is to be in motion, be 
not given ; still if wc know the space which the power or the, 
weight must describe with the velocity v ; then, as we suppose 
that the motion is uniform, if we call s the space which the weight 

is to pass through, we should put instead of t its value -. 

Such is in substance, the method which is to be pursued in 
estimating forces applied to machines. Each machine requires 
particular considerations as to the nature of the power and the 
manner in which it is applied to this machine. But by going 
back to the quantity of motion to be expended by the agent, we 
may always determine whether he be capable of a proposed 
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effect; and tl»c principles which we have now laid down, will 

fv (o cooduct us ID such inquiries. 
S91. When any power is made to act upon a given resistance, 
' ly ihe imcivention ciibei' of a simple or a compound machine, an 
e^uilibriuiD will lake place when ihc velocity of the power h Ift 
Ihe Telocity of the resistance as the weight is to the power. In 
^^■s state of things, however, the machine must be actually at '^■ 
^Rst, and therefore incapable of performing any work. If we 
Brtri increase the grawer, the machine will move with more and 
more velocity, and will have its motion gradually accelerated 
as long as the power cxct-cds the resistance. But if from any 
cnuHP the power should begin to diminish, or if the resistance 
■ ' niiW increase, or if both these changes in the state of the ma- 
liitr should take place at the same time, the acceleration of the 
;ii.ichtne will diminish, and it will at last arrive at a state of uni- 
form motion. Now this increase of resistance may arise in 
many cases from an increase of friclion, which often {though not 
ktways) accompanies an augmentation of velocity; or it may 
from the resistance of the air, which must necessarily in- 
i with the velocity ; and therefore all machines are found 
to attain a slate of uniform motion. When an undershot 
wbed is driven by the impulse of water, the uniformity of motion 
tt which it arrives, arises principally from the diminution of the 
WWer which in this case accompanies an increase of velocity. 
^nben the mass of fluid strikes one of the float-boards at rest, the 
ilse is then a maximum. When the float-board is in motioa 
It iritbdrawE itself, as it were, from the action of the power, and 
AereCorc its mechanical effect will diminish as the velocity in- 
twa»e«, and if it were possible that the velocity of the wheel 
iboald become erpml to Ihat of the fluid, the lloat-board would 
Ml be struck at all by the moving water. Hence it follows, that 
ifce power itself diminUhes by an increase of velocity, and there- 
btvihal from this cause alone machines in general would soon 
Kquhre a motion sensibly uniform. This effect will be more 
mily ondcrstood] if we suppose an axle to be put in motion by 
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two currents of water, moving with differenC velocities and dnv^ 
ing two wheels, one of which is placed at each extremity of the 
axle. When the wheels have begun to move, by the joint action 
of these falls of water, its motion will at first be slow, and each 
fall of water will perform its part in giving motion to the axle ; 
but if the greater fall is capable, by the continuance of its action, 
of giving its wheel a velocity either equal to, or greater than the 
velocity of the smaller fall, then it is manifest that the smaller 
fall ceases to impel its wheel, and that the whole effect is produced 
by the action of the greater fall. Hence it will be perceived from 
this statement, not only why a diminution of the impelling power 
accompanies an increase of velocity, but why there is a certain 
velocity of the machine, which is necessary before we can gain 
all the useful effect which we wish to have from the powers which 
we employ. 

392. In order to illustrate this in the case of a real machine, 
let us suppose that the power of a man is to be employed in rais- 
ing a load by means of a walking crane. This machine consists 
of a large wheel placed upon an axle, round which is coiled 
a rope, having a weight r attached to its lower extremity ; the 
man walks upon the interior of the wheel, and by his weight 
gives it a rotatory motion, and thereby coils the rope round the 
axle, and elevates the weight r. Let us suppose the wheel or 
drum so constructed, like the fusee of a watch, that the man 
can walk at different distances from the axis ; and let p be the 
power or weight of the man, r the weight to be raised, and d the 
distance of the latter or radius of the axle, and d the distance of 
the former or the radius of the wheel ; then 



: r :: a : D = 



the distance from the centre of the wheel, at which the man must 
place himself, in order to be in equilibrium with the resistance r. 
But as the machine must be moved, and the weight raised, the mvi 

must go to a greater distance from the axis than — ; the motion of 

P 
the machine will therefore be accelerated, and the acceleration 

would increase as he moved to a greater and greater distance 

from the centre of the wheel. Hence it is obvious, that as the 

acceleration increase^, the man must walk with greater and 



woa 
be 
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greater Telocity ; but there is an obvious limit lo this, for be 
woald soon he fatigued by (he rapiJ walking, and would 
rrefore be rendered unfit to continue his work. He must 
irefore return to that distance from the azis, where Ihe 
wheel has such a velocity that he can continue to move with that 
velocity during the period that his work ts to last; that is, 
tfaerc U a particular velocity with which the man must walk, in 
Icr to perform the greatest quantity of work ; and it ivould 
easy (o find this velocity, if we knew the law according to 
ich his force is diminished, as his velocity increases. We may 
)po&e, however, that his force diminishes in the same ratio as 
his velocity increases. 

393. Let p represent the force which a man can exert during 
a given time against a dead weight. This force will obviously 
be greater than any which he would exert on the supposition of 
motion taking place ; for a part of his strength in this case would 
be expended in putting himself ^n motion and in conliiming (his 
motion. Let v be the velocity with which he would lose the 
power of exerting any force ; then, if he move with a velocity r' 
less than s, he will exert a force less than p, and the part lost 
may be found, according to the above hypothesis, that the dimi- 
, j^itiou of force is as the increase of velocity. Since he loses all 
" nlbrcejOr^, when the velocity is v, and none when there is no 

Kity, we have 
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^ is therefore the loss of force sustained on account of moving 
I the velocity r*. There will accordingly remain 

Pihe eff«:live force actually exerted against the weight. Now 

} the distance at which this force acts, i* the resistance or 

jght raised, and S the distance at which the resistance acts, 

u its velocity ; then, when the machine has attained a uniform 

ion, we shall have 



p(.-^)« = 



rif. 
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But, siuoe * 

we have, by substitution, 



;»(l-^)i/ = r«. 



To find the maximum we put the differential of the first member 
equal to zero, t/ being regarded as variable ; we have thus 



Cal. 46. 

or 



di/ ^ = 0, 



p = 2 i/ and i/ = i v. 
Substituting | v for i/ in the above equation, we obtain 

On the hypothesis, therefore, which we have assumed, the man 
will do most work when he moves with half his greatest velocity, 
and in this case the greatest effect will h^ \ pv* 

394* It appears, however, by direct experiments, that the 
force of a man diminishes as the square of his velocity increases,! 
in other words, that the effective forces are as the squares of the 
diminutions of velocity from the point where the effective l&ect 
is nothing. Calling //, therefore, the force answering to the vefo- 
city i/, we shall have, according to this hypothesis, 

whence 

~V~) ^^\^) 0)iP"ltingr — t/=iD(if); 
and hence, 



smcc 



v' - V — zo. 



Taking the differential, as before, and putting it equal to zero, 
and suppressing the constant factor we have 



t See note on the measure of forces. 
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whence 29 = 3 », atod w = | r. Substituting this value in 
equations (ii), (i), we obtain 

or 
also 



^=^(^)* = »^ 



that is, Ae vonfc done is a matimum when the agent mooes with one 
third fart of the greatest velocity of vahich he is capabUf and when 
the weif^ or load is ^ of the greatest which he is able to put in nuh 
iion during the whole time he is supposed to act. 

S96« Having thus considered the maximum effect of living 
agents, we shall proceed to the subject of machines, and shall 
take the case of a wheel and axle, as almost all other machines 
may be reduced to this* 

The powers by which a machine is put in motion, and by 

which that motion is kept up, are called frst movers^ or moving 

jfosoers^ or more familiarly, mechanical agents ; and when various 

moving powers are applied to the same machine, the resultant 

of them, or the equivalent force, is called the moving force* 

The first movers of machinery, are, the force of men and that 
of other animals, the force of steam, the force of wind, the force 
of moving water, the weight of water, the reaction of water, the 
descent of a weight, the elasticity of a spring, &c. If a machine 
be driven by two powers acting in two different directions, we 
must then find their resultant, and consider the machine as driv- 
en by the resulting force* 

The powers which oppose the production of motion in a ma- 
chine, and its continuance, are called resistances ; and the resul- 
tant of ail the resisting forces is called the resistance. 

The work to be performed is, in general, the principal resist- 
ance to be overcome ; but, in addition to this, wc must consider 



376 jPyiuifiMef. 

the reslstSince ot friction, and the resistance arising from the in- 
ertia of all the parts of the machinery ; for a certain portion of 
the moving power is necessarily wasted in overcoming these 
obstacles to motion. 

The impelled point of a machine is that point at which the 
moving power is applied, or rather that point at which the mov- 
ing force is supposed to act, when this moving force is the result- 
ant of various powers differently applied. The working point of 
a machine is that point at which the resistance is overcome, or 
that point at which the resultant of all the resisting forces is sup 
posed to act. 

The work performed^ or the ^ct of a .machine, is equal to 
the resistance multiplied by the velocity of the working point. 

The moment of impulse is equal to the moving force mul- 
tiplied by the velocity of the impelled point. 

396. In proceeding to investigate general expressions for the 
ratio of the velocities of the impelled and working points of ma- 
chines, when their performance is a maximum, let 

D = the radius of the wheel to which the power is applied ; 
or, which is the same thing, the velocity of the impelled 
point of the machine ; 

d = the radius of the axle to which the resistance is applied, 
or the velocity of the working point of the machine ; 

p = the moving force applied at the impelled point; 

r = the resistance arising solely from the work to be per- 
formed ; 

m = the inertia of the moving power/?, or the quantity of mat- 
ter to which that power must communicate the velocity of 
the impelled point ; 

n = the inertia of the resistance, or the quantity of matter 
to be moved with the velocity of the working point be- 
fore any work can be performed ; 

/ = the quantity of matter, which, if placed at the working 
point, would create the same resistance as friction ; 
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t 3= tbe quantity of matter, which if placed at the working 
point, would oppose the same resistance as the xnerHa of 
all the parts of the machinery. 

Since d and d are the radii of the wheel and axle, we shall 

have D : d : : r : — , a weight equal to that part of the power p 

which is in equilibrium with the resistgince. We have, therefore, 

p as an expression for the effective force of the power ; and 

as D is the distance at which this force is applied, we have 

p D — r d 

to rejuresent the force which is employed in giving a rotatory 
motion to the machine* The resistance which friction opposes 
to this force will be/d ; the moment of inertia of the power /> 
will be as fiiD* ; the moment of inertia of the resistance as n^', 
and the moment of inertia of the machinery will be as td*. 
Since the moving force is diminished by the resistance of friction, 
we shall havepp — rd — f& for the moving force; and since 
the resistance arises from the moment of inertia of the resistance^ 
the moment of inertia of the power, and that of the machinery, it 
will be as mn* + nd* + id*. But the velocity is propor- 
tional to the moving force directly and to the rcsitance inverse- 
ly^ therefore 

the rotatory velocity will be 

pp — rd — /d 
mo* +n6* +id«* 

Now, since the velocities of the impelled and working points are as 
their distances from the centre of motion, or as d and d, we shall 
obtain these velocities respectively by multiplying the rotatory 
velocity by d and d ; and as the work performed is equal to 
the resistance multiplied by the velocity of the working point ; 

we shall have for the velocity of the impelled point 

mD« + n6» + id« ' 
for the velocity of the working point 



p-od — rd« — /d« 
and for the work performed 

In order to obtain absolute measures of the velocities and the 
work performed, we must consider that, q being the accelerating 
force, and qg the velocity acquired in a second, we shall have 
1 : t :i qg : V = qgti and as the accelerating forces are pro- 
portional to the velocities generated by them in equal times, the 
preceding expressions for the velocities of the iaqpelled and 
working points may be substituted for the accelerating force q 
in the equation v = qgt^ and we shall obtain, for the absolute ve- 
locity of the impelled point 

« D« — rod — /d d 



m D« + n d* + td« 
for the absolute velocity of the working point, 

ppcf — rd« — /d« 

mD« +n(r« +td« ^ *^' 

and for the work performed 

rpnd — r»d« — r/d» 

mo« +nd« +id» ^ ^^* 

This is a maximum when the differential, d being considered a^ 
variable, is equal to zero, which gives 

«(;>D — 2d(r+/))(mD« +^«(n+t)) 

or, by reducing, 

pmD^ — /)D^' (^^ + — ^^tni}' (r +/) =0; 

that is. 
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Resolving this after the manner of an equation of the second de- 
gree, we obtain 



p {n + i) 

When r =s 0, we have 



This case takes place when the resistance to be overcome exerts 
a contrary strain on the machine, while it consists merely in the 
inertia of the impelled body ; as in driving a millstone, a fly, or 
in pushing a body along a horizontal plane. 

When/ = 0, 



. Vm* r* '\' V^ ^ {''^ -\- ^ — mr 
o = D '—Cf -A-~i — L^ . 

P (» + *) 

Hiis case takes place when the friction is so small that it may 
be disregarded, which often happens in good wheel work, where 
the surfaces that touch one another are very small. 

When r = 0, and/ = 0, we have 



p(,n + i) S p^'in + i)^ S^+i' 

This case takes place when the circumstances of the two preced- 
ing cases arc combined. 

When n = 0, we have 



d _'^ V^M^+/)'+/>'^*' — ^^(^+ /) 

This case takes place in the grinding of corn, the sawing of 
^ood, the boring of wooden or iron cylinders, &c., where the 
quantity of motion communicated to the flour, the saw dust, or 
^e iron filings, is too trifling to be taken into the account. 
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When r = 0,/= 0,and n = 0, we have ^ = d t. 
When m : n : : p : r, we have, 



This case takes place when the inertia of the p6wer and the re- 
sistance are proportional to their pressure ; as When Water, min- 
erals, or any other heavy body, is raised by means of water 
acting by its weight in the buckets of an overshot wheeL 

When, in the last case, i = 0, and/= 0, we have 

This case often takes place, and pardcularly in pulleys ; and 
making d = 1, and r = 1, we obtain 



and when p = 1, and D= 1, we have 



= jrT7-.. 



The preceding formulas will be found applicable to almost every 
case which can occur ; and the intelligent engineer will have no 
difficulty in accommodating them to any unforeseen circumstan- 
ces. 

The following table will, in many cases, save the trouble of 
calculation. It is computed from the formula 



d = D^^_., 



D being supposed = 1, and r = 10. 



Maxiitivm EJ^e.ct of Machines. 

TiAU containing ilu bfst Proportions bttwetn tki Vtlocitlts of thti 
hnpelUd and Working Pointg of a Maekine, or tf(ti>r«i the Lev \ 
us by which llie Potoer and Raislanct act. 



Proponlon 

•1 VtllH- 

theimpdling 


of Ihe «orkiu« point, 
oi lorofUieleterhy 

«CU, Ilul of D iMiDg 


al value of 
Ibeimpdliiig 


Viloe oniie velocitiei 
of ilic working point, 
or J. or of Uw Icvtr. 
hy which Uie resitt- 
nnce arts, llmi of d 
beiogl. 


I 


0.048809 


80 


0.732051 


2 


0.096445 


21 


760682 


3 


0.140176 


go 


0.788854 


4 


O.J83il6 


23 


816590 


5 


0,224745 


24 


0,043900 


£ 


0.264911 


25 


0.870800 


7 


0.303841 


2G 


0.697300 


8 


0.341641 


27 


0.923:i00 


9 


0.37840& 


28 


0.949400 


10 


0.4I42I4 


29 


0.974800 


11 


0.449138 


30 


1.0001.100 


12 


0.483240 


40 


1.236200 


13 


0.516575 


50 


1.449500 


14 


549193 


60 


1.645700 


\& 


0.581139 


70 


1.828400 


16 


0.612451 


80 


2.000000 


n 


0.643168 


90 


2.162300 


18 


0.673320 


100 


2.316600 


19 


0.70293B 







In order lo understand the method of using ihis table, let 
Bs suppose that we wish to raise two cubic feet of waier in a 
>ocond, by racan.s of the power of a stream which affords five 
cubic feet of water in a second, applied to a whrcl and axle, 
the diameter of the wheel being seven feel. It is required, 
therefore, to find the diameter which we must give to the axle, 

jder lo obtain a maximum cffccl. We have obviously /> = S, ^ 



I r =; 2, and since p : 



; 6 : 2, we have ;» = 



; but, IE 1 



Itbove table, r = 10 ; hence /" = » 10 = 25. Now it ap-J 

s from the table, that when p = 25, the diameter of ths 1 
k, or *, is 0.8708, D being 1 ; but as n = 7, the diameter I 
lie axle must be 7 X 0.8708 = 6.0956. 



984 Dynamics. 

397. When a machine is already constructed, the velocity 
of its impelled and working points are determined ; and therefore 
in order to obtain from it its maximum effect, we must seek for 
the best proportion between the power and the resistance, as 
these arc the only circumstances over which we have any con- 
trol, without altering the machinery. 

In order to find the ratio of p to r, which would produce a 
maximum effect, it is requisite only to make r variable in the 
formula above given; but it often happens, that when r varies, 
the mass n suffers a considerable change, although there ar^ 
other cases when the change in n is too inconsiderable to be 
noticed. 

Let us, therefore, first take the case when r alone varies with- 
out inducing a change in n. In this case, the expression for the 
work performed, namely, 



9 



rpv6 — r« Ja — rfd 
will be a maximum when 

pD— /d 

2d ' 

as will be readily found by differentiating, putting the differential 
equal to zero, and deducing the value of r. But according to 
the experiments of Coulomb, the friction is in general equal to 
y'jth of the resisting pressure. Hence we may omit yd, and 

consider the resistance as = r -f- j'j r = -— r. Consequently, 

— »" = ^^ and '* = ("qt) ^ 16' ^"^ ^^ ^® consider the 

15 
fraction -— as so near 1, that the substitution of the latter will 

16 

not greatly affect the result, we shall obtain, by making /> = 1 

and D = 1, r = -T ; that is, the resistance should be nearly one 

half of the force which would keep the impelling power in equi- 
librium, a rule which is applicable to many cases where, the 
matter moved by the working point of the machine is inconsider- 
able. 
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398. In those cases where n varies along with r, it will in 
general vary in the same proportion, and we may therefore re- 
present n by « r, some multiple of r* For the sake of simplicity, 
the friction/ may be considered as absorbing a certain portion 
of the impelling power, which will then be represented hy p — /; 
and we may also regard the inertia of the machine, or t, as ap- 
plied at the impelled instead of the working point ; that is, the 
moment of inertia may be considered as proportional to t d'* 
Now, if we make/> — /= 1, and d = 1, in the formula 



rpvd — r> d« 


— 


r/d» 


m i>2 -j- H d" 


+ 


id* ' 


rd — r^ 


d» 


_ • 



we shall obtain 

fit + t -f a:rd« ' 

and making m -{~ t = 5, we have 

rd — r' d« 
s + xrd' 

for the work perfonped. 

This is a maximum when the differential, r being considered 
as variable, is equal to zero, which gives 

(d — 2rd') {s + xrd*) — x d' (r^ — r»d») = 0; 

or, by reducing, 

sd — 2s r 6^ — a?r»^*=0; 
that is, 



and by resolving this after the manner of an equation of the 
second degree, we obtain 



When 0? =: 1, we have 



d + s' — s 



8' 



fm 



Dj/nomikt* 



ThJB case takes place when the inachine '^ (upplojed in raising 
M w^iglit, drawing water, &c* 

Wfceni ?5:O,/3s?0aadi»=xp,the»m + >oj?«3=:p=p l^^iod 



' » . 1 ' jm 



V^ + 1 -T- 1 

T SIC I II ^ i iu 1 1 ir » 

When D ;;?: ^, as in the common puUej, then d = 1« an^ 



v^l +1 — 1 



1 



0.4142. 



In order to save the trouble of cakulation, we have added the 
following table, computed from the formula 



""-' ^T- 



Table containing the best Proportions beifoeen dht Pxmer pni 

ance^ the Inertia of the impelling Power being the same toith its 
Pressure^ and the Friction and Inertia of the Machine beit^ 
omitted. 



Values of; 

I, or the 

V elocity 

of the 

woriiii^ 



Vidues of r, 
or the resist- 
ance to be 
overcome, p 



point, J>f being = 1. 

being 
equal tol. 



i 
i 

1 

3 
4 
5 

6 



1.8885 
1 3928 
0.8986 
0.4142 
0.1830 
0.1111 
0772 
0.0580 
0.0457 



Ratio of r to the 
resistance 
which would 
l^alance^. 



Values of 
I. or the 

velocity 
of the 

working 

point, n 
being 

equal tol 



0.4724 to 1 

0.4639 

4493 

0.4142 r 

0.3660 

3333 

0.3088 

0.2900 

0.2742 



7 
B 
9 
10 
11 
12 
13 
14 
15 



Values of r< 
or the issist- 
ance to be 
overcome, p 
being 1. / 



03731 
O.03 1 25 
0.02669 
02317 
O.02037 
0.01809 
0.01622 
0.01466 
0.01333 i 



R{itio of r to the 
resistance which ! 
would balance p. 



■^•^ 



0.26117 
0.25000 
0.24021 
0.23170 
0.22407 
0.21708 
0.21086 
0.20524 
.0.19995 



to 1 



In order to understand the method of using this table, let us 
suppose that k is required to find the vakie of the resistance, or 
the quantity of water which must be put into a bucket \fy be 
raised by a wheel and axle, in which the radius of the wheel is 
6 feet, and that of the axle 2 fe^t,^d with a power = 8. Since 
in the table, d = l,we have 
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6 : 2 :: D= 1 : <J=:|=;|, 

6 3' 



)»? 



which correspmda in the table to 1^928, the value of r when 
p =z I:, But, Id (he present case,/) = 8, consequently 

1:8:: 1.3938 : 11.1424, 
the value of r when /> = 8. 

399. The subject of the maximum effect of machines may 
be considered in a very simple point of view, if we suppose, what 
is by no means improbable, that the moving power in machinery 
observes the same law that has been found to exist with regard 
to animal force, and also with regard to the force of fluids in 

motion. Upon this hypothesis, we shall have r =: p (\ — ~-)» 
and the effect of the machine will be rv' =^ P^O — ~~)^ 

which will be a maximum when — = - p, and when v' =z Iv, 

•In these formulas, p is the load that is just sufficient to bring the 
machine to rest, or prevent it from moving, v is the greatest ve- 
locity of the power when no work is done, and i/ the velocity of 
the impelled point of the machine. The above equation, both 
members being multiplied by 9, is equivalent to the proportion, 
D is to <^, or the velocity of the impelled point is to the velocity 
of the working point, when the 'Effect is a maximum, as 9 r to 4 p. 



8»4. 



Table of the Strength of Men^ according to different Authors. 



Number of 


Height to which 


rime in which it 


Duration oi the 


Mames of tiie Au- 


poondt mh 


the weight i> 


is raised. 


Work. 


tliors. 


ed. 


raised. 








100O 


180 feet ' 


60 minutes 




Euler 


60) rr 


1) 7 


1 second 


8 hours. 


Bernoulli 


25} i 


220) g 


145 seconds 




Amontons 


170) g. 


M 1 


1 second 


half an hour 


Coulomb 


1000 


330 


60 minutes 




Desnguliers 


1000 


225 


60 Dunutes 




Smeaton 


30 


^ 


1 second 


10 hours 


Emerson 


30 


2,43 feet 


1 second 




Schuize 
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The following are the estimates that have been niade of the 
relative strength of horses, asses, and men. 

1 horse is equal to 5 men, {g^«^^^"- 

1 " "7 men, Bossut, &c. 

1 ass ^\ 3 men, Bossut. 



HTDROSTATICS. 



INTBODUCTORY BEMABKS. 



^^fili 



400. Hydrostatics is that part of Mechanics which treats o 
the equilibriuiu of fluids, and that of solids immersed in them. 

A fluid is a collection of material panicles, so constituted as 
tyield to the smallest force employed tJ separate them. The 
lids with which nature presents us, approach more or less to 
this slate of perfect fluidity. The adhesion which exists among 
the particles of several of these substances, and which gives 
rise to what is called vhciilily, opposes itself to the separation 
of the particles; but in the theory which we are about to un- 
fold, no account is taken of ibis adhesion, and we have reference 
only to the perfect fluids. 

We distinguish two kinds of fluids ; the one ineomprrwi'M 
t nearly so,1 as water, mercury, alcohol, and liquids gcncp- ' 

These are capable of taking an infinite variety of forms 
jhotit any sensible change of bulk. The second kind of 
comprehends atmospheric air, the gases generally, and 
rs. These are in an eminent degree ci?mpr«ssi6/«; they are 
I cndtied with a perfect elasticity, and are thus capable of 
ingin^ at the same time their form and bulk, upon being cont- 
Ned, and of recovering their figure again, when the compress* J 
iforcc is removed. Vapours difl'cr from air and the gases, ' 
Hosing the form of clastic fluids and returning to the state 
iquids, when compressed lo a certain degree, or when their 



t See note subjoined lo this ireatist 
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temperature is sufficiently reduced ; whereas air and the gases 
are found, with few exceptions, to preserve always their elastic 
form in the state of the greatest compression and lowest tempera- 
ture to which they have hitherto been reduced.! 

401. Although we are unable to assign the magnitude of the 
elementary parts of fluid bodies, we cannot doubt that these parts 

€5 are material, and that the general laws of equilibrium and mo- 
tion, already established, are applicable to them as well as to sol- 
ids. But as this law of equilibrium is not the only one required, 
some other is to be sought on which the equilibrium depends. 

402. As an equilibrium consists in destroying all the forces 
employed, and as vvc do not know how the parts of a fluid trans- 
mit their forces among themselves, it is only by having recourse 
to experiment, that we are able to establish our first principles. 
We begin, therefore, by stating what is most clearly and cer- 
tainly known upon this subject. 



Pressure of Fluids. 

403. L:t ABCD be a canal or tube, composed of three 
l9o! ' branches j?B, jBC, CD^ of equal diameters. Let us suppose 

that a heavy fluid is poured into the branch AB ; it will pass 
through the branch JSCinto the branch CD] and when we cease 
pouring, the surface of the fluid in the two branches will be in 
the same horizontal line, whatever be the inclination of the 
branch BC. This is a fact abundantly established and univer- 
sally admitted. We proceed to make known the consequences 
to be deduced from it. 

404. If through any point jB, taken at pleasure, we imagine 
a horizontal line EF to pass, it is evident that the weight of the 
fluid EBCF contributes nothing to the support of the columns 
j3£, DF ; and that consequently the equilibrium would still be 
preserved, if the fluid contained in EBCF were suddenly de- 
prived of its gravity. This fluid, therefore, is to be regarded 



t See note on the condensation of gases into liquids. 
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iply as a medium of communication between ihe columns AE 
and DT; eo that EBCF transmits lo the column DF ail liic 
pressure ii receives fi-ora .^£; and reciprocally ii iransniits to 
j3E all it receives from DF. Il is also evident that wc should 
arrive at the same conclusions, if instead of (lie columns .J£i, J)F, 
Mte substitute two forces of (he same value ; hence, as the result 
tB not afTcclcd hy any inclination of (he branch BC, we conclude 
that, if ajbiid, deslilutt of gravity, be cotilaintd m on;y TCtxel, andFig.19 
if, hailing made an i^tniitg in tke vtssel^ we apply lo thiii opeiung amf 
given yrtisvre, tke force thttg exerted will diffuse itself equally m all 
dirtcliant. 

405. Now it will he readily seen, not only that the pressure 
tnuismits itself equally in all directions, but also (hat it acts at 

;h point perpendicularly to the surface of the vessel conlain- 
Vg the fluid; fur if, acting on the surface, it did not act perpen- 
dicularly, its eflect could not be entirely destroyed by the resist- 
ance of this surface; there would result therefore an action up- 
on the parts of the fluid itself, which, as it could not but trans- **^- 
rait itself in all directions, would necessarily occasion a motion 
io the fluid ; it would be impossible, therefore, on such a suppo- 
EitJon, for a fluid lo remain at rest in a vessel, which is contrary 
to experience. 

406. We hence conclude, that if the parts of a lluid contain- y- |p 
qd in any vessel ABCD, open toward AD, arc urged by any 

s whatever, and are notwithstanding preserved in a state of 

ulibrium, these forces must be perpendicular lo the surface 

for if there be an equilibrium, this equilibrium would 

11 obtain, if a covering were applied of (he same figure with 

! surface AD^ but we have just seen, that in this case the 

s acting al the surface AD mus( be perpendicular to this 



■ tnui 



. Accordingly, let us suppose that the forces acting on 

G parts of the fluid arc gravity itself; we shall infer that the 

ireciion of gravity is necessarily perpendicular lo the surface 

iquil fluids ; and thai consequently the parlx of the tame 

yJUtid nwst be on a level, in order lo he in equilibrium, lekal- 

3-ie thtfgure of the vessel. 



404. 



3^2 Hydrostatics. 

Fig 192. ^^^* '^ ^^ ^^^ suppose that the vessel ABCD, being closed 
on all sides, is filled with a fluid destitute of gravity, and that, 
having a very small opening at £, we apply to it any force ; it 
is evident that the pressure that would hence be exerted upon 
the plane surface represented by £C, would not depend in any 
degree upon the quantity of fluid contained in the vessel, nor 
upon the figure of the vessel ; but (hat, since the pressure applied 
at E transmits itself equally in all directions, the pressure upon 
BC would be equal to that exerted upon any point of the opening 
£, repeated as many times as there are points in BC* 

409. For the same reason, the pressure applied at £, trans- 
mitliiig itself iu all directions, would tend to raise the superior 
surface AD, and the force thus exerted would be for each point 
equal to the pressure applied at any point of the opening E ; so 
that the surface AD is pressed perpendicularly from within out- 
ward with a force equal to the pressure employed at any point 
of the opening £, repeated as many times as there are points 
in AD. 

rig.193. ^^^* L^^ the vesseMfiCDEF, the part CD being horizontal, 
be filled with a heavy fluid. We say that the pressure upon the 
bottom CDy arising from the gravity of the fluid, does not depend 
upon the quantity of fluid contained in the vessel, but simply 
upon the extent of CD, and its depth below the surface AF. 

To make this evident, let us suppose, the line BE being hor- 
izontal, that the fluid contained in BCDE, is suddenly deprived 
of its gravity, it is evident that a vertical filament /JT, of heavy 
particles of the fluid contained in ABEF, would exert at the 
point K a pressure which must diflusc itself equally throughout 
the whole extent of the fluid BCDE ; that this pressure would be 
^^' exerted with equal force from below upward to repel the action 
J of each of the other vertical filaments belonging to the several 

points of BE; hence the filament IK effects, by itself, an equili- 
brium with all the other filaments of the mass ABEF\ therefore 
the mass BCDE being destitute of gravity, there will result no 
other pressure on the bottom CD, than that arising from the fil- 
ament IK, which transmitting itself equally to all the points of 
CD causes upon CD a pressure equal to that exerted at the 
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puini fC, repealed asniany linie3 as there are points in CD. Ac- 
coriliiigly, if we suppose the beavy fluid contained in ACDt\ ' 

divided into homontal siraia, the upper stratum wonid commu- 
nicate to the bottom CD no oUI<^^ action than that which would 
-^ commaiiicatcd by the filament ab; and the same lacing true 
if each Btralum, the boiton:! CD uill only receive ihe pressure 
Ml would arise from (he sum of the filametils fi 6, be, C4i, &C ; 
1 since this pressure would transmit itself equally to alt the 
inls of CD, it is equal to the area of CD multiplied by the 
sum of the pressures exerted upon some one point by the sura 
of (he filaments ab.bc, cd, Slc; from al! which we derive the 
following conclusions, namely ; 

, I. If ihcjiuid ACDF be homogeneous, Ijial ie, composed of parts 
I tiu saint naturt, tf the mme graviljj, J^c, Ike prtmute ufun tht 
n CD will be txpraaed by CD X a g ; or, in oilier luorda, will 
mjneamnd fry the mtighl of ikepritm or cylinder which has CO for 
\bate and Agfor its altitude. 

2. If thejtiiid i) composed of strata of different densities, the 
tsture upon CD laiU be expressed by CD mvUipUed by the sum of 
e tpecific gravities of each stratum ; I say by the sum of the spe- 

c gravities, and not by the sum of the weights ; for it is not 
B the quantity of the fluid contained in each stratum that the 

ssure depends but simply on the proper gravity of each fila- 

it. 

It fs important to observe that the above propositions hold 

^ whether the vessel grows larger toward the toj), as in the 

Mil instance, or whether it is constructed from the bottom 

ward, as represented in figure 195. The pressure which the 

li contained in JiCDF exerts upon CD, is the same as if the 

cylinder ECDG were filled with the fluid, the ahitude being the 

same in both cases. This constitutes what is called the hydro- 

ftic paradox, and is often expressed in the following words, 

Dcly; tttof ipiaittily of toaier or other fluid, however small, may 

1 to balance and support a quantity however larne. The 

tctple is well illustrated by au instrument i^alled the hydro- 

< bellotcs ; see figure 19C, in which EF, CD represents two 

Ic boards 16 or 18 inches in diameter, firmly connected to- 

thcr by pliable leather attached (o the edges, which allows a 
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motion like that in common bellows. Instead of a valve, a 
pipe ABy about three feet in length, is inserted at B^ either 
in the upper or lower part of the bellows, ^ow if water be 
poured into this pipe at «/!, it will descend into the bellows and 
gradually separate the pieces £i\ CD, from each other by rais- 
ing the latter ; and if several weights, 200 pounds, for instance, 
be placed upon the upper board, the small quantity of water in 
the pipe JlB will balance all this weight. More water being 
poured in, instead of filling the pipe and running over the top Aj 
it will descend into the bellows, and slowly raise the weights; 
the distance between the surface of the water in the pipe and 
that in the bellows remaining the same as before. It is manifest 
from what has been said, that the upward pressure exerted upon 
each point of the interior surface of CD is sufficient to support a 
column of fluid of the same height with that contained in the tube 
AB^ and consequently that the whole upward pressure, or weight 
sustained, is equal to the weight of a cylinder of water, whose 
base is the area of CD, and whose altitude is that of the column 
of water in AB above the surface of the water in the bellows or 
lower surface of CD. The area of the base, for instance, being 
a foot and a half, and the altitude three feet, the whole mass 
would be 4^ cubic feet, and the weight sustained would be 
4^ X 62^t or 281 1 pounds, while the quantity contained in JlB^ 
depending on the size of the tube might weigh only one fourth of 
a pound or any less quantity. 

It is obvious that instead of the gravity of the fluid in the 
tube AB, any other force might be employed, as the impulse of 
the breath, or that exerted by a stopper or piston moving in the 
tube AB» Thus, by means of a lever H/, a dense fluid, as water 
Fig.197. for instance, might be forced through the pipe CO against a 
large piston supposed to be accurately fitted to the cylinder -FD, 
and connected with the rod or bar DE, A valvef being provid- 
ed at 1^ to prevent the return of the fluid, this action might be 
repeated ; we should thus have an engine of almost unlimited 



t A cubic foot of water at the temperature of 50^ weighs 1000^ 
avoirdupois or 62|'^ 

I See note on the coostruction of valves. 
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intnined at the same lime within a small compass, and 

f sjiuple in its construclJon. The diameter of the Inrgc \t\tr 

«ing 13 inches. Tor example, and that of the small miework- 

j the lever H and moving in .]£, only one fourth of an inch, 

e proportion of the two surfaces, or of the power emjiloyed to 

the force exerted at £, would be as ^ to 144, or as I to 2304. 

Now it would be easy, by means of the lever W, to apply to the 

ftil piston a force etjiial to 20cwt. or one ton, in which case 

K-pUton working in FD would be moved with a force of 3304 

This instrument is called the Hydroslaiic or Bramah^s 

, Mr Braniah, an Englishman, being the lirst person who 

e of the hydrostatic principle here involved, as a subsii- 

B for the screw in the construction of presses.! This machine 

lently belongs to the class of mechanical powers, and is cs- 

iHy difieront in its nature from those heretofore described. 

e principle of virtual velocities, however, is ccjiially applicable 

to this ; since the greater the advantage gained in point of 

inlensilj, just so mdkh is lost in respect to velocity. Suppose, 

for example, that the pipe AB, filled with iluid, is 2304 inches in 

length, the small piston, by moving through this whole extent, 

and thus forcing the entire contents of the pipe into the cylinder 

FZ), would raise the large piston only one inch ; so that while 

he pressure upon the small piston is to that u|Kin ihc large one. 

I. ciise of an ef|uilibrium, as 1 to 2304, the spaces described in 

;!ic aamc lime, or the velocities of the two pistons, are as 2304 

Id 1, and the quantity of motion in each is the same. 

411. Let there be two fluids XHCDS'L, EFLM of different Jig iw. 
Jentities, but each being homogeneous, considered by itself, and 
ii them be made to act against each other at FL by means of 
the vcitsel in which they arc conlaineti. They can be in equi- 
mvium only when the altitudes CF, }K, above the horizontal 
[ liiiDe FL which separates them, are inversely as their specific 
^vttlo. Indeed, the Iluid LFJiCGO being itself in crjuilibri- «7- 
iim.it is necessary that Xf/GO should be in equilibrium with 
KFLM; it follows, therefore, that the upward pressure exerted 



f Tbe same property of Buiils is sometimes employed ve-r; iidvaa- 
nicoiuljr in a crane ami in raieiDg water from mines. 
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by the column J^HGO upon FL, should be equal to the down- 
ward pressure exerted upon FL by the column EFLM. Now 
the pressure of NHGO upon FL is equal to the weight of a 
prism or cylinder of this fluid which has the surface FL for its 
base and IK for its altitude; moreover this weight is equal 
to the specific gravity multiplied by the bulk; accordingly, if 
we call the specific gravity 5, we shall have for the expression 
of the weight S x IK X FL. For the same reason, if we call 
S^, the specific gravity of the fluid EFLMy we shall have 

S' X EF X FLj 

as the expression for the absolute gravity of this fluid or the 
pressure which it exerts upon FL. Therefore 

S X IK X FL=i S' X EF X FL, 

or 

S X IK=:S' X EFi 

whence 

S : S' :i EF : IK, 

that 1^, the altitudes are inversely as the specific gravities. Thus 
if LFBCHN were mercury, and EFLM water ; since mercury 
is 13,6 or nearly 14 times as heavy as water, the altitude IK' 
would be one fourteenth part of £F, whatever be the figure of 
the vessel. 

F' 194 ^^^* From what has been said, it will be seen that the action 
of fluids is very different from that of solids. Properly speaking, 
it is only the part ECDG which exerts its action upon the surface 
CD ; and in figure 1 95, the surface CD is pressed by ACDF, 
as it would be by the weight of the fluid contained in the cylin- 
der ECDG. If, on the contrary, the fluid ACDF were sudden- 
ly to become a solid, by freezing, the bottom would support a 
pressure equal to the weight of the entire mass ACDF in figure 
19^, and only equal to the weight oi ACDF in figure 195. 

413. It is necessary here to distinguish between the force or 
pressure exerted on the bottom CD, and that which would be 
sustained by a person carrying the vessel. It is clear that if the 
bottom CD were moveable, the only thing necessary to keep it 
in its place, would be an effort equal to the weight of the cylin- 
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r ECDG, but in order to transport the vessel, an effort would . ■ 
! required equal to the weight of the entire mass of water con- 
Ibed in llie vessel. This will be demonstrated in a manner still 
e general after we have explained the method of esiimating 
pressure upon oblique plane surfaces and upon i 
races. 

414. Lipt-^CDF be the vertical section of avessel terminated piir.!! 

s either plane or curved, and inclined in any manner^"*' 
the horizon. If we imagine aii iniiuilely thin stratum abdc, 
tippose it destitute of gravity, and pressed by the fluid 
above it. Now this pressure will be distributed equally to all 
potDls of ihe stratnm, and will act perpendicularly and equally 
in each of the points of ihe faces ac,bd. Accordingly, as 
force is e(|ual la that which a single filament IK would 
te, the pressure exerted perpendicularly upon li d, will be 
tiprcased hy bd X IK ; and it is evident that we should arrivi 
at Ihe same result, if instead of hd being considered as a smaQ 
straight line, we regard it as a small surface. We hence deriw 
the general conclusion, that the pressure exerted perpendicularly 
vpon am/ injiniuly small surface In/ a heavy homogeneous Jiuid, has 
iU tiprcssion this surface muUiplitd by its perpendicular distance 
Iht level of tht fluid. 

' 415. Hence the whole pressure exerted upon any plane sur^T 
^ situated as we please, is equal to tlie sum of the infinitely 
all parts of this surface, muhiplied each by its distance from 
! le%'cl of the iluid. If we represent these small parts by 
Ef^o, &c., and their distances respectively from the level < "' 
p floid by AM', BB', CC', Sic, according to article 7G, we shi 






OG' X {m + n + + &C.,) 

AA' X m + jBB' X « + CC X + Six., 

liiat is, the sum of these products is equal lo the whole surface 

aujlliplicd by the disiance of its centre of gravity from ihc same 

ioolal plane. Therefore the prcsiurt exerted hy a heavy fiuij^ 

w( an oltliiiuf plane surface has-for Us measure the product a 

hnirfacf into Iht distance of its centre of gravity from Uie lint q 

ioflhtjluid. 

^^ch. 38 
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416. As the pNressures exerted upon the several points of the 
same plane surface are perpendicular to the surface, and conse* 
quently parallel among themselves, the resultant or whole pres- 
sure must be parallel to the components. Now as we know how 
to find the resultant as well as that of each of the partial pref^ 
sures, it will be easy to determine, as we have occasion, through 
what point the resultant passes ; it evidently eannot pass through 
the centre of gravity, but must pass through some point lower 

Fig^l.down. It is only in the case where the surface is infinitely small 
that the whole pressure passes through the centre of gravity of 
this inclined surface. 

417. In order to find the resultant of all these pressures both 
in a vertical and in a horizontal direction, any body, whatever 
its figure, may be considered as composed of an infinite number 
of strata, parallel among themselves, and the surface of the pe- 
rimeter of each stratum may be represented by a series of trap 
ezoids, of which the number is infinite, when the surface is a 
curve. So that in order to estimate the resultant of the pressure 
exerted by a fluid either upon the interior sides of a vessel, or 
upon the exterior surface of a solid immersed in it, we must de- ^ 
termine the pressure exerted upon a trapezoid of an infinitely 
small altitude. 

Accordingly, let us suppose a trapezoid ABCD^ of which the 
FiffiM)2. ^^^ parallel sides are AB, CD^ and the altitude infinitely small 
compared with these sides; and let there be applied at the cen- 
tre of gravity G of the trapezoid perpendicularly to its plane, a 
force p equivalent to the product of the surface of this trapezoid 
into the distance of its centre of gravity firom the horizontal 
plane XZ. 

To determine the effect of this force, as well in a horizontal 
as in a vertical plane, suppose through the line CD a vertical 
plane CDFEy and through the line AB^ considered as horizontal, 
a horizontal plane AFEB* Having drawn the vertical lines 
C£, DF, meeting this latter plane in E and F^ we join B£, AF\ 
and through the direction Gp of the force />, suppose a plane 
JT/H cutting CD at right angles, HGK and HI being the inter- 
sections of this plane with the two planes ABCD^ FEGDj res- 
pectively. The plane KIH will be perpendicular to each of 
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the two planes ABCD^ FECD, since CD is tbeir common inter- q^^, 
aecUon ; lastly, from the point JT, where HK meets AB, let fall ^66. 
the perpendicular KI upon the plane lECDy this line must be 
perpendicular to HL 

These steps being taken, I decompose the force p into two 
others, both being in the plane KIH produced, and of which one 
GL is horizontal or perpendicular to the plane FECD^ and the 
ether GM vertical. Calling these two forces q and r, and form* 
ing the parallelogram GMNL upon the line GN^ taken arbitra- 
rilj as the diagonal, we shall have 

p : q : r :: G^r : GL : GM, 
:: GJV: GL : L^'. 

But as the triangle GIi^ has its sides perpendicular respectively 
to those of the triangle KIH, these two triangles arc similar, and 
we hare Geom. 

209. 

GK iGL. LK I. HK I HIi IK-, 
and consequently 

p : q : r :: HK : HI : IK. 

AB -4- CD 
Multiplying the three last terms by — ^ X GG', which 

does not change the ratio, we obtain, 

p : q I r 

:: HK X !^±£^ x GC i HI 
X dl±^ ^ GC : IK X ^^±^ X GG'. 

2 2 



JIB -4- CD 

We observe now, 1 . That HK X ^ is the surface of 

the trapezoid ABCD; 2. That since CjE, DF are parallel, as 

aD jL, CD 
also CD, EF, CD is equal to FE ; whence IK X "^^ is 

AB -I- EF 
equivalent U> IK X ~ , and consequently is the sur- 

z 

£aice of the trapezoid AFEB ; 3. As we suppose the altitude of 



Geom. 
178. 
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the trapezoid ABCD infinitely small compared with the sides 
AB and C/), EF which is e^al to CD, may be taken instead - 

jJB -I- CD 
of AB and also instead of CD, so that HI X ^ reduces 

itself to fl/ X ~^- — HI X EF, which is the surface of the 

2 

rectangle ECDF] we have, therefore, 

p : q : r :: ABCD X GC : ECDF X G& : wiFEJ? X GCf. 

But we have supposed the force /> expressed by ABCD X G&, 
hence the force 9 will be expressed by ECDF X GC, and the 
force r by ^/"EB X GC 

Since a triangle is simply a trapezoid, one of whose parallel 
sides is zero, the same results are applicable to a triangle. 

Suppose now perpendiculars let fall from the angles A, Z), C, 
B, upon the plane XZ. These perpendiculars may be consider- 
ed as the edges of a truncated prism, the horizontal base being 
AFEB, and the inclined base ABCD. Now as AB, CD, are 
supposed to be infinitely near to each other, the bulk of this 
prism may be regarded as not difiering from that of a prism of 
the same base, and whose altitude is GG' ; but this last has for 
its expression AFEB X GC, which is precisely that just found 
for the vertical force r ; therefore this force has also for its ex- 
pression, the bulk of the truncated prism, whose inclined base is 
ABCD and whose horizontal base is the projection of ABCD 
upon the horizontal plane XZ, 

418. Let any solid be divided into an infinite number of hor- 
••ig^oa. j^ontal strata ABDE abde, and suppose that at the centre of 
gravity of the surface of each trapezoid of which the surface of 
the perimeter of this stratum is composed, forces are applied, 
represented each by the surface of the corresponding trapezoid 
multiplied by the distance of the centre of gravity from a hori- 
zontal plane XZ. These forces will represent the pressure ex- 
erted by a heavy fluid upon the interior surface of the stratum 
ABDE abde of di vessel in which this fluid is contained ; they 
will also represent the pressure exerted by a similar fluid upon 
the exterior surface of a solid immersed in this fluid. Now we 
have seen that these forces being decomposed each into two 
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otiiers, one veriical and the other horizontal, each vertical force 
will be represented by the truncated prism which has for its 
base the projcciion of Ihc trapezoid upon the horizontal plane 
XZ, and for its inclined base, this trapezoid itself- Therefore 
the sum of the veriical forces, or Ihe single vertical force thai 
would result from them, will be represented by the sum of all 
the truncated prisms ; and as the same reasoning is applicable to 
each horizontal stratum, we conclude, that if a vessel ABCDF, 
i^anyjigurt wkaUvfr, be filed with a Jiuid to any litit AV, there will 
remit frottt all the pressures exerted bj/ this ftuid upon the several 

_ |W*nb of Ihe vessel, no other -otrlical force than that which is rrpre- 

mSknttd by Ihe bulk of thisfuid, or rather by its weight. 

W (2.) That if a body, as ACDBM,/or exan^le, of tvhkh AIBFyigaw 
Hk At grealett horizontal seclion, be immersed in afivid to any depth 
^SAatneT,the prtsturc exerted upon the i-uperior part AMB being left 
^■(1 o/" Consideration, the veriical effort of ihefiuid to raise the body, 
^BcfUdJ Iq the, weight of a volume oflhisfxtid comprehended between 
^Be Uv<l XZ, the surface AlBFC, and ihe convex surface lemtinaled 
^H Ae perpendiculars itt fall from the teveral points of the ptrimeter 
^UBF vpcm the plane XZ. 

^B If we next consider the pressure exerted upon the surface above 
^pe greatest horizontal section, it will be seen, by the same kind of 
^■basoning, that there would result Irom the pressure of the fluid 
Bp wn this surface in a vertical direction, a downward effort equal 
■ Id the weight of a bulk of the lluid comprehended between this 
Lnme surface, that of its projection ^'F'B'l', and that terminated 
Wbff the perpendiculars let fall from the several points of the pe- 
^Kueter AlBF. Accordingly, if from the first vertical eflbrt, wc 
^Bbtract the second, it will be seen that the body is urged ver- 
^Mally upward by an eilbrt equal to the weight of a bulk of this 
^nid of which it occupies the place. 

^B 419. Wc hence derive the general conclusion, that if a bw^ 
^B&nmerW in anyjivid jehalever, it loses a part of its jneight equal 
^■■lllu wK^ht of thtfiuid displaced, or equal to the me^hl of its own 
Briib e>f thisfuid. 

^H 4W> There remain now two things to be int]uired into, the 
^■M is to (Jetcrminc through what point the vertical effort, result- 
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ing from the pressure of the fluid passes ; the second to find 
what becomes of the horizontal forces. 

(1.) It will be seen that the vertical effort must pass through 
the centre of gravity of the portion of fluid displaced. For, if 
we imagine this portion decomposed into an infinite number of 
vertical filaments, the vertical effort which the fluid exerts upon 
each filament, is expressed by the weight of a portion of fluid 

272. equal to this filament ; consequently, to find the distance of the 
the resultant from any vertical plane, it is necessary to multiply 
the mass of each filament, considered as of the same nature with 
this fluid, by its distance from this plane, and to divide by the 
sum of the filaments. But this is precisely the course to be 

76. pursued, in order to find the distance of the centre of gravity of 

the portion of fluid displaced ; therefore the vertical effort of a 

fluid upon a body immersed in it, passes always through the 

centre of gravity of the portion of fluid displaced, which may be 

called the centre of buoyanq/. 

* 
421. (2.) We proceed now to consider the horizontal forces 

above referred to. Representing always the solid stratum by 
figure 203, if through the sides ab^hc^ &c., of the inferior sec- 
tion, we suppose vertical planes to pass terminating in the supe- 
rior sectipn ; these planes will form the contour of a prism whose 
altitude is that of the stratum ; and each face of this prism will 
417. express by the extent of its surface the value of the horizontal 
force perpendicular to it. But, since all these faces are of the 
same altitude, their surfaces will be as their bases ab^bc, &c., 
Geom. consequently the horizontal forces are to each other as the sides 
nbj 6 c, &c. Moreover, at whatever point of these faces they 
are applied, as these faces are of an altitude infinitely small, the 
horizontal forces may be considered as applied each in the hor- 
izontal plane abcdef, perpendicularly to the middle of the side 
which serves as a base to the corresponding face of the prism in 
question. I say to the middle, since it will readily be seen that 
the resultant of the pressures exerted upon the surface of any one 
of the trapezoids -which form the surface of the stratum, must 
pass through some point of the line joining the middle points of 
the two parallel sides, and that, accordingly, the horizontal force 
obtained by decomposing this resultant, must meet the line join- 
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; the middle poinU of the Iwo opposite sides of the correspond* 
log face of ihe prism. The problem, theri^fore, is reduced (o 
finding what mu8l take place in any polygon, when e;ich of its 
»ides is drawn or pushed by a force applied perpendicularly to 
its middle point, and represented as to its value by this sidb 
We shall see that they will mulually destroy each other. 

Lei us, in the fu-st place, consider only llie two forces/) and ^ 
applied perpendicularly to the middle points of (he sides JiB, 
4C, of the trian[;le ABC, these forces being represented as to 
leir values by ihese sides respectively. It is clear that their 
iillaDt would pass through iheir common point of meeting >', 
i^ch, in [he present case, is (he centre of a circle in whose cir-''' 
uference the points Jl, B, C, are situated. We say, moreoAjj 
^ihat this resultant wilt pass through the middle point of £ 
Fwbich it will consequently be perpendicular, and that it v 
e represented in magnitude by BC. For, if we decompose the 
force /> into Iwo others, one De parallel, and (ho other Dh per- 
pendicular to BC, by forming the parallelogram D egh we shall 
Pye, by calling these two forces c and h respectively, 
p : e : h \: Dg : Dt : Dk :: Dg : D t: gc. 

Kow, by letting fall (he perpendicular .50. the trianglegeDia 
timilar to ilie triangle AOB, since their sides are respectively 
>endicular. Accordingly, 



^rpen 



Dg: Dt- gt:. AB ■ AO : BO, 



: AB : AO : BO. 



\>y supposition, the value of the force/* is represented \ 
SB J therefore that of e is represented by AO^ and that of J 
by BO. 

If we decompose in like manner ihe force 7 into two othcid 

thd one I m parallel, and the other / k perpendicul^ir, to BC, d 

ly be shown as ;»bove, that m is represented by AO, and k fc 

The two forces m and c are therefore ctiual, since they 

represented by the same line AO. Moreover they act in 

directions, and according to the same line Dl parallel 
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to BC^ since Z), //are the middle points oiAB^ AC^ respectively. 
Consequently, they will destroy each other. The resultant then 
must be the same as that of the two forces K and k ; and as these 
are parallel, being each perpendicular to C£, their resultant 
must be equal to their sum, and perpendicular to J3C ; that is, 
(1.) It will be represented by BO + OC or by BC; and (2.) 
being perpendicular to £C, and passing, as we have just seen, 
through the centre F of the circle circumscribed about ABC^ it 
passes through the middle point BC* 

Pig.206. This being premised, the resultant g of the two forces />, 9^, 
will be perpendicular to the middle of jSJEJ, and be represented 
by BE. For the same reason, the resultant ^ of the two forces 
p,//, and consequently of the three forces/?, j',//, will be per- 
pendicular to the middle of BD and be represented by BD. 
Lasdy, the resultant ^' of the forces p', 9, and consequently of 
the forces ;?, 9',^', g, will be perpendicular to the middle of DC 
and be represented by DC\ it will accordingly be equal and 
directly opposite to the force r ; therefore all these forces will 
destroy each other. The same reasoning will evidently be appli- 
cable, whatever the number and magnitude of the sides. Hence 
we derive the general conclusion, that tht efforts which result tn a 
horizontal direction from the pressure of a heavy fluid exerted perpenr 
dicularly upon the surface of a body immersed in tV, mutually des^ 
troy each other. 

422. The pressures upon any given surface being considered 
by themselves, the distance at which the resultant, or the centre 
of pressure passes, is readily found. The forces exerted upon 
the several points being as the distances respectively of these 
points from the surface of the fluid, they are as the forces that 
would arise from the motion of this surface about the intersection 
of its plane with the surface of the fluid as an axis. But we have 
seen that the distance of the resultant in this case is that of the 

35.;^ centre of percussion or oscillation. Hence the distance of the 

centre of pressure of any given surface from the surface of the 

fluid, is the same as that of the centre of percussion. Accord- 

Fig.ne ingly, the centre of pressure on the side of a perpendicular pris- 

365. matic vessel, is one third of the height from the bottom. 
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Moreover, since the magnitude of this pressure is equal to 
the surface multiplied by the distance of the centre of gravity, 
the pressure on the upright side of a vessel of the form of a par- 
aUelopiped is to the pressure on the bottom, as half the area of Fig.i76. 
the side to the area of the bottom, or as half the height of the 
side to the length of the bottom, reckoned in the direction of a 
perpendicular to this side. When the parallclopiped is a cube, 
the pressure on the side is half that on the bottom, and the pres- 
sure upon the four sides together, double that upon the bottom. 

Since the pressure of any fluid is proportional to the depth 
below the surface, the strain upon the sides of a sluice, and the 
banks of a canal, must increase uniformly from the top to the 
bottom ; and, when this force is to be resisted by earth or mason- 
ry, since the strength of the materials may be estimated in a 
certain proportion to the weight, commonly as a third or fourth 
part, itJlB be the height of the bank or dike, and a third of its 
density be to that of water, as AB to J5C, by joining AC^ this 
line will represent the proper slope. If the bank be composed 
of stone or brick, the base JSC must be at least equal to the 
altitude AB ; if it be of earth, BC should exceed the height AB 
by one half. 

Let AC, BC, represent the floodgates of a canal-lock which 
arc opened by means of the extended arms AF, BF. When we ^*S-209. 
shut the gate, AC is pressed at right angles by the water with 
a force proportional to AC, and which, from the principle of the 
moment of inertia, must exert a perpendicular effort at the end 

C, as AC. The strain thence produced in the direction .5S 355. 

will be opposed by an equal and opposite effort from the gate 

BC. These two forces constitute the power which closes the 

gates. If the angle ACE be very acute, the gates would close 

feebly; if on the other hand ACB be too obtuse, the gates 

would occasion a great strain upon the sides of the sluice. This 

—2 
strain in the direction CA is as AC, other things being the 

same ; it is also ^ the width of the canal or as AD, and for 

the reason above given, inversely as CD ; that is, the force in 

question is as 

ACxAD 

CD ' 
Mech. 39 
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AC 
or, the width of the canal beiDg constaDt, as jq^ We have, 

therefore, only to find when this is a minimum. It is evidently 
equal to the diameter of the circle circumscribing the triangle 
^"- ACB'y and since the least circumscribing circle is that whose 
centre is D, we infer that the angle ACB of the meeting of the 
gates should be a right angle. 

4^3. Water is sometimes conveyed in pipes, which, accoidr 
ing to what is above said, must sustain a pressure in proportioD 
to the height of the source. There is moreover a force exerted 
Fie 210 ^P^^ ^^^ interior of the pipe depending upon its diameter. 
ADE being 3, transverse section of the pipe, let •/? be a par^ 
tide of the fluid pressed by two contiguous particles J9, C, and 
kept in equilibrium by the resistance or tenacity of the sub- 
48. stance of the pipe. These three forces will be represented by 
the three sides of a triangle formed upon their directions, or by 
the three sides of the similar triangle OBCj formed by lines 
drawn perpendicularly to the directions of the forces. Now if 
we suppose J3C to become indefinitely small, or that the forces 
exerted by B, C, are directly opposed to each other, each will 
be represented by the radius of the section. Thus, the height of 
the source being the same, and the substance of the pipe the 
same, its thickness ought to be in proportion to the radius or 
diameter of the bore. 

We may apply the same conclusion to cylindrical vessels 
generally destined to hold fluids. Large casks are required to 
be made stronger than small ones, in the compound ratio of their 
diameter and height. The same precaution is to be observed, 
moreover, with reg«ird to steam pipes and steam boilers of diffe- 
rent dimensions, for the above reasoning will hold true equally in 
the case of elastic fluids, as in that of liquids. 
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424. Since the eflforts which a fluid makes in a horizontal 
direction mutually destroy each other, in order to preserve a 
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body in any given position in a fluid, il is only necessary 
lo destroy ilie vertical part f>f the pressure ; and to eftiect ibis, 
two ibiugs are required, namely, (1.) A downward effort 
eijual to tbat ol" the upward pressure of the lluid; and (2.) 
A coincidence of these efforts in the same vertical line. Now 
ibc vertical upward pressure or buoyancy of the fluid is equal 
to the weight of the portion of fluid displaced ; hence, if the por- 
tion of fiuitl displaced wciglis more llian iht immcmed hodt/, ikt 
hodtf viUJinai, and it will tlaiatc iiifif until tlu portion ofjlitid an- 
rmtriitg to the part immtrstd, shall totigh just as much ae the entire 

Accordingly, if when a body floats, we add (o it a certain 
ireighl, or take a certain weight from it, it will sink or rise 
UDiil the increase or diminution of the Huid displaced shall 
become eijual to Ibis new weight. If the weight added or sub- 
tracted be small compared with that of the body itself, the quan- 
tity IK, by which the section AB is depressed or elevated, will Fig,207. 
be so much the less, according to the smallness of this new 
weight compared with the extent of the section AB. When, 
tht-refore, this new weight is inconsiderable, and the section AB 
is large, AB, and .i'B' may be considered as equal, and the 
difference in the bulk of fluid displaced, occasioned by the sup- 
posed change of weight, may be estimated by the surface AB 
multiplied by /A", thai is, by AB X IK, Therefore if id repre- 
sent the weight of a cubic foot of the fluid,! lu X AB X IK will 
express the weight of the bulk in question, the surface AB, and 
the aliiiudt; IK being estimated in feet. Thus, if w' be the weight 
added or subtracted, we shall have 



,XABxIK-. 



a which we deduce 



a.x.dB' 



that is, in the case of a vessel, for example, in order to find hox 
mwA a ctrlain addition lo Iht cargo vnll sink the vesstt, we divide 



If ThI* In the case of fresh water t< at a mean very nearly 62}*^, 
[ la that of sea water 64* 
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the value of this addition »/, by the surface of the section made 
at the waler^s edge (estimated in square feet), multiplied bj the 
weight of a cubic foot of water. 

When a vessel is sheathed, the bulk of the hull is aug- 
mented by a quantity, the method of calculating which has 
Cal.l22.been made known. The effect, therefore, is the same, as if the 
cargo were diminished by the following quantity, namely, the 
weight of a mass of water equal to the augmentation of the hull, 
minus the weight of the materials which compose the sheathing. 
Accordingly, it may easily be determined how much less or more 
the vessel would sink. 

425. The weight of a body remaining the same, its bulk may 
be enlarged at pleasure, by forming it so as to inclose a space. 
There is no ■ substance therefore so heavy that it may not be 
made to float. 

426. Since, when the weight of a body is diminished with- 
out changing its bulk, it must elevate itself with an effort which 
can be counterbalanced only by a weight equal to that which 
has been taken from it, it will be seen that this upward pressure 
of water may be advantageously employed in raising large mas- 
ses 'j in drawing up vessels, for example, from the bottom of bays 
and rivers, by attaching them to other vessels, floating above, 
and deeply laden with stones or water, afterward to be thrown 
overboard. 



Specific Gravities* 

427. In general, if S be the specific gravity of a floating 
body, or, which is the same thing, the weight in ounces of a 
cubic foot of this body,t the matter being supposed to be uni- 
formly distributed, b its bulk, S' the specific gravity of the fluid, 

t Water is the unit to which we refer all substances, except the 
gases, in estimating their specific gravities. It is immaterial what 
bulk be used for this purpose, or whether any particular bulk, 
provided the two in question be equal. A cubic foot of any tub- 
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Mfl 



d f the bulk of the part immersed, ihe weight of this body 
M be S 6 ; and ihal of tlie tluid displaced will he S' >/ \ whence 
■ have 



fcciuation which gives 



from which it will be seen, that llie weight Sb of the body re- 
maiiting the same, the pari ininicrited will always be ko much the 

II, according as the specific graviiy of the fluid is greater. 
Moreover, this same e<juatIon is equivalent to the proportion, 
b -. b' :: S' : S; 
I is, the bulk of the body is to that of the part immersed, in- 
versely as the specific gravily of the body lo that of the fluid. 
428. If the immersed body weigh more than an equal bulk 
the fluid, it must sink ; and il can be retained only by a force 
lal lo the excess of its weight above that of an ecjual bulk of 
ffnld. Now if we represent the specific gravity of the fluid, 



I compared in point of weight with the same bulk of water 

raid evidcnlly give the same result as any other mensure ; and 

rect results once obtiiinei], we can substitute such other bulks as 

B choose. The cubic foot has this pRrticulur aiKantnge, thai, 

e measures be taken at the temperature of ri<P of Fahrenheit, 

lame numben wbich express the specific gravities, the decimal 

it being; removed three places, or the whole being multiplied by 

)0, give the absolute weight in avoirdupois ouaces ; since a cubic 

Itof water at this tempernture weighs lOOU ounces. It is usual, 

>r«T«r, la determining specific gravities, lo refer to the tempera- 

B of 60°, at which a cubic footof water neigtis62,363»^ or a little 

a 1000 ounces. In the mure accurate experiments, however, 

iD this subject, the absolute weight is lirst nscertuined, and Die cubic 

Il Is taken as the measure, this hulk of distilled water at the tcm- 

Mtarc of 6U«, being eslimnlei) at Sfi2-523 grains. In Fnmcc the 

■ipcralurc preferred is thai of the muximuui density of water, or 

», M. Th<! atmosphere is employed as the miil in estimating the 

c gravities In ga»es. 
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and that of the body immersed in it, bj S', S, reqpectiTely, and 
the bulk of the body by bj we shall hare, 8b — S^b for the 
excess of the weight of the body above that of an equal bulk of 
the fluid. Hence, if we suppose that this body is retained by 
means of a thread, attached to the beam of a balance, and that 
w is the weight with which it is kept in equilibrium; w« shall 
have 

from which we obtain, 

— — ^^ 
S* — Sb—v 

Now 56 is the absolute weight of the body, and w its weight in 
the fluid ; knoming^ therefore, the absohUe weight of a bod^. and its 
weight when immersed in a fluid, we easih/ determine the raiio of their 
specific gravities^ by dividing by the cAsolute weight of the body the 
difference of these two weights If, for example, the absolute 
weight of a body be 6 ounces, and its weight when inmiersed 
in water 5 ounces, we divide the absolute weight 6 by the difi*e- 
rence, and the quotient | shows that the specific gravity of the 
body is 6 or is to that of the fluid as 6 is to 1 . 

In other words, since the loss of weight sustained by a body 
on-being immersed in a fluid is equal to the weight of its own bulk 
of that fluid, by proceeding as above, we shall have the weight 
of equal bulks of the substances in question, and consequently 
their relative weights or specific gravities. 

If the solid substance whose specific gravity is sought be light- 
er than water with which it is to be compared, it may be made 
to sink by attaching to it a heavier body, whose water-weight is 
known ; then, by subtracting this from the water weight of the 
compound body, wc shall have that of the body in question. 

When the substance to be weighed is soluble in water, as com- 
mon salt, for instance, it may be covered with a thin coat of 
melted wax, which is very nearly, and may be made exactly of 
the same specific gravity with water. The body will thus be 
protected, and the loss of weight, on being immersed, will be the 
same as if water occupied the place of the covering. 
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Another melhod is [o detcrmiiie the spccUic gravity of t 
tdjr Kith reference to some liquid, as alcohol or oil, in which 
no solution lakes place, and whose specific gravity, compared 
with water is known. We have then simply to use (he propoi* 
lion, as the specific gravity of water, is to thai of the Huid uae( 
so is the result above found lo the result sought. 

429. If the same body be immersed in another fluid, whoi 
specific gravity is denoted by S", and »/ represent the weigU 
necessary to counterbalance it; as in the former case we haf 
w =^ Sb — S' 6, we shall have, in like manner, lu' = Sh — 5" . 
Now these two equations give 

_ S'b = Sb — w, and S"b = Sb—w'; 

iieoce, dividing this last by the preceding, wc obtain 



(owing, therefore, the absolute weight Si of a Ijwly, and i 

ighi id' ill a fluid, and its weight w in any other fluid, we easill 

jUcrniine the ratio -^ of the specific gravities of these tin 



\ By taking a solid glass ball and grinding it to such a sin 
1 it ahatl lose just a thousand grains, for instance, when weigl 
d in distilled water, at the assumed temperature, then by obsen 
ntg the loss of weight / in grains, sustained on being weiglu 

in any other fluid, wc shall have 



1000 : 



: 1 1 



I 



RlH the specific gravity of the fluid in question is obtained' 
f dividing f by 1000, or removing the decimal point three 
ices to the left. If a larger number of decimal places were 
piircd, wc should employ a ball weighing 10000 or lOOOOO 
ins, and divide accordingly. 
' 430. The precious metals being heavier than those of less 
wc, when they arc debased, it must be by means of some sub- 
icc of less specific gravity, and the compound will conse- 
tuly be lighter than ihc metal it is intended lo rcprcsenU— 
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Spirits, on the other hand, are lighter than the liquids with 
which they are adulterated, so that, in each case, the specific 
gravity becomes the test of purity. We have, hence, a curious 
and important problem, namely, knowing the specific gravity of 
the two ingredients that compose a compound, and the specific 
gravity of the compound, to find the proportion of the ingredi- 
ents. This proportion may be estimated by weight, as is usually 
the case with respect to metals, or by measure, which b the com- 
mon method where liquids are concerned. The weight of the in- 
gredients being sought, we put x for that of the denser, and y for 
that of the rarer or lighter, c representing that of the compound, 
and S, S', S"^ denoting their specific gravities respectively. We 
have X + y =^ c\ also, on the supposition that the bulk of the 
compound Is equal to that of the constituent parts, the specific 
gravity would be the same whether the compound were consid- 
ered as one entire mass, or as composed of two distinct parts, and 
the weight divided by the specific gravity in the one case would 
be equal to the weight divided by the specific gravity in the 
other, that is, 

- 4- X = -i 

To find 0?, we substitute in this equation the value of y deduced 
from the first, namely, y = c — a:, which gives 

X c — X c 

S "' ¥' ^* 

or 

X (y — S) __ ^ _ ^ _ (5^ — S") 

whence 

^ 55' (S* — 5") _ jS' — S") 5 _ [S" — S') S 

^ "^ (5' — S) ^ S^S'' ^ "" (5' — 5) 5" ^ "" (5—50 5" ^' 

In like manner, we have 

_ {S - S") S' 

» (S — y) S" 
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Suppose a compound of gold and silver to have a specific 
ffdiyky equal to 14, that of pure gold being 19,3, and that of 
pure silver 10,5 ; we have 

S = 19,3, S' = 10,6, S'' = 14; 
and consequently, 

S'' — 5^ = 3,6, 
S —S' =z 8,8, 
S — 5''=:6,3; 

whedce, by the formula, the proportional weight of gold will bt 

3,5 X 19,3 _ 67,65 _ 
8,8 X 14 l^fi '^ * 

The formula for the value of y gives for the proportional weight 
of silver 

5,3 X 10.5 _ 55,66 ^q.. 
8,8 X 14 123 fi '^ ' ' 

whatever c may be in each case. 

Where the proportion of the ingredients by bulk or measure, 
instead of by weight, is sought, as in the case of liquids, the 
process is shorter. Calling 6, V, the bulks of the ingredient 
corresponding to the specific gravities 5, S'^ as the weight is 
equal to the bulk multiplied by the specific gravity, and the 
weight of the compound is equal to the sum of the weights of 
the ingredients, we have 

S'' X{b + l/) or 9'b+ S"l/ ^Sb + S' V, 
whence 



or 



that is. 



6(5'' — S) = 6^(5' — S'Oj 



6 : fr' : : S' — S" : S" — S. 



Suppose a certain spirituous liquor to have a specific gravity 
equal to 0,93, that of highly rectified alcohol or pure spirit being 
Mtch. 40 
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0,83 and water 1 ; we have in this case 

S = 0,83, S' = 1, and 5^' = 0,93, 
which gives, 

S' — S'' = 0,07, S'^-^S^z 0,1, 

and by substitution, 

b : V :: 0,07 : 0,10; 

that is, the proportion by measure of pure spirit to that of water, 
is as 7 to 10. In what is called jiroo/* spirit, it is required that 
the constituent parts of water and spirit, should be equal, which 
gives a specific ^avitj of 0,995, and the degree above or below 
proof is usually denoted by the number of gallons of water to be 
added to or taken from 100 gallons of the liquor in questkm, to 
bring it to tlie required standard or proof. 

But more expeditious methods have been devised for deter- 
mining the proportion of alcohol m spirits. It .is evident that if 
a great variety of mixtures of known proportions were prepared, 
and hollow glass balls or bettda were so adapted to each in res- 
pect to specific gravity, as just to remain suspended in any part 
of the fluid ; by marking the known proportion oS alcohol and 
spirits in each case on the respective balla, similar uakaown 
mixtures might be readily examined as to their proportion of 
alcohol. It would only be necessajry to make trial of different 
balls until one was found which would tend neither to rise nor 
sink when immersed in the fluid. But instead of a. large number 
of such balls, a single one with a long graduated stem and move- 
able weights, as represented in figure 31 1 might be employed to 
the same purpose. The ball itself should be of such a specific 
gravity as just to sink to the commencement of the graduation on 
the stem when suspended in alcohol, and the weights to be at- 
tached should be such as to cause the ball and some part of the 
stem to sink in any mixture of less specific gravity than pure 
water. Then the weight together with the divisions of the stem, 
which serve to subdivide the difierence between two weights, 
would indicate, like the separate balls, the specific gravity of the 
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liqatd and consequently its proporiion of alcohol. An instru- 
ment so constructed, is called a hydrormler.] 

432- In making use of llie hydrometer, and in experiments 
generally upon specific gravities, there are several particulars t© 
be taken into consideration. 

(i). Since all bodies expand with heat and contract witb 
cold, it will be perceived that the speciiic gravity of bodies ia 
modified by temperature. Thus bodies are specifically heavier 
in winter than in summer, and the same spirit would indicate dif- 
ferent proportions of alcohol at different seasons, regard not be- 
ing had to this circumstance. Accordingly a thermometer is a 
necessary appendage to a hydrometer, and the correction for 
temperature is applied by means of a moveable scale, containing 
the degrees of the thermometer, sliding Upon another scale on 
which are placed the numbers of the several weights, including 
the stem. 

(2). When two substances are mixed together, there is often 
a mutual penetration of parts, whereby the specific gi-avity is 
incrcused, and there would seem, by the foregoing methods, to be 
a greater proportion of the heavier ingredient than actually ex- 
ists. Thus a pint of water and a pint of alcohol do not make a 
qnart of liquid. The defect is sometimes a 40th part. On the 
other hand, the bulk in certain cases is augmented by compound- 
ing. A cubic inch of tin mixed with a cubic inch of lead will make 
ft compound exceeding two cubic inches. No accurate allowance" 
can bo made for such changes ; consequently the methods above 
giren, become in a degree defective, and the results to a certain 
extent uncertain. 

(3). The number of ingredients may exceed two, or the na- 
ture of one or more of the ingredients may be unknown. In all 
tach cases, the problem is in its nature indeterminate. 

433. Questions sometimes occur, especially in chemical re- 
searches, the reverse of those we have been considering, namely, 

t There ia a grest viiriety of instruments of Uiis kind, Ml depend- 
j&g on the Bsme general priuciples. They iire known niso hy a va- 
riety of names, as areomfter, gravimeter, akoholomtter, pcie-tiqueur, 
tiiay-iiutrvment, iic. 
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to find the specific gravity of a compound, bj means of that of 
each of the ingredients ; and the rule which has generally been 
given, is to take the arithmetical mean of the specific gravities 
of the ingredients* 

It will be observed that, the greater the weight of a body, 
other things being the same, the greater the specific gravity ; also 
that the less the balk, other things being the same, the greater 
the specific gravity ; that is, the specific gravity of one body is 
to that of another, as the weight of the first divided by its bulk, 
is to the weight of the second divided by its bulk, and hence the 
mean specific gravity of the two will be found by dividing the 
sum of the weights by the sum of the bulks. Thus, 

S = :J, and 5' = ^, 

from which we obtain, 

6 =1^, and i'^^; 
also. 

Hence, calling M the mean specific gravity sought, from the 
equation M = , [T ■^ , above shown to be true, by general 
reasoning, we obtain, by substitution, 

— ^"I'^' (w + w') SS' 

Let gold, for example, of a specific gravity 19,36, be alloyed 
in equal weights with copper of a specific gravity 8,87, we shall 
have 

M = (^ + ^) ^^^36 ' 8,87 ^ 2 X 171,7232 _ ^ 

8,87 + 19,36 28,23 "" "^ * 

whereas the arithmetical mean is 

19,36 + 8,87 
^ T ' = 14,1 K 
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434. h will be recollected that the specific gravity of a solid 
idy is ddermined by dividing its absolute weight by the loss 

ained on its being weighed in pure water, and the specific 
^faviiy of a fluid, whether liquid or gas, by comparing tlie loss of 
weight sustained by the same solid when weighed in pure water 
with (hat sustained on its being weighed in the fluid i[iqueslton> 
According to this method, therefore, the absolute weight of a 
body U necessary in both cases. Bui it is diflicult to obtain ihia 
unaffected by the fluid of the atmosphere in which we are im- 
mersed. The usual operation of weighing, except where the 
weight itself and the thing weighed happen to be equal in bulk, 
must, from what has been said, be more or less incorrect. But 
the specific gravity of the atmosphere being ascertained, on the 
cuppofiiiion that it is always the same, or such as to admit of its 
changes of density being determined al all limes, allowance may 
be made for its effect on the weight of bodies, more especially 
as it is an exceedingly light fluid, and scarcely requires to be 
noticed, except in very nice esperimcnts, or where the bulks of 
bodies are very considerable. The best way of determining the 
specific gravity of the atmosphere, and of gases generally, is to 
weigh directly a vessel of known dimensions, when empty and 
again when filled with the fluid in question.! It is thus found 
that a vessel of three hundred cubic inches, for example, weighs 
92,4 grains more when filled with air in its ordinary alatc, than 



f The vessel should be of consiilcrable size, that ia, sufficient to 
toatatii at least three or four liuuilred cubic inches. It might be of 
i i;lobulaf shape, aa represented in figure fi13, with a ntirrow neck 
. <i<! ntceljr fitted stop-cock C. Its capacity would be beat ascertHioed 
' y tUliog II accurately with mercury, and then poHring the lii^niil 
lulu ft priMoalic vesael, which might be easily measured. The uir 
Dil^bt be expelled also in the same way, by connecliii^ with the 
neck JIB a tulte of about three feet io length, and suffering the 
mrrcury to dischai^e iUself through this tube, held upright with its 
I' wer end immersed in the same liquid. When the mercury had 
It (lie ball, upon turning the slop-cock we should effectually eX* 
111 lie the air; but there would remain a small portion of (be vapour 
"t mercurj. Ordinarily the air is exhaualed by means of an air- 
piunp, and, although the air cannot thus be wholly withdrawn, the 
•mall proporliuu which is left mny be meai«ured and allowauce 
niaJ*^ accordingly, at will be shown hereafter' 
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it does when empty. This divided by 800^ or (Vli P^^^ ^^ ^^ 
absolute weight of a cubic inch of air 0,S08 parts of a grain^ 
By dividing this by 252,635, tiie weight in grains of a cubic inch 
of water, gives 0,001 22 or t|y nearly for the specific gravity of 
common air, at the surface of the earth in its mean state of den* 
sity and moisture, the temperature being that to which specific 
gravities are generally referred by English philoBOphers, name^ 
ly, 60^ of Fahrenheit. Hence bodies weighed in air lose at a 
mean j^^ part of the weight lost on bemg weighed in water* 
Accordingly, if we weigh a body in air and increase this weight 
by T^r <>f ^^ difference between the air and water weight, we 
shall have the absolute weight very nearly ; that is, if o be the 
absolute weight, a/ the air weight, and vf* the water weight, we 
shall have w = «/ + •^\-^ («/ — «/') very nearly.t 

If it were proposed to find how much a solid ball must weigh 
in the air in order that its absolute weight may be 1000 gr^^^ 
from the equation 

1000 = «/ + Tiv (w' — w")» 
we should have 

a/ = 1000 — T^Y (a/ — a/0> 
or, 
a/ — n/' being 328, for example, a/ = 1000 — 0,4 sr 999,6. 



t To be strictly correct, the formola should be 

but the object of this formula is to find w, and when we hare ob* 
taioed it nearly, we may substitute this value, and thus approskiHita 
the true value of w to any degree of exactness. Bat genertllp 
•peakiDg, the correction derived from the second approximatioo. li 
very small, Thus, in the example that follows above, fir (^ — *^ 
is 0,4 grains, and the second approximation would give only -^ of 0,4 
grains or 0,0005 of a grain. Where the results are intended to be ve- 
ry accurate, the coefficient -^^ should be corrected for the paiilea- 
lar state of the atmosphere at the time of the experiment, the meti^ 
ed of doing which depends upon instruments to be described Bare- 
after. 



^mjk OmvitUf. 319 

f-435. According to what is above laid down, the speciflc ' 
^avity of a body multiplied by its bulk gives its weight. Now 
the density multiplied by the bulk gives what is called the mass 
of the body, which is proportional to its weight. Hence the ' 
spccilk gravity multiplied by the bulk, is proportional to the 
density multiplied by the bulk; therefore thr specific gravilies of 
loditi are propurtional to their daisilia. Thus S, S", being the 
'[ii-cific gravities, w, v/, the weights, b, b', the bulks, i, i'. the 
Jciisities, and m, mf, the roasacs of two bodies, 

Sb = w, and S'h' ^^^ v/ ; 
also, 

&b = m : &' b' ^^ mf ;: ui : le' ; 

whence 

Ah : &'!•' :: Sb : S'l/, 

i : i' :: S : S'. 

By employing the sume unit in both cases, as water, for cx- 
■fflple, at the same temperature, the specific gravilies would be 
V^ial to the densities. 

436. If fiuids of various densities, and not disposed to imiie by 
lay chemical affinity, be poured into a vessel, they will arrange 
tj^selves in horizontal strata, according to their respective 
dCQsitTes, the heavier always occupying the lower place- This 
rtntified arrangement of the several fluids will succeed, even 
Aeagh a mutual altraciion should subsist, provided only that its 
operation be feeble and slow. Thus, a body of quicksilver may 
W Bt the bottom of a glass vessel, above it a layer of concen- 
Usted iiulphuric acid, next this a layer of pure water, and then 
l|)0(iier layer of alcoboL The sulphuric acid would scarcely 
t/A zl all upon the mercury, and a considerable lime would 
•tqwe before the water sensibly penetrated the acid, or the al- 
Mhol the water. Bodies of ditierent densities might remain 
tlipended in these strata. Thus, while a ball of platiita ivould 
lit M (he bottom of the quicksilver, an iron ball would lloat on 
ife-RKbce; but u ball of brick would be lifted up to the acid 
Ud a ball of beech would swim In the water, and another of 
Cotk night rest on the lop of the alcohol. 
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Specific Gravities of the mare remarkable Substancesm 



PlatiDum, purified, 

hammered, 

laminated, 

— ^— ^ drawD into 
Gold, pure and cast, 
hammered, 



Mercury, . . . . 
Lead, cast, . . . 
Silyer, pure and cast 

hammered. 

Bismuth, cast, . . 
Copper, cast, . . 
wire, . . • 



Brass, cast, • . . 

wire, . . • 

Cobalt and uickel, cast 
Irou, cast, .... 
Iron, malleable. 
Steely soft, .... 

hammered, . 

Tin, cast, .... 
Zinc, cast, . . . 
Antimony, cast, . . 
Molybdaenum . . 
Sulphate of barytes • 
Zircon of Ceylon, . 
Oriental ruby, . . 
Brazilian ruby, . . 
Bohemian garnet, . 
Oriental topaz, . . 
Diamond, .... 
Crude mang^ese, . 

Flint glass 

Glass of St. Gobin . 
Fluorspar, . . . 
Parian marble, . . 
Peruvian emerald 
Jasper, «... 
Carbonate of lime, . 
Rock crystal, . . 

Flint, 

Sulphate of lime, . 
Sulphate of soda, 
Common salt, . . 
Native sulphur, • . 
Nitre, .... 
Alabaster, .... 
Phosphorus, . . . 



19,50 
20,33 
22,07 
wire, 21,04 
. . 19,26 
10,36 
13,57 
11.35 
10,47 
10,51 
9,82 
8,79 
8,89 
8,40 
8,54 
7,81 
7,21 
7,79 
7,83 
7,84 
7,30 
7,20 
4,95 
4,74 
4,43 
4,41 
4,28 
3,53 
4,19 
4,01 
3,50 
3,53 
2,89 
2,49 
3,18 
2,34 
2,78 
2,70 
2,71 
2,65 
2,59 
2,32 
2,20 
2,13 
2,03 
2,00 
1,87 
1,77 



Plumbago, 1,86 

Alum, 1,72 

Asphaltum, . . . . • 1,40 

Jet, 1,24 

Coal, from • . . lJt4 to 1,30 
Sulphuric acid, . • • . 1,84 

Nitric acid, 1,22 

Muriatic acid, . . . . 1,19 
Equal parts by weight of 
water and alcohol, • . 0,95 

Ice, 0,92 

Strong alcohol, .... 0,82 
Sulphuric aether, • . . 0,74 

Naphtha, 0,71 

Sea water, 1,03 

Oil of sassafres, • • . 1,09 

Linseed oil, 0,94 

Olive oil, 0,91 

White sugar, 1,61 

Gum arable and honey . 1,45 

Pitch 1,15 

Isinglass, 1,11 

Yellow amber, .... 1,08 
Hen^s egg^ fresh laid, • 1,85 
Human blood, .... 1,03 

Camphor, 0,99 

White wax, 0,97 

Tallow, 0^94 

Pearl, 2,75 

Sheep's bone, .... 2,22 

Ivory, 1,92 

Ox^s horn, 1,84 

Lignum yitse, 1,33 

Ebony, 1,18 

Mahogany, « • • • . 1,06 

Dry oak, 0,93 

Beech, ....... 0,85 

Ash,\ 0,84 

Elm, .... from 0,80 to 0,60 
Fir, ... from 0^57 to 0,60 

Poplar, 0,38 

Cork, 0,24 

Chlorine, ..... 0,00302 
Carbonic acid gas, . . 0,00164 
Oxygen gas .... 0,09134 
Atmospheric air . • 0,00122 
Azotic gas, .... 0,00098 
Hydrogen gas, . . . 0^00008 
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^ ll will be seen by the foregoing table, ihai ihere are gaaes 
much lighter than the atmosphere ; accordingly, if a large quaii- 
lily of one of these fluids were confined bj a ihin covering, as oiled 
silk, it would rise in the atmosphere as a cork does in water until 
it reached a region of the atmosphere of the same specific gravity 
with itself. It is uj>on this principle that balloons are construct- 
ed. They were at first filled with air rarclied by heat, and a fire 
was supported in a car placed under the balloon for this purpose. 
Hydrogen was afterwai'd discovered, and proved to have a specific 
gravity only y'j of thai of common atmospheric air. This gas, 
is the lightest of known fluids, and will consequently require a 
less bulk for a given buoyancy than any other. It is universal- 
\y employed iii the construction of balloons. 
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t436. This instrument consists of a tube -^B, nearly filled Fig.213.1 
I alcohol or ether, the remaining space CD being occupied 
i>j a bubble of air. Being attached to the vertical or horizon- 
■ 1 circle of a theodolite or other instrument, it serves to deter- 
^[lioe the horizontal position of a line or plane, since if either end 
{the lube is higher than the other, the bubble of air, from tt( 
jcific lightness, will indicate it by tending to the higher p 
B usual, where great i;xactness is required, to make the tubi 
jhliy curved, the curvature being circular; the bubble wiBI 
1 inove more readily, settle itself with more certainty, anl 
icribe equal spaces by equal changes of inclination, 
iptrit level will exhibit a movement of more than half an hich for 
each minute of inclination, and the bubble will sensibly alter its 
position by a change of five seconds in the inclination. In such 
! lube, the radius of curvature will be about 150 feet. But lev- 
"Is have been rendered still more delicate. Lalande speaks of 
iinc, fdird with ether, the bubble of which passed over fourteen 
ijichcs by equal spaces of one tenth of an inch for every se 
The radius of curvature was consequently 1719 feet or n 
one ihird of a mile.t 



1 1 The nuiitber nf seconds in a circle ja 

360 X 60 X 60= 12! 
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437. In order that a heavy body may be in equilibriiun on 
the surface of a tranquil fluid, it is necessary thai its weight 
should be less than that of an equal bulk of the fluid. There 
is an exception to ihis rule, however, in the case of very small 
bodies, the particles of which are of 3 nature not to exert any 
attraction upon the particles of the fluid, or whose attraction is 
much less than that of the particles of fluid for each other. In 
this case the fluid is depressed below its level, forming a little 
hollow about the floating body, which may be regarded as malt- 
ing a part of the bulk of the body ; and on account of this au^ 
mentation, ii is evident thai the body may float, although its spe- 
cific gravity should be greater than that of the fluid. It is on 
this account that a needle smeared with tallow may be made to 
Boat on 'water. Small globules of mercury also are supported in 
a similar manner. To render this effect of no avail, we have 
only to suppose the floating bodies so large, that the void space 
which may be formed about them (and which is always very 
small) may be neglected when taken in connection with a bulk 
so much greater. 

438. The weight of a body being smaller than that of ao 
equal bulk of the fluid, the body will sink till the weight of the 
fluid displaced becomes equal to that of the body ; and when 
these two weights are thus equal, the body will be in equilibri- 
un), if its centre of gravity and that of the fluid displaced, or 
■ the ccnlreof buoyancy, arc situated in the same veriical. With 
respect to homogeneous bodies, the centre of buoyancy coincides 
with that of the immersed part of the body ; and that the weight 
of the fluid displaced may be equal to that of the body, it a nec- 
essary that the densities should be in the inverse rafio of the 



Calling these tenths of an inch, we have, by dividiDg by 10 anil by IS, 
10B0O feel for the abiiolute lenj^th of the circumference ; wheim, 

S« or 6,2832 : 1 ;: 10800 ; 1719. 
in the best spirit levels, the requisite curvature is ellected nnd renil 
fnA true by grinding with emery. 
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bulks, or tliat the bulk of the immersed pan should he to the 
entire bulk of the body, as ils density is to (hat ol' the Huid; it 
folJows, therefore, that the delcrminalion of the positions of equi- 
iibrium of a homogeneous body, placed on the surface of a fluid 
of a given density greater than that of the body, is reduced to a 
problem of pure geometry which may be very simply slated. 
It is rccjuired Co cut the body by a plane in such a manner, that 
the bulk of one of its segments shall be to that of the whole body 
in a given ratio, and that the centre of gravity of this segment 
and that of the body shall be situated Id the same perpendicular 
the cutting plane. 



439. There are different kinds of equilibrium depending u 
form and position of the floating body. With respect to'* 

the sphere, for example, provided its density be less than thai 
of the fluid, it will remain in ecjuilil^ium in any position whatev- 
er, since the centre of gravity and that of buoyancy continue lo 
he in the same vertical. This will be the case, also, with res- 
pect to solids of revolution generally, on the supposition that the 
axis remains horizontal. Such an equilibrium is called an equi- i 
Iibrium of indiffrrtnct. But when, from the form of the solid Of I 
it* relative density, it tends, upon being inclined a little, to return I 
to its position, the equilibrium is said to be slabU. On the other 1 
band, if its tendency after a slight inclination is to depar: front I 
ils first position, the equilibrium is denominated urulabU. 

440. With respect to the difTerent positions of equilibrium of 
ibe same solid, there is a remarkable properly which may be 

^^^CDonstratcd independently of any calculation. Let us suppose 

^^^K the body in question is made to turn about a moveable axis 

^^^bcb is kept constantly parallel to a fixed and horizontal straight 

^Tie, and that it is made to pass in this way successively through 

all its positions of equlltbrium in which the axis has this direc- 

Item; wc say that tlie positions of stable and unstable equilibrium 

irill succeed each other alternately, so that if the body be mov- 

td from a po&ilion of stable equilibrium, the next position will 

be unstable, the third stable, and so on till it has returned lo iu 

t position. 

I fndeed, while the body is yet very near its first position, it,l 
1 tend to return to it, this position being supposed to be stable iy 
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but the tendency thus to return will graduaUj diminish as it 
» revolves, till after a time the body will incline the other way, 
but before this tendency changes its sign (to borrow an expres* 
sion from algebra), there will be a position in which it will be 
nothing, and in which the body will neither incline to return to 
its first position, nor to depart from it ; this, therefore, will be 
its second position of equilibrium. Now we see that within this 
part of its revolution, the body tends to return to its first posi- 
tion, and consequently to depart from the 'second. Beyond this 
point, the body tends to depart from its first position, and at the 
same time from the second; therefore the second position of 
equilibrium is not stable, since on each side of it the body tends 
to depart from it. Upon its passing this position, its tendency 
to depart from it diminishes continally, till it becomes nothing ; 
and beyond this the body tends to return toward its second 
position. The point where this tendency is nothing, is a third 
position of equilibrium, which is evidently stable ; for on each 
side of it, the body tends to return to it, either approaching to- 
ward or receding from its second position. If the third position 
is stable, it may be shown by the same kind of reasoning that 
the fourth is not, and that the fifth is, and so on« 

Thus, when the body returns to its first position, it will have 
neces -irily passed through an even number of positions of 
equilibrium, alternately stable and unstable. 

441. It is important to be able to distjpguish a stable position 
of equilibrium in a floating body from one which is not so. In 

Fi 214 ^^^^^ ^^ ^'^'^i '^^ "^ suppose a body which admits of being divid- 
ed by a vortical plane HFI into two parts perfectly similar, both 
as to form and density. Let us suppose, moreover, that this 
body is made to depart from its position of equilibrium, in such 
a manner that this section HFI remains vertical, and that after 
having thus disturbed it, we leave it to itself without impressing 
upon it any velocity; in this way the section //F/ will remain 
in the same vertical plane, during the whole motion of the body, 
for the two portions being perfectly similar in all respects, there 
is no reason why it should ever depart from the vertical plar.t: in 
which it was supposed to be first situated. For the same reason, 
the centre of buoyancy will always be in the section ///7, as 
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well as the centre of gravity. Let G, then, be the centre of 
gravity ; anil the poiiition being that of equilil>riuni, lei B be the 
lenlrc of buoyancy, and /// the intersection of the level of the 
fluid with the plane HFI, or the wattr-lint; in this position, the 
straight liiieG'fi, which connects the two centres, is vertical, and 
consequently perpendicular lo the straight line///; it inclines 
generally when the body is made to deparl fiom this position, 
and at the same time, the centre of buoyancy, and the waier line; 
change iheir position upon the plane HFI. I will, suppose ihei 
fore, that this centre is the point B', and this line the straigl 
line /W', when the equilibrium has been disturbed; the fore i 
which will (end to put the body in motion are the ivei°;hl of ll 
body which is directed according to the vertical GF drawin' 
through the centre of gravity G, and the resultant of the vertical 
pressures of the fiuid upon the surface of the oody; this result- 
amis the 'buoyancy of the fluid, and is equal to the u eight of 
the fluid dispkiced, and is eserled at the point £* ils centre of 
gravily, in the direction contrary to thaiof graviiy,or according 
to the vertical li'Z. This vertical and the inclined straight line 
OB being in the same plane, will cut each other in, a certain 
point Jil called the mttacentrt. it is on the position of this point 
wilh respeci to ihe centre of gravity G, that the stability of the 
et|unibrium depends. The point M may be taken for the point 
of application of the buoyancy of the fluid, which will then be 
eiiTtcd according to the straight line jl/2; tJic body will there- 
fore be acted upon by two parallel and contrary forces, applied 
at the extremities of the straight lineGB'. It is now proposed to 
i^termine in what direction the body will move, and wheiUer 
ihc:'e forces will tend to restore it lo its position of equilibnui%. 
or to make it depart further from this position. 

k442. In the first place, if they be unequal, they will produce a 
ion of oscillation in the point G. For (he centre ofgra\ iiy ought 
lovejuat as if ihc two forces were applied directly at this point} 
therefore, the inilial velocity being nothhig, ils motion will be jj 
I vertical sirnighl line, and iti point of magnitude equal to tbi 
■ xccM of the greSier of the two forces over the Its';. If at l 
■nunenccmcnt of the motion, the weight of the body exceeds the 
inyancy of ihr fluid, the point G will begin to descend ; its mo- 
il will at first be accelerated, but according as the body » 
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445. To fix, in a few simple cases, the dimensions of the sol- 
id and its relative density to that of the fluid required for a par* 
ticular state of equilibrium, let the body in question be a ho- 
mogeneous parallelepiped, placed vertically in the fluid ; and let 
Fig^i7. DFE be a section of this body through the axis parallel to one 
oi its faces. The solid will evidently sink till the immersed part 
^^* XF shall be to the whole height AF, as its density is to the 
density of the fluid ; and its centre of gravity and that of buoy- 
ancy will be 6 and B^ the middle points respectively of the axis 
and of the depressed portion J^F. Suppose now that the body is 
inclined a little, shifting its water-line from the position HJ^I to 
BNI\ the centre of buoyancy, changing from B to B\ will des- 
cribe a small arc of a circle, which for the extent under considera- 
tion may be regarded as a straight line, and B* will be raised by 
a quantity which will be to the altitude PO of the centre of grav- 
ity of the triangle AY/', as the area of the rectangle NIF is to 
that of the triangle INF^ that is, ^^JfF : \ IP. Moreover the 
horizontal motion of B will be to JVP or | ^I in the same pr^ 
portion. Whence 

JVF:i//'::|JV/:BB' = :?5!:^X^. 

But, by similar triangles, 

BB^ or ^y : BM :: IF : JV/; 

accordingly we have, for the height of the metacentre above the 
centre of buoyancy, 



SAF 12 JVf 

Let jJjF, the height of the parallelopiped, be denoted by h, 
its breadth or thickness HI by a, and its density or specific 
gravity by A. When the metacentre coincides with the centre 

of gravity, and the solid floats indiflferently in any position, BM 

AF J^F 

is equal to BG or to ; that is, (water being the fluid 

in question,) since 1, the density of the fluid is to A,. the density 
of the solid, as A For h is to JVF or A A, we shall hai^ 
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o« _ h — Ah 

2a« = 12AM — 12 A« h\ 



•r 



A' — A = — 



6 A* 



This being resolved after the manner of an equation of the sec- 
ond degree, gives 








If the parallelepiped become a cube, then a = h, and we 
have 

± ilZ??. = 0,6 ± 0,29 nearly ; 
6 

that is, the two densities are 0,79 and 0,21 nearly. Between 
these limits there can be no stability ; but above 0,79 or below 
0,21 the equilibrium becomes more and more permanent. Hence 
a cube of beech will float erect in water, while one of fir or cork 
will overset ; yet all these three cubes will stand firmly when 
placed upon the surface of mercury. We restrict ourselves, in 
this illustration, to cubes, because we cannot apply the remark 
to parallelopipeds generally. A stable equilibrium depends, as 
will be inferred from what has been said, not only upon the rel- 
ative densities of the solid and fluid, but also upon the propor- 
tion between the horizontal and vertical dimensions of the solid. 
In order to ascertain this proportion in the case of parallelopi- 
peds, and on the supposition of a density equal to half that of 
the fluid, we have only to put equal to zero the radical part of 
the above general formula, and we shall have 

3fc« = 2a«; 
accordmgly 

^ = I = il» and - = J nearly. 

Whence, approximatively, 
Jjftch. 42 
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I2h s= lOa, 
or 

ft : a :: 10 : 12, 

that is, a parallelopiped of half the density of the fluid, and hay- 
ing its height to one side of a square base, as 10 to 12, would 
float indifferently. 

446f But if the relative density of the parallelopiped were 
either greater or less than ^, its equilibrium would become stable. 
Thus, if we suppose A equal to |, we shall have the distance 
of the metacentre above the centre of buoyancy, as follows, 
namely, 

a> 123 

BM = r- = = 44 = 3,6 inchesi 

and for the distance of the centre of gravity above the centre of 
buoyancy, 

BG = ^^^^ = I A = 1 10 = 3,3 inches; 

so that the centre of gravity is about 0,3 of an inch below the 
metacentre. Therefore the equilibrium would be stable. 

In like manner, if we substitute | instead of | in the above 
equations, or, which is the same thing, take half of each of the 
above results, we shall have half of 0,3, or 0,15 of an inch, for 
the distance of the centre of gravity below the metacentre. 

447. These principles are well illustrated by the masses of 
ice which appear on the rivers of the colder climates at the 
opening of spring. Being ordinarily much broader than they 
are thick, they have a stable equilibrium in their natural position 
with their broad surface horizontal. But when by striking 
against each other, or by passing over a fall, they are thrown 
up sidewifie, their equilibrium becomes unstable, and they soon 
return to their former position. Moreover a piece of ice of a 
cubical form will still preserve its balance, since its specific grav- 
ity does not come within the limits already pointed out, of an 
unstable equilibrium.! 

t The specific gravity of ice is 0,92, or compared with sea-water 
as unity 0,89. 
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The rce*l»ergs that float from tlio polar seas down into warm- 
t regions, are gradually dissolved, not only by the aun's rays, 
t also by the currents of warm air and warm water to wliieh 
ley afe Piposcd. Bui these causes operate more powerfully on 
le sides than upon the top and botloiii, and thcii' horizontal dimei 
etlius reduced faster than their vertical, whereby tha 
' unliable, and are overturned. Being still subject j 
t same kind of influence, they are liable to repeated and : 
ml changes of })osition before they are completely wasted. , 

' 44ft. To in^•estifale generally the conditions of equilibrium p. ..J 
fa floating body, let li.ilf represent a vertical section, the ^ 

hil G of the principal axis AXF being the centre of gravity 
F the whole, and the point B the centre of buoyancy. The 
iRid being inclined a liitle, the water line HX/ shilts to IFJ^P, 

A the centre of buoyancy B to B'. From what has been sai(Ij^_ 
twill be perceived that the area of UFl is to the sum of L 

a triangles NW, HXW, as JfP is to BB' ; that is, 

area HFl : A"/ X //' : : | A"/ : BB', 

t the triangles IJ^I', BM&, being similar, 

//' : m :: BB- : BM, 

refore, by multiplying the terms in order, and suppressing t! 
'fCtor in each of the ratios, we have 

areaWF/ : A7 :: %m : BM, 
EcalUiig the area HFI, «, and tho length of the water line, HA"/, d 



: (la)' 



; BM = 



180 



'dinc;ly,the equilibrium will be stable when the cube of tbi 
h of the water-line A"/, divided by 12 times the area of the 
Sion, ciceeds the interval BG between the centre of gravity 
I that of buoyancy. If this quotient be just equal lo BG, the 
bilibriuui will be that of indifference; and lastly, when this 
piienl is lens than BG, the equilibrium will be unstable, and 
\ body will be liable upon a slight inclination to overset. 
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Whatever be the figure of the section HFIj its area and con- 
sequently the centre of gravity and that of buoyancy may be 
found to any required degree of exactness by the method of 
article 114. 

Although the above formula has reference only to a single 
lamina, and to motion in the plane of this lamina, it is still apn 
plicable to any solid whose parallel sections are equal and sim- 
ilar, for in this case the whole may be considered with respect 
to motion in a parallel plane, as concentrated in the middle sec- 
tion or lamina represented by HF/; and with respect to motion 
in a vertical plane perpendicular to the lamina, by supposing a 
corresponding section, and putting (i' equal to the area of this 
section, and a' equal to the length of the watei^line, we shall 
have the same formula to express the conditions of equilibrium 
as before. 

When the sections or laminse are unequal, we find the height 

of the metacentre of each lamina, and multiply it by the bulk of 

this lamina, and then divide the sum of the products, or moments 

of the several laminae, by the sum of the laminae for the height 

*^^- of the common metacentre. 

449. In the case of a merchant ship, it will furnish a tolera- 
ble approximation to take the section near the prow where the 
girth is commonly the largest. The transverse section of the hull 
of a ship is not materially difierent from the form of a parabola. 
Therefore, on this supposition, the height of the metacentre above 

¥\zJ2i9 ^^^ centre of buoyancy, or fijlf,.is equal to the cube of///, the 
length of the water-line, divided by twelve times the area of 

Cii. 94. HFI. But the area HFI is equal to | H/ X J^F. Hence, 



nni^ HI in HI* A7 



12d "" nxiHIxJ^F" SJST 2J^F' 



I « — 



t Where great accoracy is required, the following formula may 
be used ; namely« 

O 



Sqttilibriiim of Floating BoHts. 

pt is, BM is equal to half the parameter of the parabola. J>xri, 17s 
1>eing the centre of gravity of the parabola Ht'J, its height is 
readily found to be | J^'F. Therefote for the whole height of 107. 
Ihe uelaccntre above the keel, we have 



I JVF + 



2.VF ■ 



10. vf ■ 



Such is the height of the metacentre above the keel, on th^ 
supposition that the vertical sections are all equal and parabolic^ n 
which is nearly the case with respect to long track-boais. But 
the figure of the keel in most vessels, tittcd for sailing, approach- 
i-s to a semi-ellipse, which is likewise the general form of a hori- 
zontal seciion. Owing to these modificalions, the metacentre is 
found to be depressed about one fourth part, and consequently 
Us height above the centre of buoyancy will be 



• 6JVF fiJVP 



3 A-/ 



In a ship, for example, whose water line is 40 feet, and the dept 

of its immersed portion id feet, we shall have for the height « 

Hb metaccDlre above the centre of buoyancy, 



rSV 



: 10 feet. 



But the centre of gravity of the immersed part is { 15 or 6 feet 
^^bfilow the water line. Hence the metacentre is 4 feet above 
^^H water line. The ship will therefore float securely, so long 
^^Hthe general centre of gravity is kept under that limit. In 

nwhich /*A"/ repfesenti the sum of the cubea of theperpendiculH 
[, (W, Stc. of figure 60, these perpendiculars being taken at eqnt 
tances, and so near to each other Ihnt the incluiled portions of 
i curve OA', OK, &c., may be considered as straight linea, the 
BKRon (llstsDce being denoted b^ t, and the bulk of tbe immersed 
t of the vewel by 6. The investigation of this formula is very 
^le, and is omitted here merely on account of its length. See 
mft Mtcunique, art. 359. 
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loaded vessels, the centre of gravity has commonly been found 
lo be higher than the centre of buoyancy, by about the eighth 
part of the extreme breadth. Accordingly, in the present in- 
stance, the centre of gravity of the whole mass would still be 
one foot below the surface of the water, or five feet lower than 
the metacentrc, which would be amply suflkient for the stability 
of the ship. 

450. Such is the position of the metacentre in the vertical 
plane at right angles to the longitudinal axis, and which reg- 
ulates the rolling of a vessel from side to side. But there is 
another similar point in the plane of the masts and ke^l, which 
determines the pitching^ or the movement of alternate rising and 
sinking of the prow. The height of this metacentre is derived 
from the same formula, by substituting only the length, for the 
breadth of the vessel. Thus, let the keel measure 180 feet, and 
we have 

With such a strong tendency to stability, therefore, in the direc- 
tion of its course, a ship can scarcely ever founder in consequence 
of pitching at sea. 

The formula now given for computing the height of the me- 
tacentre above the centre of buoyancy, may, with some modifi- 
cation, be deemed sufiiciently accurate in practice. It is best 
adapted, however, for cutters or frigates, and will require to be 
somewhat diminished in the case of merchant vessels. Mr At- 
wood performed a laborious calculation on the hull of the CuS^ 
nells, a ship built for the service of the East India Company, 
having divided it into 34 transverse sections, of five feet interval. 
The result was, that the metacentre stood only 4 feet 3 inches 
above the centre of buoyancy. But that ship, being designed 
chiefly for burthen, appears from the drawings to have been 
constructed after a very heavy model, its vertical sections ap- 
proaching much nearer to rectangles than parabolas. To suit it, 
the formula above given would have required to be reduced two 

thirds, or to jirr^* Kow the breadth of the principal section was 
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^H& fo^t aid two inches, and its depth 22 feet 9 inches. Wben^l 

- ■ = 5,1 feet, differing little from the conclusion of a slricfl 

er but very tedious process. H 

t45I. Since the height of the nnetacentre is inversely as t^H 
Btight of a vessel, and directly as the square of its brcadlh, |H 
ibility depends mainly on its spreading shape. This propert^^ 
an essential condition in the construction of lifc-boals. But 
e lowering even of the centre of gravity has been found to be 
sometimes insufficienl to procure stability to new ships, whicbn 
after various inefl'cctual attempts, were rendered serviceable, h^M 
applying a sheathing of light wood along the outside, and ih^H 
nidening the plane of Hoating. ^M 

452. It is not very difficult to detrrmine the centre of buo^fl 
ancy. by guaging the immersed part of the hull. A cubic fo<^| 
of sea-water weighs 64*- avoirdupois, and 35 feet, therefon| 
make a Ion. The load of the vessel corresponding (o evenH 
draught of water may be hence computed. 

453. The height of (he mciacertrc above the centre of grav- Fi__220i 
ity ID a loaded vessel, may be determined by simple observation. 
Lei a long, stiff, and light beam be projected transversely from 
the middle of the deck, and a heavy weight suspended from its 

lote end, inclining the ship to a certain angle, which is easily 

isured. Thus if -^J^ represent this lever, q the weight at- 

ibtd, M the meiacentre, and GAIQ the inclination produced, 

g the centre of gravity, and GR a perpendicular drawn 

t U to the vertical L q, the power of the weight q to b- 

e the vessel will be expressed by ^ X GR ; but p denoting 

b entire weight of the vessel, ihc effort exerted at the meiaceo* 

■ to keep the mast erect, will be represented by 

p X GQ, OT}) V. GM X sin GMQ. 
Qicrcforc 

q V. GR = p -x GM X sin GMQ, 
d consequently the elevation GJIf above the centre of gravity 



opressed by '^ . 



a GMq. 



Now GR may, without any si 
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sible error, be assumed as equal to the length LN of the beam 
from the middle of the deck. Supposing the height of the me- 
tacentre to be 3 feet 10| inches above the centre of gravity, a 
weight equal to the two hundredth part of the burthen or ton- 
nage of the ship, and acting on a lever of 50 feet in length, would 
occasion a inclination of five degrees. If the experiment were 
performed in a wet-dock, or on a smooth calm sea, such a small 
angle could be measured with sufficient accuracy. In calculat- 
ing the effect of this disturbing influence, it is easy to perceive 
that half the weight of the beam should be added to q* A 
trifling correction may be likewbe made, for assuming GR as 
equal to JiL\ by first diminishing JfL, by its product into the 
versed sine of the inclination, and next augmenting it, by the pro- 
duct of GM' into the sine of that angle. 

A similar method might be adopted to discover the height 
of the longitudinal metacentre of the ship, above the common 
centre of gravity. But, acting in this direction, a greater load 
will be required to produce a sensible depression. Let such a 
load be carried to the prow of the vessel, and again transferred 
to the stem. The intermediate place of the centre of gravity 
is hence determined, for its distances from these opposite points 
of pressure must evidently be inversely as the corresponding an- 
gles of inclination. The small change of the centre of gravity 
occasioned by the interchange of these loads, may likewise be 
computed. Finally, therefore, the product of either load into its 
distance from the centre of gravity, being divided by the pro- 
duct of the whole burthen of the ship into the sine of the incli- 
nation, will give the height of the metacentre of the longitudinal 
section on which depends the motion of pitching. 
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454. The most curious natural phenomena are those which 
make us acquainted with the intimate constitution of bodies 
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^^nd the Kciprocal action which tbcir panicles exert upo^l 

each othpr. Wc come now (o consider a class of these phcrnonifl 

ena of considerable extent and variety, and tvhJch are the mon^| 

IJL^Merving of attention, as they are susceptihtc of a rigoroil^l 

^^■ntUliofl. dH 

^^F If a disk of glass, marble, or melal, &lq., be suspended to th^l 
scale of a balance, and counterpoised hy an equal weight in the 
opposite scale, upon l)eing made to touch the surface of a liquid 

ible of moistening it, it will be found to adhere with a certain, 
id to require an additional weight in the opposite scale ci£j 

baUncc to detach it. This adhesion is not produced by th«^l 
;ure of the air, fur it takes place equally welt in a vacuum- ' 

hii«r, therefore, that it is the particles of iJie solid which attach 
Ives to the particles of the fluid by virtue of 3/oree ofaf- 

I, But there in to be inferred also a similar action betweei^.^ 
the particles of the fluid itself. Indeed when the di^k iscapabliH 
of being moistened by the liquid, as is the case when glass i>fl 
used with water or alcohol, the disk, upon being withdrawn 
brings with it a small li([uid fiim, or lamina, which adheres to it. 
It is not then, strictly speaking, the solid which is detached from 
the liquid, it is this small lamina which is separated from 
the particles immediately below it. Now the force employed 
thu8 to detach it, is incomparably more considerable than the 
proper weight of this lamina ; consequently the excess of forcev 
proves [he existence of an internal adhesion in the liijuid whicllfl 
would keep the small lamina united to the rest of the liquid mas|^| 
■Bcpendenlly of gravity. ^t 

Hjlccording to the notions which we have formed of the re-S 
^bocal action of the particles of bodies upon each other^B 
^ft force in question seems to be of the same nature and uH 
^■e a sensible effect only at very small distances. This iafl 
^Keovrr proved by experiment. Whatever be the thicknesi^l 
^Bbc di.tk, so long as the form and substance are the same, the; J 
^Ke required to detach ii from a given liquid, is also the 3ama>>fl 
^Bordingly, beyond a certain thickness, probably less than anjtB 
^Bin the reach of human art to attain, any augmentation haft I 
^Kfiect capable of being appreciated. 'Whence it will be sce^fl 
Ht this action is not capable of producing sensible eflccis, ex- ■ 
WUtch. 43 I 
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cept at distances extremely small. But as a ftirlbcr proof, ft 
may be mentioned that all disks of the same size, whatever be 
the substance, provided it is capable of being moistened by the 
liquid, require precisely the same force to detach them ; so that 
in th^,se cases the thin film of water, which attaches itself to their 
surfaces, places these surfaces and the rest of the fluid at intep 
vals suflSciently great to prevent any sensible action taking place; 
and the force required to detach all disks of the same size, what- 
ever be the substance, is precisely the same, since it is that 
which is necessary to detach the liquid from itself* 

455. Phenomena arising from the same cause, but differing 
Pig 221. in appearance, are also observed when tubes of a small bore 
are immersed in a liquid. If the liquid is of a nature to moisten 
the tube, it will be found to ascend into the interior, and to main- 
tain itself above the natural level. When glass tubes, for exam- 
ple, of a fine bore are immersed endwise in water or alcohol, this 
elevation of the fluid will take place ; and in these cases, the 
upper extremity of the column is concave. But if the liquid is 
not of a nature to moisten the tube, as is the case with mercury, 
melted lead, &;c., used with glass taken in its ordinary state, the 
liquid in the tube will be depressed instead of being elevated, 
and the upper extremity of the column will be convex. In all 
these cases the elevation or depression is the more considerable 
according as the diameter of the bore is less. Such are the 
phenomena which are called capillary from the circumstance of 
the fineness of the bore of the tube. 

The phenomena being the same in a vacuum as in the open 
air, they are not connected with the pressure of the atmosphere.! 



t In the discussion formerly maintained upon this subject, a per- 
plexing fact was stated ; name!}', that if a glass tube consisting of 
two cylinders of different bores, joined endwise, be immersed in wa- 
ter, the larger end being downward, so as to cause the fluid to rise 
into the smaller part of the tube, the column sustained will be of the 
same length as in a tube whose bore is throughout of the same size 
with this smaller. The experiment is now found not to succeed in 
a vacuum. The peculiarity of the phenomenon, therefore, most de* 
pend upon the pressure of the atmosphere. 
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But th«y depend, like the preceditig, ujioti the aitraciion exerted 

\ty ibe lube iii>oii the iitiuid and by the licjuiO upon iiself; so 

thai when (he tliickiicss of the lube is made lo vary, the bore 

H^Muiniag unchanged, the elevations aud depi-essiuna of the li- 

■Kfjd remain the sanie, which proves that beyuud a certain 

pVnckness, probably loo small for us lo nltain, any additional 

matter that may be accumulnted will have no appreciable eflect. 

It follows from this law, that when tubes of the same diameter 

are cooiplclely moistened throughout by the liquid, the ele- 

^BlJon or depression will be the name in all, whatever liie 

Intance of the lube, which shows that the ihin film attach- 

k to the interior surface, removes by its interposition the rest 

■ 4be lic|uid mass so as lo render the attraction of the lube 

kinsible; consecjuenlty the elcvatiou is the same in all tubes 

~ e same bore, because it is ecjual lo that which would proceed 

a a tube i>f the same diameter formed of the lii|uid itself.t 

I 466. Setting out from the results furnished by the calculus, 
•f^ are able lo give a satisfactory explanation of the phenomena 

I capillury tubes. Beginning with the case in which the fluid is 
' I'vated above the natural level, and which requires the upper 
I xtremily of the fluid column lo be concave, we suppose an 
infinitely small filament of fluid extending from the lowest point Fig 22i? 
uf the meniscus along the axis of the tube, and then returning 
in any manner through the mrtss of the liquid to the free surface. 
i'he fluid being in a state of eiiuilibrium, this fliament will be in 



t The diameter of the bore of n tube is found by first weighing 
llip lube etn|)iy, and tben iifter hiivin^ introtluced a certain quantity 
a( mercury, weighing It again. The excess of the laller weight above 
llie former will he ihe weight of the coIuitid of mercury. By calling 
lliis weight or, the length ai the column /, and the rndius of the bore 
R, X being llic ratio of the circumference of a circle to its diameter, ceom. 
we shall have for the bulk of mercury contained in the tube na'l. 29'- 
\{ it' be the weight of a cubic inch of mercury at the temperature 
usain>'d in the experiment, and r and / be also expressed in iochei, 

wrU of an inch, w' an' I will be Ihe weight of the column in 
; whence 



i' nn* ( = -01. and 



= J.^- 
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a state of equilibrium. But it is pressed downward at the two 
extremities with unequal forces. The force exerted at the free 
surface is the action of a body terminated by a plane surface ; 
the other in the interior of the tube is the action of the same 
body terminated by a concave surface, or one in which there 
is a contrary attraction upward, the little annulus cut off by a 
horizontal plane passing through the lowest point of the meniscus, 
and which is supported by the attraction of the glass, exerting 
an upward force. It is necessary, therefore, in order that an 
equilibrium may take place that the fluid should rise in the tube 
till the weight of the column thus elevated above the natural 
level should compensate for this difference in the downward 
pressures exerted at the two extremities of the filament. This 
difference is in the inverse ratio of the diameter of the tube ; the 
height of the small column must accordingly be in the same ratio ; 
and this is conformable to the results of our observation. 

457. The heights to which water and alcohol ascend in ca- 
pillary tubes were observed by M. Gay Lussac with the great- 
est care. The following are a few of his results. 

Water. 



Diameter of the tuhe. 


Height to ihe lowest point 
of the concavity. 


Temperature. 


(1.) l,29441t 


23,1634 


47,50 Fah 


(2.) 1,90381 


15,5861 


47,5^ 


Akoholy 


(specific gravity being 0,81961.) 


Diameter of the tube. 


Height to the lowest point 
of the concavity. 


Temperature. 


(1.) 1,29444 


9,18235 


47,50 


(2.) 1,90381 


6,08397 


47,5. 



M.Gay Lussac measured also the ascent of water between two 
plates of glass ground perfectly plane, and placed exactly par* 

t The measures of M. Gay Lussac are given in millimetres or 
0,039371 of an inch. The results, in which we are principally coin 
vemed, are reduced to English inchei. 



allel to each other. The result of his observations was as fol-pj < 






1,060 13,574 62'. 

458. Let ABhe a vcrlieal tube whose sides are perpendicular to Fi|.232. 

S base, and which is immersed in a fluid ilwt rises in ihe inte- 

r c^ the lube above its nuiural level. A thin filtn of fluid is 

X raised by the action of the sides of the tube ; ihis lilm rai.tes 

»nd film, and this second a third, fill the weight of the vol- 

e of fluid raised exactly balances all the forces by which it 

tctuated. Hence it is obvious, that the elevation of the col- 

, is produced by the attraction of the lube for the fluid, 

I the attraction of the fluid for itself. Let us suppose that the 

►er surface of the tube ,/lB is prolonged to E, and after bend- 

I itself horizontally in llie direction ED, that it assumes a 

ical direction DC ; and let us suppose the sides of this tube 

if'be formed of a film of ice, or to be so extremely thin, as not 

kbave any action on ihe fluid which it contains, and not lo pre- 

nt the reciprocal action which takes place between the partt- 

s of the first tube JlB and the panicles of the fluid. Novf, 

lee ihc fluid in (he tubes AE, CD, is in equilibriiini, it is ob- 

i, that the excess of pressure of the fluid in AE is desttoy- 

[ by the vertical attraction of the tube and of the fluid upon 

e 8oid contained in AB. In analysing these dilTereni altrac- 

ns, Laplace considers first those which take place under the 

tAB. The fluid column BE is attracted, 1. by itself; 2. 

f the fluid surrounding the tube BE. But these two attrac- 

is are destroyed by the similar attraction experienced by the 

"'fluid contained in the branch DC, so that they may be entirely 

neglected. The fluid in BE is also attracted veriieally upward 

by the fluid in JB ; but this attraction is destroyed by the 

attraction which the fluid in BE exerts in turn upon that 

in ^B, so that these balanced attractions may likewise bo 

neglected. The fluid in BE is likewise attracted vertically 

~ nwards by the tube ^B, with a force which we shall call q, 

i which contributes to destroy the excess of pressure exerted 

tt it by the column £f, raised in the tube above its natural level. 



36* 
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Now the fluid in the lower part of the round tube JlB is at- 
tracted, 1. by itself; but the reciprocal attractions of a bodjr do 
not communicate to it any motion, if it is solid, and we may, with- 
out disturbing the equilibrium, conceive the fluid in AB frozen. 
2. The fluid in the lower part of AB is attracted by the fluid 
within the tube BE; but as the fluid of the ti.be BE is attract- 
ed upwards by the same force, these two actions may be ne- 
glected as balancing each other. 3. The fluid in the lower part 
of AB is attracted by the fluid which surrounds the ideal tube 
££, and the result of this attraction is a vertical force acting 
downwards, which we may call — y', the contrary sign being 
applied, as the force is here opposite to the other force q. As 
it is highly probable that the attractive forces exerted by the 
glass and the water vary according to the same function of the 
distance, so as to differ only in their magnitude, we may employ 
the constant co-efficients /), p', as measures of their intensity, so 
that the forces q^ — 9^, will be proportional to p, // ; for the in- 
terior surface of the fluid which surrounds the tube BE, is the 
same as the interior surface of the tube AB, Consequently, the 
two masses, namely, the glass inv4B,and the fluid around BE, diflfer 
only in their thickness; but as the attraction of both these mas- 
ses is insensible at sensible distances, the difference of their 
thicknesses, provided their thicknesses are sensible, will produce 
no diffierence in the attractions. 4. The fluid in the tube AB is 
also acted upon by another force, namely, by the sides of the 
tube AB in which it is inclosed. If we conceive the column t*B 
divided into an infinite number of elementary vertical columns, 
and if, at the upper extremity of one of these columns, we draw a 
horizontal plane, the portion of the tube comprehended between 
this plane and the level surface BC of the fluid, will not produce 
any vertical force upon the column ; consequently, the only effec- 
tive vertical force is that which is produced by the ring of the 
tube immediately above the horizontal plane. Now the vertical 
attraction of this part of the tube upon BE, will be equal to that 
of the entire tube upon the column S£, which is equal in diam< 
eter, and similarly placed. This new force will therefore be 
represented by -[- 9. In combining these different forces, it is 
manifest that the fluid column BF is attracted upwards by the 
two forces +71 + 9, and downwards by the force — j'^ 
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consequently, the force with which it is elevated will be 
2 9 — jK. If we represent the bulk of the colurtin BF by i, 
its density by A, and the force of gravity by g, then g^b will 
represent the weight of the elevated column ; but, as this weight 
is in equilibrium with the forces by which it is raised, we shall 
have the following equation ; 

gAb=^2q — q'. 

If the force 2q is less than 9^, then b will be negative, and the 
fluid will be depressed in the tube ; but as long as 2 9 is greater 
than 9^, b will be positive, and the fluid will rise above its natural 
level. 

Since the attractive forces, both of the glass and fluid, are in- 
sensible at sensible distances, the surface of the tube AB will act 
sensibly only on the film of fluid immediately in contact with 
it. We may therefore neglect the consideration of the curvature^ 
and consider the inner surface as developed upon a plane. The 
force q will therefore be proportional to the width of this plane, 
or, which is the saopie thing, to the interior circumference of the 
tube. Calling c, therefore, the circumference of the tube, we 
shall have q == pc, p being a constant quantity representing 
the force of attraction of the tube AB for the fluid, in the 
case where the attractions of different bodies are expressed 
by the same function of the distance. In every case, however, 
p expresses a quantity dependent on the attraction of the matter 
of the tube, and independent of its figure and magnitude* In 
like manner we shall have q[ ^=. pf c\ pf expressing thc^^me 
thing with regard to the attraction of the fluid for itself, &t/> 
expresses with regard to the attraction of the tube for the fluid. 
By substituting these values of 5, 9^, in the preceding equation, 
we shall have 

gA6 = 2pc— /c = c(2/>— /) (i.) 

If we now substitute, in tiiis general formula, the value of c in 
terms of the radius, if it is a capillary tube, or in terms of the sides, 
if the section is a rectangle, and the value of & in terms of the radius 
and altitude of the fluid column, we shall obtain an equation by 
which the heights of ascent may be calculated for tubes of all 
diameters, when the height, belonging to any given diameter, ha« 
been ascertained by direct experiment. 
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In the case of a cylindrical tube, let ^ represent the ratio 
of the circumference to the diameter, h the height of the fluid 
column, reckoned from the lowest point of the meniscus, h' the 
mean height to which the fluid rises, or the height at which the 
fluid would stand if the meniscus were to settle down and assume 
a level surface; then we have ^r' for the solid contents of a 
J^"- cylinder of the same height and radius as the meniscus ; and as 
the meniscus, added to the solid contents of a hemisphere of 
the same radius, must be equal to ;r r^, (or in other words, the 
cylinder ^^^r^, diminished by the hemisphere | ti r^, is equal to 

the meniscus,) we have ^ r' — , or —77—9 for the solid con- 

' 3Z R' R 

tents of the meniscus. But since = ;r rs X -, it follows 

3 3 

that the meniscus — — — is equal to a cylinder whose base is 

R R 

n R*, and altitude -. Hence, we have A' = ft -f ^; or, which 

is the same thing, the mean altitude h^ is always equal to the al- 
titude h of the lower point of the concavity ot the meniscus, in. 
creased by one third of the radius, or one sixth of the diameter 
of the capillary tube. Now, since the contour c of the tube 
= 2 » R, and since the bulk b of water raised is equal to hf X ^ R*? 
we have, by substituting these values in the general formula (i.) 

gAh'jiR^ =27Ir(2;} — p') (u.) 

am 



id^iftviding by 71 r and g i&, we obtain, 



/i-R=2'^-^\andfe- = 2'^7^^ X ^ (m.) 

g^ g^ R ^ ^ 

In applying this formula to M. Gay Lussac's experiments, we have 

« — "^ =rA' = 0,647205x(23,1634+0,215':35)=15,1311, 

or 0,023454 of an inch for the first experiment ; and, since the 
heights are inversely as the radii or dinmeiers^ 0,023454 or its dovhk 
0,046908 is a constant quantity. In order to find the height of 
the fluid in the second tube by means of this constant quantity^ 
we have 
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K = 1^^ = 0,951905, 



and 



2 i^nf: X i = V = i^'l = 15,8956, 
g^ ^ R 0,951905 ''''^^•'"» 

from which if we subtract one sixth of the diameter, or 0,31 73^ 
we have 1 5,5783 for the altitude h of the lowest point of the con- 
cavity of the meniscus, which differs only 0,0078 or 0,0003 of 
of an inch from 15,5861, the observed altitude. 

If we apply the same formula io M. Gay Lussac's experiments 
on alcohol, we shall find for the constant quantity 

2 iLZZJ^L = 6,0825, 

as deduced from the first experiment, and h = 6,0725, which 
differs only 0,01147 or 0,00045 of an inch from 6,08397, the ob- 
served altitude. 

From these examples, it will be seen that the mean altitudes, 
or the values of h\ are reciprocally proportional to the diame- 
ters of the tubes very nearly ; and that in accurate experiments, 
the correction made by the addition of the sixth part of the 
diameter of the tube is indispensably requisite. 

459. If the section of the bore in which the fluid ascends is a Fig.2Si4. 
rectangle, whose greater side is a, and smaller side (f, the base 
of tlie elevated column will be a(^, and its perimeter 2 a -f* ^^« 

Then the meniscus will be equal to the small rectangular prism, 
whose base is ad and height | d, minus the semicylinder whose 
radius is ^ d and length a ; accordingly, we have for the solidity 
of the meniscus, 

ad« and* __ «^' /i ^\ 

T" 8 ~ "2~ \ 4/' 

that is. 

Hence, if in the general (i.) equation wc substitute for c its equal 
Mtch. 44 



346 Ekfdroitatiei. 

and for b its equal a d A^, we shall have 

gAh'a^ =: {2p—j/) X (2a + 2d); 
and, dividing by a and by g A, we have 



and 



"' = 'H^'x(>+0' 



'"-''xO + O 



V=2X-^^ 



•* 



In applying this formula to the elevation of water between 
two glass plates, the side a is very great compared with d, and 

therefore the quantity - being almost insensible, may be safely 

neglected. Hence the formula becomes 

gA d 

By comparing this formula with the formula (iii.) it is evident 
that water will rise to the same height between glass plates, 
as in a tube, provided the distance d between the two plates 
is equal to r, or half the diameter of the tube ; in other words, 
that, when the distance between the plates is equal to the diam- 
eter of the tube, the elevation in the former case is half that in 
the latter. This result was obtained by Newton, and has been 
confirmed by the experiments of succeeding philosophers. 

As the constant quantity 2 /^ is the same as that at 

ready found for capillary tubes, we may take its value, name- 
ly, 15,1311, and substitute it in the preceding equation ; we shall 
then have 

16,1311 

h^ = — -^ =14 1544 • 

1,069 *^)*^^^^ 

and since 



»=»'-K'-0' 



CapiHary Attraction. 
subtracting 

k 1 0-0 =».■'". 

31 A or 1 4.1 544, wc have 
h = 14,0397, 
ich difi'ers 0,4G57 of a milliojctre, or 0,01 83 of an inch, from Wi. 
13,o74, the observed altitude. 

460. If the plates arc inclined lo each other at a small angle, 



ical, the water will rise bet 



the line of meiting being i 
them to different heights accoi'ding to the general law above 
entinciaied ; that is, the distances at L, G, being LN, GI, we 
shall have 



I 



GH : LM :: LN : GI :: MO : HK. 

by similar triangles, 

MO : UK :: FM : FH, 



GH: LM :: FM : Fff, 



that is, the heights at different points of the curve ELGB are 
inversely as the distances from the line of meeting EF of the 
plates. Therefore, since the relation of the lines FM, FH, &,c., 
lo (he lines L.M, GH, Sic, is the same as (hat of the abscissas 
(o the ordinates in the common hyperbola, the suriace of the 
fluid between the plates answers to this curve. 

461. If the relative attraction of the parts of the fluid for itself, 
(in theca&e of lubes for example) and for the substance of the lube, 
be such that the surface of the fluid column in the tube becomes 
convex, insteadof being concave, the effect is precisely the reverse 
of that above considered; that is, when an equilibrium occurs, 
the filament occupying the axis of the tube and rising without the 
tube to the free surface, will have its extremity F depressed; since, 
instead of an excess of upward attraction proceeding from a au9- 
tainetl annidus, situated above a horizontal plane passing through 
the eitreaiity F, there will be a deficiency of upward attraction 
. ^u&l to the effect of this same annulus. Accordingly, the de* 
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pressions will, like the elevations, be inversely as the diameters 
of tubes, and the whole theory above given, with this single mod- 
ification, is strictly applicable. Between plates also, and between 
concentric tubes, a depression will take place corresponding to 
the elevation in the case where the upper surface is concave. 

It is to be observed, however, that the deficiency of attrac- 
tion in the case of mercury used in connection with glass, taken 
in its ordinary state, is to be ascribed to a want of contact be- 
tween the fluid and the substance of the tube or plate, arising 
from a film of moisture which ordinarily attaches itself to glass, 
and which being completely removed, mercury is found to pre- 
sent a concave surface like water, and consequently to rise in a 
tube and between plates above its natural level.f Indeed water 
may be made to exhibit the same apparent anomaly, by having 
the surface of the glass, whether tube or plate, smeared with a 
thin coat of tallow or wax. 

462. The peculiar character of this theory consists in this, 
that it makes every thing depend upon the form of the surface. 
The nature of the solid body and tha^ of the fluid determine simp- 
ly the lUrection of the first elements, where the fluid touches the 
solid, for it is at this point only that their mutual attraction is 
sensibly exerted. These directions being given, they become 
the same always for the same fluid and the same solid substance, 
whatever be the figure of the body itself which is composed of 
this substance. But beyond the first elements and beyond the 
sphere of action of the solid, the direction of the elements and 
the form of the surface are determined simply by the action of 
the fluid upon itself. 

We have seen that the elevation of a liquid between parallel 
plates, is half of that which takes place in tubes whose diameter is 



t Barometer tubes properly cleansed and freed from humidity, 
by having the mercury repeatedly boiled in them, will exemplify 
the truth of this remark. Moreover, with the knowledge of this 
fact, we can readily satisfy ourselves by simple inspection, whether 
the requisite attention was paid to this particular in the constmc- 
tion of the instrument 



eqoal lo the clisCanco of the plates. The cause whicli determines 
this ratio is to be found in the above theory. For, in the case 
of tubes, the action of the concave or convex surface upon 
the elevated or depressed column ifi half of the action of two 
spheres which have for radii the greatest and least radii of the 
osculating circles to the surfactBt the lowest point. The tube 
being flattened in any direction, the radius of the corresponding 
cur\'atupe augments, and linally becomes infinite, when the flat- 
tened si'les of the lube become parallel plane surfaces. The 
first part of the attraction of the surface being inversely as this 
radius, will become zero, and there will remain o[ily the term 
{depending on the other osculating radius, and the attractive force 
is accordingly reduced one half. Such is the simple and rigor- 
ous result furnished by the theory of La|)lace. 

4G3. This theory serves lo explain also, and with the same 
simplicity, alt other capillary phenomena. Thus, the ascent of 
water between concentric lubes, and in conical tubes ; the curva- 
ture which water assumes when adhering to a glass plate; the 
spherical form observed in the di'ops of liquids ; the motion of a 
drop which takes place between plates having a small inclinatioD 
to each other and to the horizon ; the force which causes drops 
floating ou the surface of a liquid to unite ; the adhesion of plates 
to the surface of a liquid, which is in many cases so great as to 
require a considerable weight Lo separate them ; — these e9ecl£, so 
various, are all deduced from the same formula, not in a vague 
and conjectural way, but with liumcrical ej^aclncss. 



■ tkt appartnt Aitracti'm and Repulsion ulstrctd in Bodies Jtoat- 
ing jifur tach other on the Surface of Fluids. 

464. (1). If two light bodies, capable of being welted, be 
uccd at the distance of one inch from each other on ihe surface 
■ a basin of water, they will float at rest, and without approach- 
j each other. But if they be placed at the distance of only 
a small pari of an inch, as two or three teaths, they will rush „. ^^ 
lojjcther with an accelerated motion. 



360 Hydrostatics. 

iff J27 ^^'^ '^ ^^^ ^^^ bodies are of such a nature as not to suffer the 
fluid to adhere to them, as is the case with balls of iron used in 
connection .with mercury, the same phenomena will be observed. 

iff OOft 

^ (3.) But if one of the bodies is susceptible of an adhesion of 

the fluid, and the other not, afcj^o balls of cork, for example, 
one of ^ hich has been carboinHa by the flame of a lamp ; the 
efiect will be the reverse of that above stated ; that is, the bodies 
will seem to repel each other, when brought very near together, 
aond with forces similar to those with which in the former case 
they tended to unite. 

Moreover, a single ball will approach to, or recede from, the 
side of the vessel^ as it would approach to or recede from anoth w 
ball« according as the substance of the vessel and that of the 
ball are similar or dissimilar as to their disposition to cause an 
adhesion of the fluid. 

• 

4S5. In these experiments the approach and recession of 
the floating bodies are not the efiect of a real attraction or reput 
aion between the bodies ; for, if the bodies, instead of being plac- 
ed upon the surface of a liquid, be suspended by long, slender 
threads nothing of the kind is to be perceivc-d. We must there- 
fofe k>ok for some other cause to which to refer these appearan* 

iy^iMK If tw^ ylates of glass AB^ CD^ be suspended in water paral- 
lel li> e^h ^ber,and at such a distance, that the point H^ where 
ihc' two cm^es of elevated fluid meet, shall be on a level with 
iho c\>uui¥>«i surface, the plates will remain in equilibrium. But 
on U'in^ brought so near to each other, that the point H shall 
be ctbove the common level of the surface, the mass of fluid thus 
i'(iusi\l will have the eflect of a chain attached at its extremities 
is> the i>lates, in drawing the plates toward each other. The 
^)^^>ach of the balls to each other under similar circumstances, 
b to be referred to the same cause. 

\V heu the point H is below the general level, on account of 
\x >vuui K^i cidhesion in the parts of the fluid to the plates, the 
yo-iwsvu'c y>i the plates inward toward each other not being coun- 
terbalanccii by the pressure in the opposite direction, they must 
approach each other, and with a greater or less force, according 
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to the depression of the point H, or the nearness of the plates to 
each other. This aflbrds an explanation of ihe second case 
above slated. 

If oac of (he floating bodies, as ^, for example, is susceptible of -^^ 
being wetted, while the other B is not, the fluid will rise around A 
and be depressed around B. Accordingly, when the balls are near 
to each other, the depression around B will not be symmetrical, 
and the body being thus placed as it were upon an inclined 
plane, its equilibrium will be destroyed, and it will move off from 
the other body in the direction of the least pressure. 

These phenomena, of which wc have given only a familiar 
explanation, are all comprehended in Laplace's theory of c»> 
piilary attraction ; and the attractive and repulsive forces are 
capablci on that theory, of being subjected to a rigorous calcula- 
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Of Ike Barometer. 



' 466. If we take a glass tube thirty-three or thirty-four inch- 
w ill length, closed at one extremity and open at llie other, and 
having filled it with mercury, place the finger over the open ex- 
Iremiiy and thus immerse it in a basin of the same liquid with- 
out suft'ering the air to enter the tube, the mercury will settle 
down in the tube, leaving a vacuum above it, till its weight is 
exactly counterbalanced by the pressure of the nimospliere, ex- 
erted upon the surface of the mercury in the basin. This in- 
strument is called a baromtltT.t The perpendicular height at 
^^^ch the mercury is ordinarily maintained at the level of the 
^^Ki is Tery nearly thirty inches. 

^^BProm what has been said of the manner in which the pre»- 
^^He of fluids is propagated, it will be perceived thai it is imma- 
^^fcal what be the extent of surface in the basin, or nhethcr the 
^PBoo^pheric pressure be applied at the top, or, by means of a 
Dexibic bag containing the liquid, at the bottom and sides. If 

1 See note on the coiulruclioa and history of the bitrometer. 
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instead of entering a basin the tube turn up at the bottom, as in 
figure 330, so as to admit the air at C, the perpendicular elevation 
above a horizontal line coinciding with the surface at E or F, 
will be the measure of the atmospheric pressure. This eleva- 
tion, moreover, is independent of the form of the tube and the 
particular quantity of mercury contained in it. On the suppo- 

^ sition, however, that the base of the tube is an inch square, the 
pressure is equal to that of a parallelopiped of mercury 30 in- 
cl es in length, or, which amounts to the same thing, to the 

410. weight of 30 cubic inches of mercury. Now 30 cubic inches of 
water is equal to 30 X 252, 525 grains, or 1 5,78 troy ounces. 
Whence 30 cubic inches of mercury is equal to 15,78 X 13,57 
or 214,12 troy ounces; that is, to 234,7 ounces avoirdupois, or 
to 14,7***' We infer, therefore, that the pressure of the atmos- 
phere amounts to nearly 15***' upon every square inch of surface, 
or to about one ton upon every square foot. A common sized 
man exposes a surface of 10 or 1 1 feet, and is consequently sub- 
jected to a pressure of as many tons' weight. The entire surface 
of the earth being estimated at 5575680000000000 feet, this 
number will express the weight nearly of the whole atmosphere 
in tons, a certain deduction being made for the space occupied 
by mountains and elevated regions. This pressure being exert- 
ed upon tlie surface of the ocean, fishes are exposed to it in 
addition to the weight of their natural element. But the pro- 
portion 

1 : 13,57 :: 30 : 407,1, 

gives 407,1 inches, or 34 feet nearly, for the length of a column 
of water equivalent to that of 30 inches of mercury or the pres- 
sure of the atmosphere. Accordingly for every 34 feet depth 
a pressure is exerted of a ton upon every foot of surface, over 
and above that arising from the atmosphere. Now fishes are 
sometimes caught at the depth of 2600 or 2700 feet, where the 
pressure of the water amounts to nearly 80 atmospheres or 80 
tons upon a square foot ; yel these fishes are not injured by such 
an immense weight, or sensibly impeded in their motions. The 
reason is, that they are filled with fluids, which from their im- 
penetrability oppose a sufiicient resistance to this pressure, and 
thus preserve the most delicate membranes from being ruptured. 
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tegarii to the t'acililj and rapidity of iheir motions, as the 
Incumbent weight acts equally in all directions, it neutralizes 
itself, by aiding just as much as it obstructs their efforls to move 
and turn themselves. The case is precisely similar with respect 
to land animals. The vessels of the animal, together with the 
bones, are filled with air or some other fluid capable of support- 
ing any weight, and whose elasticity being equal lo that from 
lOUt, proves an exact counterbalance to it. 






467. In the barometer there is an equilibrium between the 
iSUPfi of the mercury and that of the atmosphere. Now we 
have seen that when two fluids thus counterbalance each other, 
the altitudes must be inversely as the specific gravities. Accord- 
ingly, as the specific gravity of mercury is to that of air at the 
surface of the earth as 13,57 lo 0,00122, we shall have 



0,00122 : 13,57 :: 30 



. 13,57 X 30 
' 0,00122 



333688. 



fre 

m 



We infer, therefore, that the height of the atmosphere, on the 
iposition of a uniform density throughout, is 333688 inches, 
a Utile more than S miles. But the air being eminently elas- 
tbe lower strata are compressed by the incumbent weight of 
those above, so that the density becomes less and less continu- 
ally as we ascend. Let the weight of the column of mercury 
which measures the pressure of the atmosphere, exerted upon a 
unit of surface, be denoted hy g&h, g being the force of gravity, 
A the density of the mercury, and h the perpendicular height of 
the column above the level of the surface in the basin, and let 
the weight of the atmosphere upon the same surface be denoted 
hy B), we shall have 

tgih = «. 
we ascend into the atmosphere, the weight m and the height 
minish continually, and these diminutions depend upon the 
fle\-ntion attained, and the law according to which the densities 
of the atmospheric strata decrease. If this law were known, it 
dti be made use of for the purpose of determining ihe differ- 
t in the altitudes of Hvo points above a common level, as the 
1^ or aay assumed level, llut in order to discover this law, it 
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is necessary to recur to certain exiieriments relating lo ifee den- 
sity of the ^r under different prchaures and at diUertnt tempe- 



». 4G8. Take arccurved glass tube j?BC,open at the extremity 
A and closed at the oilier exirpoiity C ; pour into ll a quantity 
of mercury just sufficient to fill the bended part up to the hori- 
zontal line DE, so ihal the air confined in the shorltr branch 
CE may be neither more nor less pressed than that contained 
in ihe longer branch .47), which communicates with the atmo- 
sphere. The mercury being :i[ the same height, therefore, in 
each branchy and the communication with the cittenial air being 
cm off, if we introduce, by means of a fine tunnel, more mercury, 
we shall observe this liquid to stand higbET in the branch BA 
than in the other, whereby the air in EC will be condensed, 
the compressing force being equal lo the dilference of the two 
columns. If the space EC, supposed, for example, to be 4 inch- 
es, were reduced one half or to F, by the pressure of a column 
of mercury extending lo H, drawing the horizontal line /XJ, we 
should find ihe ditfcrence GH of the two columns exactly equal 
to the height of ihe barometer at the time of the observation 

. that the air contained in the space CF would bi" pressed by the 
weight of the atmosphere incumbent upon H and by the weight 
of anolhrr atmosphere represented by the column GH. A doub- 
le pressure, therefore, reduces ihc bulk one half. If we coolin- 
tie lo add to the weight by pouring in more mercury till the 
confined air is condensed to P or to one third of the origjoal 
space, we shall find the additional quantity necessary to this 
eflecl the same as before, that is, the column GH' will be 
equivalent to two atmospheres. Thus a triple pressure reduces 
the bulk of the confined air to one third the space. Wc might 
continue lo increase the weight, and we should in every instance 
obtain results agreeable to the same general law. 

So, on Ihe other hand, by diminishing the natural pressure 
exerted upon any portion of air, we shall still find the bulk in- 
versely proimriional to ihe pressure. Let the lube ABC be 
supposed lo have a bore not exceeding one tenth of an inch. 
A drop of mercury being introduced at ihe bend A, if the whole 
apparatus be placed under the receiver of an air pump, and the 
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air be pxhaiisted from ttie longer branch, (ill the pressure is re- 
dticecl successively one half, Iwo thirds, tc, ihc poriion of air 
cunfiiied by ibe drop of mercury will expaud, driving the drop 
before it, and will occupy succD^^^ively, double, triple, &c., of its 
driginat bulk. We infer, therefore, universally, that the tpace 
•itd 6y any given portion of air is rtciprocally prcforlional to 
lafTumre. 

In order that this law may hold true, however, in the strict- 
est sense, it is to be remarked that the air muH be perftctli/ liry; 
|. Jpr ihe small (juantiiy of aqueous vapour, which is ordinarily 
fa^bund mixed with the utmosphcre, is not condensed by pressure 
^^HCordiiig to the same law, as will be shown hereafter. 

^^^E The instmaienl represented by figure 330, is called a ma- 

^^^muttr. It id used for the purpose ••( meai^uring the elastic force 

^^KtOtb^f g^ses besides the atmosphere ; and ihey are all found 

to be condensed and expanded according to the above law. 

Thii important property was discovered by Mariotle, and is 

frei|uenily referred to uuder the name of the law of Mariotte. 

469. Recurring to the first experiment above described, the 
pressure exerted upon the poriion EC of confined air, when the 
recurved part of the tube is just filled with mercury, is that of 
the atmosphere, or gah. But this pressure is resisted and 
coat) I er balanced by (he elasticity of the confined air, whi^h by 
oilion is of Ihe same density with that immediately sur- 
itliDg the apparatus. We may lake g^k, therefore, as the 
I measure of the elastic force of the air in question- This force 
remains the same so long as the air continues of the same densi- 
ty and the same temperature. If a manometer be removed from 
one place to another, care being taken not to change the state 
of the confined air, the product g ^ h which represents the clas- 
tic force does not undergo any change. But if ihc gravity g va- 
ries as we remove from one place to ano'.her, Ihc height h of the 
mercury will also vary in the inverse proportion to g, the den- 
wiy A of the fluid being supposed to remain ihc same. Il will 
bcnce be perceived that the variations in the heights of the mer- 
cury in the manometer arc capable of rendering sensible the 
variations of gravity, and may even be employed in delcrmining 
the augmeataiions or diminutions of this force arising fruiu 
cbanget of distance with respect to the centre of ihc earth. 
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470. Let us now suppose that, the weight of the atmosphere 
remaining the same, the temperature of the confined air is rais- 
ed ; as this air expands, its bulk will be increased, and its densi- 
ty diminished. Now we know by the careful experiments of 
M. Gay Lussac and others, (1.) That all the gases dilate uni- 
foimlyfat least from 32^ to 212^, or from the freezing to the boil- 
ing point of water. (2.) That the dilatation arising from the same 
increase of heat is precisely the same for all the gases, vapours, 
and mixtures of gases and vapours. (3.) That the bulk of con- 
fined gas, z\ the temperature of 32^, being considered as unity, 
this common dilatation is 0,375, (or a little more than one third,) 
for 1 80% the difference between the boiling and freezing points 
of water ; which gives VI J* = tH or 0,00208 for the augmen- 
tation of bulk answering to 1° of Fahrenheit. Accordingly, we 
shall have for the bulk or space occupied by the portion of air 
in question 1 -I- 0,00208 n at the temperature denoted by n, the 
number of degrees above or below 32, the latter being consider- 
ed as negative. This bulk or volume may be reduced to its 
original limits, by bringing the temperature back to 32^, or by 
increasing or diminishing the weight which compresses it, with- 
out altering the temperature. It would only be necessary, in this 
latter case, to add to, or take from the weight zd, a portion equal 
to to (0,00208) n, that is, to substitute for to the weight 

to (1 + 0,00208 n), 

which is the measure of the elastic force of the confined air re- 
duced to its original density. Hence, the bulk and density r^ 
maining the same^ the elastic force varies with the temperature^ and 
in the same ratio. 

If the elastic force is proportional to the density when the 
temperature is the same, and varies with the temperature when 
the density is the same, it will be easy to deduce the value of 
this force in terms of the two elements, on the supposition that 
they both vary together. Thus, putting A for the density of the 
air in question, and n for the number of degrees which marks the 
temperature, and/> for its elastice force 6r pressure exerted upon 
the unit of surface, a being the ratio of the elastic force to the 
density at the temperature of 32®, we shall have 
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p = aA(l + 0,00208 ji.) (i.) 

The coedicienl a is constant for the same elastic fluid, but is dif- 
ferent in (Jiflercnt fluids, and requires to be determined in each 
particular case. 

471. In applying the results above stated lo tlie mass of air 
which composes the atmosphere, we lake into con&ideralion only 
a single vertical column of air, supposed to rest upon the surface 
of the earth and to extend indefinitely upward. We may con- 
ceive of the surrounding mass or atmosphere as congealed or ren- 
dered solid. If it were previously in a stale of equilibrium, this 
stale will not be disturbed by such a supposition; so that the 
column in question will still be in equilibrium as before. Now 
the force which acts upon the particles of air is gravity, which 
may, without sensible error, be regarded as eierliug itself ia 
the direction of the aerial column throughout its whole extent, 
or at least as far as it is necessary to take any accouni of il. Ac- 
cordingly, it is necessary, in order to an equilibrium, that the deu- 
aiiy, the pressure, and the temperature should be considered as 
uniform throughout a horizontal stratum of infinitely small ihick- 
nes8. The column being composed of an infinite numb* of 
these strata or lamina, let h be (he height or distance from the 
surface of the earth of one of these strata, A the densiiy of this 
stratum, t its temperature, g' its gravity,^ its elastic force, 6 its 
base, and dk its thickness. We shall have Op for the pressure 
exerted upon the inferior base, and o (ji — dp) for the pressure 
upon the superior base; the difference — itp must be equal to 
the weight e &g dh of this stratum. Hence, by suppressing the 
1 factor <J, we have the equation 

^dp = ^^dh, 

Lsubslilutiiig for fi its value — -j — r deduced from equation (i), 
0,00208 being for the sake of brevity represented 



-dp = 



.(!+,»)« 
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dp ^ ^g'dh 
P a(14-««)* 

Nothing can be inferred from this equation until the value of n 
is given in terms of A. Now we know that the temperature de- 
creases as we ascend from the surface of the earth, but the law 
of this decrease has not been determined in a manner altogether 
satisfactory. Fortunately, this law has little influence upon our 
results in the calculation of heights by the barometer, on ac- 
count of the smallness of the coefficient e; and we may, in ques- 
tions of this kind, consider the temperature as constant, provided 
we take for n, in each particular case, the mean of the tempera- 
tures observed at the two extreme points of the height h to be 
determined. Moreover, r being the radius of the earth, and g 
the gravity at the surface, we have, at the distance a -{- A from 
the centre, 

6 (a + hy ' 

since this force varies in the inverse ratio of the square of the 
distance. The preceding equation becomes, by this substitu- 
tion, 

dp — gR«c?A 

"7" ~ a(l + en){R + hy 

Whence, by integrating on the supposition that n is constant, we 
have 

m being equal to 0,434295, log. denotes the common logarithm 
'of p. To determine the constant C, let w be the value of p an- 
swering to fc = ; and we shall have 

iog.^ = -^^4J^^ + c. 

Consequently, by subtracting the preceding equation from this, 
we obtain 

This equation, taken in connection with equation (i.)} gives the 
values of /> and A in terms of lu Thus we have equations con- 
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ing the laws of ihe densilj and elastic force of the air which 
ng to a state of equilibrium in the atmospbere. 

472. To make use of equation (ii) for the purpose of measur- 
ing heights by means of the haromelcr, let us suppose the ba- 
rometric altitude at the surface of the earth and at the height A 
to be known by actual observation, and let them he denoted res- 
pectively by 10, w', the corresponding temperatures of ihe mer- 
curial columns being represented byT, r'. The expansion of 
mercury being s,'f j or 0,001025, that is, 0,001 nearly, for each 

■ee of Fahrenheit's scale, if d be the density corresponding 
^tlie temperature t of the mercury at the Srat station, 






D (I -I- 0,001 (r — t') 

will be the density which answers to the temperature of the 
mercury at the second station. Accordingly we have 

w — Dgn, and p = o g" v/ (l + 0,001 (t — r*). 

The correction for the upper barometric column on account of 
difference of temperature being made agreeably to this formula, 
we may consider to' as representing the length of this column 
ifaus corrected. Whence, diviiJipg the first of the above equa- 

IIS by the second, we have 
stiti 
Lcl 
ace 



1» + >)■ 



g'w' 



(ill.) 



tetituting for g' lis v 



(» + /.)■ 



ind consequently, 



log. --- = log. 



r + 2li 



;-(i + 



t)- 



(.,..) 



(■ + *)■ 



(^>=0+D-- 



I Let T, T*, be the temperatures respectively of the air at the 
iface of the earth and at the height A; t, t', will generally 
differ from t,*^, the temperatures of the mercury in the barome- 
ter, since the latter is not ordinarily allowed sufficient time to 
: the temperature of the surrounding air. t, t', are to 
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be taken by means of a thermometer suspended in the air, 
while 7, T'y are supposed to be indicated by a thermometer at- 

T ^- T' 

tached to the barometer. We take n = — ~ 82. Moreover, 

the coefficient j\^ or 0,00208, representing the elastic force, re- 
quires to be increased somewhat for the purpose of taking ac- 
count, as far as can be done, of the quantity of water in a state 
of vapour which is at all times mixed with the air in a greater 
or less quantity. Indeed, under the ordinary pressure of the 
atmosphere, the density of aqueous vapour is to that of air, as 
10 to 14 ; consequently, the atmosphere is so much the lighter 
according as it is composed in a greater degree of this vapour. 
Now it contains so much the more vapour according as its tem- 
perature is more raised, whereby, when the air is dilated by 
heat, its weight must be diminished in a higher ratio than that 
of its augmentation of bulk. We increase the coefficient 0,00208 
therefore to 0,00223t or ^f 7, which has been found by actual 
trial to give the most correct results. We have, accordingly, 

c n = 0,00223 ^ ^^^ — 32*»\ , 

We now substitute in equatftn (ii.) for e n the above value, 

and for log. - the value found in equation (m*)) ^nd we shall ob- 
P 

tain 

k 



Whence 

ft = log. ^+2log.(l+^'\ 2^^ ^ 

= ±. (1+ 0,00223 (I±-^ - 320)) log.^+2log.(l+J)(l + ^)(,v.) 



tThis is the value adopted bj Laplace, Poisson, Blot and others from 
the very extensive and careful researches of M. Ramond. That of 
Sir George Shuckburgh is 0,00238, which is generally employed by 
English writers upon this subject The mean of the two is 0,00296. 
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' The best means of determining the co-efficieut — of tliis 

lula, h 10 make use of a height (or rather a number of 
leighcs), well known by actual measurement, or by trigonomet- 
rical ojferations. We then substitute for k this known value, 
and for w, a/, t, t', the lengths of the barometrical columns, and 
the temperature of the air at the two stations respectively, and 
for K the mean radius of the earth, namely 348 1 280 fathoms. We 

shall thus have an equation from which the value of — - b road- 

mg 

ily deduced once for all. Taking ihc mean result of a great 
number of observations conducted with the greatest care, b^ M. 

Ramond, we find — , for the latitude of 45', 1 equal to 18336 J 

metres, or 10026 English fathoms. This is on the supposition 
of a temperature of 32°, and agreeably to what has been said, it 
ijf be increased or diminished by adding or subtracting jj, 
a 0,00223 part for each degree above or below 32°. We 
can therefore reduce it to 10000, instead of 10026, by supposing 
the temperature somewhat lower. Thus, since 26 is 0,0026 of 
10000 

0,00223 : 0,0026 : : 1= : l°,i6. 

If, therefore, we subtract 1'',1G from 32% we shall have 30° ,84 
or 31" nearly, for the temperature at which the constant coeffi- 
cient is 10000 fathoms. 

473. Since this coefficient contains ^, it must vary whbg, 
■w is, with the latitude. Now, according to the law of the va- 



^* t Thin coefficient waa actually determineil for the latitude of 
about 43°. But the correctioo fur small dlstauces in latitude ia so 
UicODsideralde, that it may be regarded as Dutbing. Alorcover, the 
cvetTicieDl, if corrected at all, would require to be dimiaiahed, and 
il U thought on the whole leas liable to error by excess than by de- 
li ciency. 

JTite coefficient deduced theoretically from the relative densi- 
>f mercury and air, as determined by Biol and Arngu, allownnce 
r made for humidity, is 111334, 1 metres, ditrering less thttn 'i 
k that [i, less than £ X 39,371 iuches from the above. 
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nation of gravity in different latitudes, if g represent the valne 
of this force in the latitude of 45^, and gf that of any other lati- 
tude L^ we shall have 

g' = g (1 — 0,002837 cos 2 L).1 

At 45% therefore, where cos 2 L = 0, g' = g, or the correction 
is .0 ; and for higher latitudes the correction is — ^ or subtractive, 
and for lower latitudes it is + ^^ additive* Whence, generally, 

— = 10000**- (1 + 0,002837 cos. 2 L.) 
mg 

By means of this value of — , substituted in equation (tv.) 

mg 

tThe value of g^ in different latitudes depends upon the particu- 
lar figure of the terrestrial spheroid, the detennination of which 
belongs to astronomy. We will merely observe in this place, that a 
comparison of articles 346, 347, conducts us directly to the equation 

g " ^' 
a, a\ being the lengths of the pendulum corresponding to the parti 
of the earth in which the intensities of gravity are g, g', respective* 
Ij. Now it is found that the general expression for the length of 
the seconds pendulum, the day being divided into 100000 seconds, if 

metre* nctKb 

of = 0,739602 + 0/)04208 (sin L)«. 
Hence, since 

(sin L)« = J (1 — cos 2 L), and (sin 46o)a = ^ 

Tris. 20. we shall have 
rig.27. i — jL -. 0,739502 + 0,002104 

a' g' 0,739602 + 0,004208 (sin L)« ' 

1 



1 _ 0,002837 cos 2 L ' 

therefore, 

g' = g (1 — 0,002837 cos 2 L). 

hk the original memoir of M. Ramond, the coefficient stood 
0,002845, and it was ^us copied by Laplace and others. It war 
afterwardeorreeted by M. OltmanuS) and the error acknowMjged I7 
ihe author in a separate edition of the memoir. 
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we shall be able to determine the height h in any part of the 
earth, when v, v/, t, t'j corresponding to the extreme points of h 
are known ; or we may retain the coefficient 10000 unaltered, 
and apply the correction to the result, according to the follow- 
ing table; 



Latitude. 


Correction. 


0* 


+ ji? ^^ ^he approiimate height 


60 


• +TiT 


100 


• +j\t 


160 


• +Tff 


20* 


. +T*» 


«6* 


• +1*1 


300 


. +T*T 


86® 


• +tAt 


400 


• + shr 


48P 


. + 


60O 


. -«Vt 


660 


. -t.Vt 


60p 


. -Til 


66* 


. -iH 


70o 


• —jU 


76* 


• — T*T 


80* 


• -1+J 


. 86* 


• "~ jH 


900 


-liT 



474. As the fraction - is always very small, we shall have 

m 

very nearly the value of h^ independently of the term containing 
this fintction ; by substituting the approximate value thus obtained 

for ft, in the fraction-, we shall have very nearly the correction 

due to the variation of gra/ity at different elevations in the same 
latitude; and by substituting the value of ft thus corrected in the 

fraction - we can approximate the true height still more nearly* 

But this second substitution is altogether superfluous in the cases 
which ordinarily occur. Indeed, except where h is very great, 

we may neglect- entirely, and the general formula then becomes 
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fc = JL (. + 0,00223 (l±r) __ 32.) log. J. 

It will be perceived that — may require some modification, 

in order that the formula in this state should adapt itself to ob- 
served heights or known values of h ; and indeed the observa- 
tions of M. Ramond give, for the value of the co-efficient to be 

employed in this formula, — =: 18393 metres or 10031 fath- 

mg 

oms, exceeding the former by 6 fathoms. Accordingly the de- 
pression of the temperature below 32^, required in order to 
change this to the more convenient form of 1 0000, will be found 
to be 1^5 ; retaining the co-efficient 10000, therefore, we have 
only to suppose the temperature 32** — l**,45 or 30°,56. As 
this differs less than half a degree from 31^, and as we can sel- 
dom be certain of the temperature of the air to a greater degree 
of accuracy, we may still use the same formula without any oth- 

er change than the omission of the term depending on -• We 

have hence a very simple, convenient, and for common cases, 
sufficiently exact formula, namely, 

ft = 10000 (1 + 0,00223 (y^^ — 3r) (log. w — log. v/.) 

This being adapted to the latitude of 45% when the barome- 
terical observations relate to a place on a parallel considerably 
distant either north or south, it will be seen directly by the fore- 
going table when it is necessary to apply a correction for differ^ 
ence of latitude, and what this correction is. It will be recol- 
lected that the lengths of the barometric columns iv, n/, which 
represent the weights of the atmosphere respectively at the two 
stations, are supposed to be reduced to the same temperature. 
The upper column vjf is usually the coldest, and consequently 
too short. Now, according to the rate of expansion or contrac- 
tion already mentioned, as 1 inch is shortened 0,0001 for each 
degree, a column of 25 inches will be shortened 0,0025 of an 
inch for each degree of depression, and consequently 0,01 for 
every — 4** ; and each portion of 2,5 inches will be shortened 
ooe tenth part of this, or 0,001 for the same amount of depress- 
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In common chamber barometers, the lengths 
of the columns are read olTto a 0,01 of an inch, and iti ihe best 
lo Ihe lii or a 0,001 of an inch. 

The best time for taking observations with the barometer for 
the purpose of calculating heights is during settled weather and 
at midday. Observations taken in the morning or evening an 
much more liable to be erroneous on account of ascending and 
descending currents of air which take place at these times. 
Moreover a course of continued observations is more likely to 
lead to accurate results than single observations. By means of 
accurate registers of the barometer, the difference of level of 
places, however remote from each other, and their clcvalion 
above the ocean, may be ascertained with a considerable decree 
of precission. It is found, for example, by numerous and care- 
ful observations in different parts of Europe, as staled by Biol^t 
that the mean height of the barometer at the level of the ocean 
is 0,7629 of a metre, the temperature being I2'',8 of the centes- 
imal scale. This, reduced to English inches, becomes 30,035, 
and I'^^a of the centesimal scale corresponds lo bj" of Fah- 
renheit's. Now the mean of 22 years observation, three obser- 
vations a day, at Cambridge, N. E. gives for the height of the 
barometer at the same temperature, 29,997.t Applying the for- 
mula to these observations, we shall have the foUowiDg result, 



30,035 
29,997 



log. 1,47763 
log. 1,47708 

0,00055 



lilliplying by 10000, or which is the same thing, removing the 
Kimal point four places to the left, we obtain, for the approsi- 
t difference of level, or the elevation of the place of obscrva- 
t at Cambridge, above the ocean, 5,5 fathoms or 33 feet. 

V the mean temperature at Cambridge, as ascenained by 

wilding observations during the same period is 48'',8 ; and 

e the temperature at Paris as the mean temperature of 



tPrict* sar la Physique, vol. 1, p. 194. 3d. Edition. 
] H«noin Am. Acad. vol. iii. p. 3S6. 
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the places at which the above result for the barometric pressure 
at the level of the ocean was found, we shall have 51%9 as an* 
swering to the temperature of the air at the lower station. Hence, 

48,8 + 51,9 _ ^^^^^ _ 2^ ^^j^ ; and 20 X 0,00223 = 0,45- 

IS 

The correction, therefore, for difference of temperature, is 

33 X 0,045 = 1,5 feet nearly, 

which added to 33 gives 34,5 for the elevation of the (dace of 
observation at Cambridge above the level of the sea. Now the 
actual elevation of the cistern of the barometer, as carefully 
ascertained by levelling, is found to be 31 feet. In the calcula- 
tion of very small heights near the level of the ocean^ it is very 
common to dispense with the formula and adopt the following 
rule, namely, as 0^\ is to tht differtnct m th^ baranutrie colvmns^ 
50 If 87 feet to the approjoimate ^ffertnce of levtl rtquirtdi which 
is to be corrected, if necessary ,Tor the difference from 31*^ of the 
mean temperature of the air at the two stations. Thus, 

0,1 : 0,038 : 2 87 : 33,1, 

a result agreeing very nearly with that derived from the formula. 

Thus, under a pressure of 30 inches of mercury at the tem- 
perature of 50**, 0,1 of an inch of mercury answers to 87 feet of 
atmosphere. It will be seen moreover, that, as 0,1 of an inch of 
mercury is equivalent to 87 feet of air, 0,01 answers to 8,7, 0,001 
to 0,87, and j^j to 1,1 4. Hence in a good mountain barometer, 
graduated to 500dths of an inch, there will be a sensible difiiei^ 
ence in the pressure of the air arising from a change of altitude 
of less than two feet, or two thirds the length of the instrument. 

Formula (iv.) Is essentially the same with that given by Laplace 
in the 10th bo 'k of the Micanique CSlestt, but simplified after 
the example of Poisson, and reduced to English measures. The 
following example will serve to illustrate every part of this for- 
mula. 

At the lower of two stations, the mercury in the barometer 
was observed to be 29,4 inches, and its temperature 50^, that of 
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the air being 46^; and at the upper station, the height of the 
barometer was 95,19, its temperature 46^| and that ^ the air 39^, 
the latitude of the place being 30^ 

In this case, we have 



and 



Whence 



cos 3 L = cos 3 X 30* = cos 60* = \. 



19 = 29.4 log. • . 1,46835 

UBf := 26^003 log. . . 1,40141 



11* . . . 

0,00233 . 


669,4 log.. . 3,82569 
log.. . 1,04139 
log.. . 3,34830 


Ist correction 

• 


16,42 log.. . 2,21538 


10,002837 . 


685,82 log.. . 2,83621 
log.. . 3,15168 


3d correctioo 


0,97 log.. . 1,98789 


s = 3481280 


686,79 log.. . 2,83682 
log.. . 6a54174 


- = 0,0003 

s 


log.. . 4,29508 


('+;)('+D-'-'^ 


2 log... 0.00034 


3d correction 


3,4 
690,19 fathoms. 



Laplace's formula, applied to the same example, gives 688,97 
fathoms, differing from the above only 1,22; whereas, by Sir 
George Shuckburgh's method, in which no account is taken of the 
variation of gravity, either for difference of latitude or difference 
of elevation in the same latitude, the result is 685,125. This 
corresponds with the approximate height derived from the first 
correction in the above example. 
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475. We have already mentioned, that, unless very particu- 
lar precautions are taken, mercury is depressed in glass tubes, 
and that this depression is inversely proportional to the diame- 
ter of the tube. It is always indicated, moreover, when it takes 
place by the upper surface being convex. It is not necessary 
to have regard to this circumstance in the calculation of heights 
by the barometer, where the two observations are taken with 
the same instrument, since the difference in the length of the ba- 
rometric columns would be the same, whether they were cor- 
rected or not. t But in order that observations by different in- 
struments, liable to different capillary effects, may be strictly 
compared with each other, a correction should be applied, which 
may be readily done by means of the following table. 



Interior diameter of the 


Depression 


tube in £iigluh ioches. 


of the Mercuiy. 


0,6 


0,005 


0,6 


0,0()7 


0,4 


0,016 


0,35 


a,025 


3 


0,036 


0,25 


0,060 


0,2 


0,067 


0,15 


0,092 


0.1 


0,140 



t Also in a syphoa harometer, or one in which the tuhe, instead 
of entering a basin, turns up at the hottom and continues of the same 
bore, as in figures 230, 232, since the capillary effect is the same in 
both branches, the observed altitude reckoned from the surface in 
the shorter branch, would not he affected by the correction. . 
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Wftfu DitcknTge of Fluids through Apcrturr,' t'n rftc Boltum and 
Sides of Vessels, 



476. If a fluid be made to pass through a canal or tube of 
variable bore, kept constantly full, and (he velocity be the same 
in everj- part of the same section, since for any given lime the 
same quantity of fiuid must pass through every section, this 
qnantity must be equal to the area of the seclion mullipHcd by 
the velocity. (I, o', being the areas of two sccIJons, and v, r', Ihc 
Telocities at these seclions,- w¥ shall have 



] hence 



t 

^^K UCtions. 



I diffiretit sections are inverfftij eu tht arras of 



The case here supposed is purely theoretical, and can never 
:nr in practice, since on account of friction, the velocity is 
lys greatest at the surface in a canal, and at the axis in a 
tube. 

477. Lei MNOP represent a vessel filled with a fluid up p. g, 
to OH, CD an aperture, very small compared with the botiom 
MP, CIKD, the column of fluid directly above the aperture, and 
CjtBD the lowest lamina or stratum of this fluid, immediately 
coiiitguous to the aperture. Also let r denote the velocity ac- 
quired by a heavy body in failing freely through BD, the height 

if the stratum, and m ihe velocity which the same stratum would 

I Midi. 47 
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acquire in falling through the same space by the pressure of the 
column CIKD. If we suppose the lowest stratum ACDB, to 
fall as a heavy body through the height BD^ the moving force 
will be its own weight. But if we suppose it to be urged by its 
own weight, together with the pressure of the incumbent column 
of fluid C/ATD through the same space, the velocity in the former 
case will be to that in the latter, as the moving forces and the 
times in which they act, the mass moved being the same in 
both cases. But the moving forces are to each other, as the 
27. heights BD, KD, and the times in which they act, the space 
being tlie same, are inversely as the velocities. Accordingly, 

BD KD 
V : u II — : — . 

V u 

Whence 

V* : u' :: BD : KD, 
or 

V lull VBD • \^KL. 

Now V is the velocity which a heavy body would actually ac* 
quire in falling through the space BD, and as the velocities, 
other things being the same, are as the square roots of the spa- 
268. ^^^9 ^ ^^ velocity of the issuing fluid is that which a heavy body 
would acquire in falling through KD, the height of the fluid above 
the orifice. Therefore, the velocity with which a fluid is discharge 
tdfrom the bottom of a vessel is equal to that acquired by a heavy 
body in falling through a space equal to the height of the fluid above 
the orifice. Also if a pipe A'B'C'D' be inserted horizontally, 
or incUned in any way to the horizon, it may be shown, in 
like manner, since the pressure of fluids is equal in all directions, 
that the fluid will be discharged with the same velocity as be- 
fore. It will accordingly ascend to the level of the fluid in the 
vessel, all obstructions being removed ; and it is found in fact, 
under the most favourable circumstances, nearly to reach this 
point. It follows, moreover, from what is above laid down, that 
if apertures be made at dificrent distances s, sf, /*, below the 
surface, the velocities at these points, and consequently the 
quantities of fluid discharged at these points, from apertures of 
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same size, in the same time, the vessel being kept filled to 
tbe ianie level, will be as y/7, \/i, v''^- The actual velocity al 
the distance a below the surface of the fluid in the vessel will be 
V^gt, and the quantity Q discharged in the time f, through an 
:niire whose area is 0, is as follows, namely, ' 

478. What is above said of the vclocilj of a fluid discharged 
from jets or apertures, is true only of the middle filament of 
particles issuing through the centre of the aperture, which are 
supposed to experience no retardation, and which, in fact, suffer 
no other retardation than what arises from the resistance of the 
air, and their mutual adhesion and attrition against each other. 
But those which issue near the edges of the aperture suffer a 
much greater resistance, and are accordingly much more retar- 
ded. Hence it follows that the mean velocity of the whole cot 
mnn of discharged fluid will be considerably less than that indi- 
cated by the above theory. 

479. Sir Isaac Newton discovered a contraction in the vein of 
discharged fluid, and found that at a distance from the orifice of 
about a diameter of this orifice, the section of the vein or stream 
was diminished nearly in the ratio of \/i (o v'l* Hence he 
concluded that the velocity of the fluid after passing the aper- 
ture was increased in this proportion, the same quantity passing 
through a narrower space in (he same time. 

According to some very accurate experiments of Bossut, the 
actual discharge through a hole made in the side or bottom of 
the vessel, is to the theoretical as I to 0,62, or nearly as 8 to 5. 
The theoretical discharge must, therefore, be diminished in this 
ntio to obtain the actual discharge. 

If the watn- issues, not through an aperture in the side or 
bottom of (he vessel, but through a pipe from I to 2 inches in 
tength, inserted in the aperture, the contraction of the vein is 
prevented, and (he actual discharge becomes to the theoretical, 
as 8 to 10, or as 4 to £. In this way, therefore, the discharge is 
■ncreascil ncariy in the ratio of 4 to 3. 
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The theoretical discharge, the discharge through an addi- 
tional tube, and that through a simple perforation in the side, are 
as the numbers 16, 13, and 10 nearly. 

480. When an upright cylinder or prismatic vessel is 8uffe^ 
ed gradually to discharge itself, the velocity of the descending 
surface of the fluid is to the velocity at the orifice, as the area 
of the latter is to that of the former, and this is a constant ratio ; 
consequently the velocity of the descending surface varies as the 
velocity at the orifice, or as v ; that is, the velocity of the 
descending surface varies as the square root of the space to be 
described by it ; so that this corresponds exactly to the case of 
a body projected perpendicularly upward ; whence, as the re- 
870. tarding force is constant in the instance just referred to, it must 
be constant also in the case before us. Therefore, when a vessel 
of the above description is suffered to discharge itselfy the velocity of 
the descending surface and that of the discharged fluid will be unir 
formly retarded. 

Suppose a body, urged by a constant force, as that of gravity, 
to describe a space, as 1 rod, for instance, in the first second ; 
257, the spaces being as the squares of the times, it will describe 4 
rods in two seconds, 9 rods in 3 seconds, and so on ; and the 
spaces described in the first second, second second, &€•, will 
evidently be the differences of these, namely, 1 — 0, 4 — 1, 
9 — 4, 16 -^ 9, &c., that is, the series of odd numbers, 1, 3, 5, 7, 
9, &c. Accordingly, these numbers, taken in the inverse order, 
represent the spaces described in equal times by a body uniform- 
ly retarded ; they represent, moreover, as will be seen from what 
is above proved, the quantities of fluid discharged in equal times 
from an aperture in the bottom of a prismatic vessel. Hence, 
if it were proposed to construct a clepsydra^ or water-clock, by 
means of a prismatic or cylindrical vessel, having an aperture 
P{gjl34 in the bottom, let the height DB of a vessel which would be 
completely exhausted in a given time, as 1 2 hours, be divided 
from the top downward into portions represented by the numbers 
23, 21, 19, &c., down to 1, which will require the height DB to 
be divided into 144 equal parts, and these portions 23, 21, &c., 
will be the spaces through which the upper surface will descend 
in each successive hour of the exhaustion. 



IHicharge of Fttddt through Apirturtt. 37 ji 

481. \ix denote the space through which the upper surface " 
A descends in the time f, the velocity of the discharged 6i]id, 
represented by \''ig {s — x), will vary continually, but may be 
coii!iidered as conslnnt during the Indelinitely small lime d I 
that in this lime there will escape through the orifice, a prista d 
of tJie fluid having the area 6 of this orihce for its baae, andfl 
V2g (» — a:) for its altitude. Thus (he quantity discharged dui^l 
ing the instant di'is odt y,"ig{s — j:). But during the s 
time the upper surface has descended through the space d x, and I 
the vessel has lost a prism or cylinder of the fluid, whose base L 
k, and altitude dx, and whose bulk or volume is xdx, when(» 



(0- 



I ' 

^^F As the area a will be given in functions of x, by the form of 
the vessel, the second member of this ecjuation may be consider- 
ed as containing only the variable quantity x, and it will be easy 
in most cases, by simply integrating, to discover the successive 

^BHB^Bsions of the surface, and the discharges of the fluid, from J 

^^b verael of a known form. 

483. Let the vessel, for example, be an upright prism or cyl- 1 
ioder; A in this case will be constant, and we shall have 



r 

Ibisi 

i 



Now when the time ( is 0, the depression of the upper surface! 
A b also; thus we have at the same time ^ = 0, and t = 0|l 
this condition determines the constant quantity C to be 



iind gives for the time of depressing the upper surface ihrouglil 
the space X, as follows, 
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To find the time of completely emptying the vessel, we have 
only to make x = ;, in which case the preceding expression will 
become 






2a 



But from what is above shown, we have Qor a 5 = ^ / V*^^ 
from which we obtain 



— ^^ = A 01 = ^ Hi. 



By comparing this result with the preceding, it will be seen 
that when a vessel is suffered to exhaust itself, the time employed is 
just doubh that required to discharge Ae same quanHig wAen the 
vessel is kqfifutt. The same conclusion might indeed be drawn 
from articles 366, 270* 

48S« Liet the vessel be any solid generated by the revokiCitB 

of a curve. The axis being vertical, a will be the area erf a cir 

cle which has for its radius the ordinate y of the generating 

curve, that is, if Jf «= 3,14159 &c., a = ^y'. Substituting this 

^»* value for a in the equation of article 282 we have 

dfcpy* 
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In any particular examples, it will be necessary to put for y 
its value deduced, in terms of a?, from the equation of the gener- 
ating curve. 

484. Let A BCD be the vertical side of a vessel, EFGHdL 
Plgj235, rectangular notch in it, and let /L t / be a rectangular parallelo- 
gram whose breadth /t is infinitely small compared with JE6« 
The velocity with which the fluid would escape at GH^ is to the 
velocity with which it would escape firom ILil^Bs y/EG to \/S? 
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S7a 



ibc quantitirs of fluid discharged in a given time through 
inde/mitely small parallelograms at these depths are in the same 
mio. Bui the parabolic curve EKH being drawn, having £0 
its axis, we have 



.... 

^Rtad conscqucDtly, 

w 



EG : EI :. GH : IK; 



S^EG : i^/eT :: GH : IK; 

whence the quantities discharged through indefinitely small par- 
allelograms at the depths EG, El, are to each other as the ordi- 
nates GH, IK, and the Bum of all the quantities discharged 
through all the parallelograms of which the rectangle EFGH is 
composed, is to the sum of all the quantities discharged through 
as many parallelograms at the depth EG, as the sum of all the 
elements IKk i of the parabola, to the sum of all the correspond- 
ing elements ILH of the rectangle ; that is, as the area of the 
parabola EKHG to the area of the rectangle EFGH; in other 
words, the quantity running through the notch EFGH is to the 
quantity running through an equal horizontal area si the depth 
EG, as EKHG to EGHF, that is, as 2 to 3. Therefore the c»i, m. 
mean velocity of the fluid in the notch is equal to two thirds of 
that at the greatest depth GH. 

485. If a small aperture be made in the sideof a vessel kept _. _^ 
Glled to the same height, the fluid will spout out horizontally with 
the velocity acquired bya heavy body in falling freely through the 
height of the fluid above the aperture, and this velocity combin- 4^7 
ed with (he perpendicular velocity arising from the action of 
gravity, will caase each panicle, and consequently the whole jet 
to describe a parabola. Now the velocity with which Ihe fluid 303. 
is ex[)ctled from any apertuiT, as G, is such as would, if uniform- 
ly preserved, carry a particle through a space equal to 2 BG ^^ 
in the time of its natural descent through BG ; accordingly, if the 
direction of the aperture be horizontal, the action of gravity 
being at right angles lo it will cause the particle to descend 
ihroi^h the height GD in the same time that would be required 
n ca-te of a oaiural descent through CD, if iko other force were 
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^^ exerted upon the particle. Hence the squares of the times be- 
ing as the spaces, or the times simply as the square roots of the 
spaces, \/BO is to \^OD as the time employed in describing BG 
to the time required to reach the horizontal plane DF. But in 
the time employed in describing BG, the particle would be car- 
ried uniformly and horizontally by the velocity thus acquired, 
through a space equal to 2 BG ; therefore, to find the amplitude 
or horizontal range DE of the jet, we have the proportion 

Ge,«. VBG : s/OD :: 2fiG : DE = ^^^^ 

= 2 x/BG 'GD = 2 GH. 

As the same reasoning may be used with respect to any other 
point in BD, if upon the height of the fluid BD as a diameter we 
describe a semicircle BKD, the horizontal distance to which thejhdd 
voill spout from any point will be twice the ordinate of the circle drawn 
through this point, the distance being measured on the plane of the 
bottom of the vessel. 

486. It will hence be perceived, that if apertures be made at 
equal distances G, L, from the top and bottom of the vessel, 
the horizontal distances DE to which the fluid will spout from 
these apertures will be equal ; and that the point /, bisect- 
ing the altitude, is that from which the fluid will spout to the 
greatest distance, this distance DF being equal to twice the radi- 
us of the semicircle or to the altitude BD of the fluid. 

487. If the fluid issue obliquely instead of horizontally, the 
curve described will still be parabolic, and the horizontal range, 
&c« of the jet may be calculated as in the case of other projectiles. 

Fig.237. Let the aperture C be inclined, for example, upward at different 

angles. CB will be equal to s, the space through which a body 

must fall to acquire the velocity of projection, and equal to the dis- 

477. tance CF, CP, of the foci of the several parabolas, traced by 

particles issuing with different angles of elevation. Hence BE 

Trig.172 is the directrix to these parabolas, and the circle described from 
the centre C, and with the radius £C, will pass through the sev- 
eral foci F, P, &c. Let CE, for instance, be the direction of 
the jet, and draw CF making the angle £CF equal to BCE ; let 



Motion ofOesa. 

_ 1 the perpendicular FH, and lake HG equal to flC, the dutl 
tencc CG will be the horizontal range of the jei. But 

CG = ^CH=ZCFx cos FCH = 2 CB X sin 2 ECF. 
Therpfore, when the angle of elevation is 45'^, the focus of thd 
parabob falls on ihc borizoniat line ai P, ami the range CK U 
Uku the greatest possible, being double the altitude CB. 

^^^488. To determine with what velocity ibe air or any other g 
Will rush into a void space, when urged by its own weight, 
proceed according to a method analogous lo that by which thflJ 
muiion of liquids is determined. When (he moving force and thtti 
mdss or matter to be moved vary in the same proportion, thea 

velocity will continue the same, sigfitv 
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Thus, if there be similar vesscB^ air and water, extending 
to the top of the atmosphere, on the supposition of a uniform 
^^^BOsity throughout, they will be discharged through equal and 
^Hkdlar apertures wiih the same velocity; for in whatever pro- 
^Hfelion the quantity of matter moving through the aperture be 
^^TOied by a change of density, the jircssurc which forces it out i 
acting in circumstances perfectly similar will vary in the sam 
proportion. Hence it follows that Ihe air rtithts i«lf> a void a 
Iht vtlociti/ jubich a heavy hoiiy would acquire by fallit^ from li 
fop of the atrnnsphcrcy this Jluid being auyposed lo be of a unifor\ 
iauity throughout. 

The height of a uniformly dense or homo^eiitout atmosphere^ 
' ig 27807 feet, according to article 467, and g z= 33,2, WH 
til have for (he velocity in question 



I 



r = s/2gh — ^2 X 33,2 X 27807 = 1338. 



4S9. Gut aa the spare into which the air rushes become.^ n: 
and more filled with air the velocity must be diminished contin- 
ually. Indeed whatever be the density of this rarer air, its elas- 
:ity varying with it£ density, will balance a proportional part 
I Meek. 48 
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of the pressure of the atmosphere, and it is the excess of this 
pressure only which constitutes the moving force, the matter to 
be moved being the game as before. Let d be the natural den- 
sity of the atmosphere, and A the density of that which opposes 
itself to the motion in question. Let p be the pressure of the 
atmosphere, or the force which impels it into a void, and w the 
force with which this rarer air would rush into a void ; from the 
proportion 

p A 
D : A : : p : V = ^-— , 

p A 
we shall have for the moving force sought p — ^—* Again, let 

V be the velocity of air rushing into a void under the pressure /», 
and u the velocity of air under the same pressure rushing into 
rarefied air of the density A. Since the pressures are as the 
hdghts producing them, the fluid being supposed of a uniform 
density through, we shall have 



u : : Vjp 



t:^:„g.-t> 



whence u :=:i v X ll ,no allowance being made for the 

inertia of the rarer air, which being displaced must oppose a 
certain resistance. 

490. Let it be proposed to determine the time / in seconds in 
which the air will flow into a given exhausted vessel, until the 
air shall have acquired in the vessel a certain density A. 

Suppose h the height due to the velocity v, b the bulk or 
capacity of the vessel, and tf the area of the aperture, the meas- 
ure in each case being in feet. Since the quantity of air neces- 
sary to fill the vessel will depend upon the size of the vessel, and 
also upon the density of the air, b A will represent this quantity, 
the dificrential of which is 6 d A. The velocity of influx at the 

first instant is « = ^2gh ; and when the air in the vessel has 
acquired the density ^A, that is, at the end of the time (, the 
velocity is 



u = ^2gh X Jl — r or Jsgfc X 



D — A 



MoHmi of Oases* 379 

Hence the rate of influx, which may be measured by the infi- 
nitely small quantity of air passing the aperture during the 
instant d t with this velocity, will be denoted by 



4 



2gA X X D^dt = 6dij^2gDk{D — A). 



Putting these two values of the rate of influx equal to each other, 
we have 



iidt\^2gDh(p — A) = 6dA, 
and 

6 dA 

dt=: — .- X 



6\^2gDh \/d — A* 
Hence, by integrating, we obtain 



To find the constant C, it will be observed, that when t = 0, 
A = 0, and ^D — A = \/d. We have, therefore, for the cor- 
rected integral 



t = 



^Viff^^ 



X (yi — \/» — A ). 



491. When d = A, the motion ceases, and the value of t, or 
the time of completely filling the vessel, becomes 

hV'^ ^ ^ , 
t or ^ 7 , or -Tz — 7=, nearly. 

Suppose, for example, the capacity of the vessel to be 8 cubic 
feet, or nearly a wine hogshead, and that the aperture by which 
air of the ordinary density, or 1, enters, is an inch square, or yjy 

of a foot. In this case 4 \/h = 4 -v^27807 = 668, nearly ; and 
hence 

8 1152 ,,, ._ , 



479. 
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If the aperture be only 7^7 of a square inch, or the side 7^9 ^^ 
time of completely filling the vessel will be 172^' nearly, or a 
little less than 3^ 

If the experiment be made with an aperture, cut in a thin 
plate, we shall find the time greater nearly in the ratio of 63 or 
63 to 100, as we have already remarked with respect to water 
flowing through small orifices. 

492. We can find, in like manner, the time necessary for 
bringing the air in the vessel to any particular density, as | of 
that of air in its ordinary state. For the only variable part of 

the integral, above found, is ^d — A, which in this case becomes 

\/l — I = ii and gives \/d — \/d — A = |; hence, if the 
aperture were a square, each side being -^^ of an inch, the time 
sought would be 1 1 72^', or 86'^, nearly. 

493. If the air in the vessel be compressed by a weight 
acting on the moveable cover AD^ the velocity of the expelled 

Fl|i 838 air may be determined thus. Let the additional pressure be 
denoted by 9, and the density thence resulting by 1/ ; we shall 
then have 

p : /) + g : :^D : i/, 
and 

P • p -{- q — p : : D : 1/ — d, 
which gives 

q=pX 



d' D 



• 

D 



Now, since the pressure which expels the aur is the difierence 
between the force which compresses the air in the vessel and 
that which compresses the internal air, the expelling force is q ; 
whence, the forces being as the quantities of motion, 



d' — D 



P ' P X : : mv mu, 



m, 71, being the masses expelled, v the velocity with which air 
rushes into a void, and u the velocity required. But the masses 
or number of particles which issue through the same orifice in 
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an instant, arc as the densities and velocities conjointly ; hence 

and consequently, 

p : p X : : D »" : d' tt", 



which gives 

Jd' — D 

Moreover, from the proportion 

p : p '{' q : : D : j/, 



we obtain 



and 



p/ ^ P ( l> + g) 



/ P (P + g) 



I' I'' 



Whence 



Dp 
d' — D p __ 



D' I>(P + g) l>-f-/ 



Substituting this value of in the above expression for u, 

we have the following simple and convenient formula, namely, 



NP + 5 



P + 9 

494. We have taken no notice of the effect of the air's elasti- 
city upon the velocity of influx into a void. Let ABCD be a 
vessel containing air of any density d. This air is in a state of 
compression, and if the compressing forc^ be removed it will ex- 
pand, and its elasticity will diminish with the density. Now its 
elasticity, in whatever state, is measured by the force which 



r' 
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keeps it in that state ; and the force which keeps common air at 
its ordinary density is the pressure of the atmosphere, and equiv- 
alent to that of a column of mercury 30 inches in height. If, 
therefore, we suppose this air, instead of being confined by the 
top of the vessel, to be pressed down by a moveable piston car- 
rying a cylinder of mercury of the same base and 30 inches 
high, its elasticity will balance this pressure just as it does the 
pressure of the atmosphere ; and since from its fluidity the pres- 
sure received on any one part is propagated through every part 
and in every direction, it will press on any small portion of the 
vessel by its elasticity, as when loaded with this column. Hence, 
if this small portion of the vessel be removed leaving an opening 
into the void, the air will begin to flow out with the same velo- 
city as it would flow out when pressed by its own weight only, 
or with the velocity acquired by falling from the top of a ho- 
mogeneous atmosphere, or 1338 feet per second. But as soon 
as a portion of air had passed through the orifice, the density of 
that remaining in the vessel being reduced, its elasticity, and 
consequently the expelling force, is diminished. But the matter 
to be moved is diminished in the same proportion as the density, 
the capacity of the vessel remaining unchanged ; therefore, since 
the density and elasticity follow the same law, the mass moved 
will vary as the moving force, and the velocity will continue the 
same from the beginning to the end of the efflux. 

495, The velocity with which the air issues out of a vessel 
under the circumstances above supposed, being constant, we can 
readily compare the velocity given by the theory with that 
ig. 239. found by experiment. Let .^ be a cask of known capacity in 
the top of which is an aperture a of a known area. The lube 
7B, recurved at B, is soldered or screwed into the top of the 
cask. The aperture a is stopped while water is poured into the 
tube T till it is full, at which time a quantity of water will have 
passed out at B condensing the air in the cask till its spring is 
equal to the weight of the water in the tube. At this time a 
cock placed over the tube T, sufficiently large to supply water 
as fast as it can descend into the vessel Jl^ is to be opened to 
keep the tube constai^ly filled. For this purpose one person 
must constantly tend it, while another opens the aperture a, 
which needs only to be closed with the finger, the seconds being 
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;oiinted Trom ihe moment the finger is removed till the wate 
oul at a. Hence, knowing the capcily o[ the vessel and 
area of the aperture, wc obtain the velocily. If the tube 7*5 
lid be continued nearly to the botlom of A, while A was filling 
with water, the length of the compressing column would be 
gradually diminished, and consequently the pressure constantly 
changing. To avoid any irregularity from this cause the open ■ 
end of the tube is placed as near the top of the cask as if 
consistent with a free passage for the water. 

KTh* vessel was made to contain 15'^ 6"- of water, from which 
capacity is found to be 425,088 cubic inches. The area of 
! aperture a through which the water is discharged was 0,0046 
indwa. 

(1.) The altitude of 7" above the cask being 30 inches, tht 
time of cjcpelhng the air was found by several trials to be 33". 

(9.) The altitude of T behig fi feet, the lime of expelling the 
air was 21,3". 

in the first experiment, 425,088, the capacity of the cask, being 
^^^vidcd by 0,0046, the area of the aperture, gives 92410,4 inches 
^Bb (he length of the stream continued during 33". Hence 
^^eILjI — 233,3 feet, the velocily per second. 

From the second experiment we deduce by a similar process. 
361.6 for the velocity per second ; and to show the correspond- 

te of this with the first, we use the proportion 
Vaj : i/O:: 233,3: 361,8, 
differing from the experimental result one fifth of a fooL 

^^ 496. To compare the velocity thus found by experiment with 
^^■U assigned by theory, we use the proportion 

^B \/'6 : t/SA : : 361,6 : 860,5, 

^Hb velocity with which the atmosphere would begin to enter a 

^^Bd. Taking the result before found, namely, 1338, and multi- 

plying it by 0,63, agreeably to what is laid down in article 179- 
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vfe shall have 843,94, differing from the experimental result 
about -g\ part. 

497. Let it be proposed to find the quantity of air expelled 
^ 238. into an infinite void from the aperture C of the vessel ABCD 
during any time <, and the density of the remaming air at the 
end of that time. 

The bulk expelled during the instant d t will he 6dt \^2gh, 

the velocity ^2 gh being constant, and consequently the quantity 

tvill be tf 1/ d i ^2gh. The quantity at the begiitning of the eflBux 

is 6 D, 6 being as before the bulk of the vessel ; and when the 
air has acquired the density i/, the quantity in the vessel is i i/, 
and the quantity expelled is 6 d — 61/5 consequently, the quan- 
tity discharged during the instant d i must be the differential of 
6 D — 61/, that is, — hdi/. Hence we have the equation 



61/ dti^2gh = — hdT/^ 
and 

. ^dji' 6__ _rfD' 

the integral of which is 

h. log. denoting the hyperbolic or Napcrian logarithm of vf. 
When / = 0, d' is equal to d 5 whence 

h 
c = — , r h. log. D : 

therefore, 

nearly. 

It is obvious that no finite time will be sufficient for the ves- 
sel to empty itself; for, as 1/ must in this case be equal to zero, 

—^ will be infinite, and its logarithm will also be infinite ; so that 

t will be infinite* 
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498. It is by a train of reasoning precisely similar, that we 
ascertain the quantity of condensed air which will make its 
escape from a vessel into the atmosphere in a given time. Let 
A be the density of the condensed air, and h' the height of a 
homogeneous atmosphere corresponding to it ; also let d be the 
density of the atmosphere. The air having for its density A, 
will obviously, when mixing with the atmosphere, have the same 
velocity as though it were rushing into a vacuum with the den- 
sity A — D. Now the height of a homogeneous fluid corres- 
ponding to this density is found by the proportion 

A : A — D : : h^ : W • 



From the equation v = \^2 g 5, it will be seen that the velo- 
cities acquired by falling from different heights are proportional 
to the square roo?s of these heights. If therefore, t; be taken to 
represent the velocity of co;:i > on air rushing into a vacuum, and 
h the height of the corresponding homogeneous atmosphere, we 

shall have, u being the velocity belonging to the height h' — — — * 



h : nf — - — : : d" : u* = »* ~ . — 5 

A A A 

whence 



^ = ">|^ 



A — D 



Moreover the proportion 

D : A : : fc : /i', 
gives 



A ""d' 



therefore 



J A A — D Ia— D 
- . — - — =: t; • 
D A \ D 



Let f be the density of the condensed air after the time f, h 
being, as before, the bulk of the vessel, and 6 a section of the 
Jtfec^ 49 
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aperture, we shall have 

and 

-hdA' -bV^^ dA 

6v A 



at =. '-— • , = —-31— X . — =^ 



Lot V'A' — D = a?, then A' — d = ««, and A' = «« -f. d, 
from which we have 

d6f = ^xdx^ 

and hence 

dA' 2xd% %dx 



c»L 120. Now the integral of = is equal lo — :i multiplied by an 

arc whose tangent is — =., radius being 1. 
Whence 



t z=z _— -5-? X — ^ X an arc whose tang, is ^- — =-J? + c* 

When 

/ = 0, A' is equal to A, 
and 



X an arc whose tang, is \i 



^^ = '-^ "'"" ■■" '^ " 



Let the former arc be represented by a and the latter hjafiyrt 
shall have 

< z= I* (a' — a). 

When the lime is required in which the density of the air 

contained in the vessel shall be reduced to that of the external 

atmosphere ; as A^ =: d, in this case^ it follows that a = 0, 
and 
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To illustrate this by an example, let it be required to find 
the time in which air of double the atmospheric density, confin- 
ed in a cubical vessel, each of whose sides is 12 feet, will expand 
into the atmosphere through an opening of one tenth of an inch 
in diameter, so as fo be reduced to the common density. The 
llbove formula gives by substitution, 

I = . ^^^^ -—- X an arc whose tang, is 1, 

0,007854 X 1838 ^ ' 

2 X t2» X 100 ^^ u * • ^ 
= 0,7854 X 1838 ^ ^" ^^ ^^^'" ^"S- t^ h 

= ^ X ^^' X ^^ = 258- = 4' 18-. 
1338 

499. Even although the density of the confined air were 
infinitely greater than that of the atmosphere, the time in which 
it would be reduced would be a finite quantity. For A being 
infinitely greater than d, the 



D 



tang 

is also infinite, and corresponds to an arc of 90^. Hence in this 
case we have 

i = ^ X 2 X 0,7854. 

The capacity of the vessel and the area of the aperture being 
the same as in the last example, we should have for the timQ in 
which this infinitely condensed air would be reduced to tbt 
same density with the atmosphere 
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Of the Resistance of Fluids to Bodies moving in them* 

500. The force with which 3olid bodies moving in fluids^ as 
water, air, &c«, are impeded and retarded, is usually termed th< 
resistance of fluids ; and as all our machines move either in water 
or in air, or both, it becomes a matter of importa ice in the 
theory of mechanics to inquire into the nature of this kbd of 
force. 

We know by experience that force must be applied to a body 
in order that it may move through a fluid, such as air or water; 
and that a body projected with any velocity is gradually retard- 
ed in its motion, and generally brought to rest* We also know 
that a fluid in motion will hurry a solid body along with it, and 
that force is necessary to maintain the body in its place. And 
as our knowledge of nature teaches us that the mutual actions 
of bodies are in every case equal and opposite, and that the ob- 
served change of motion is the only indication and measure of 
the changing force, we infer that the force which is necessary 
to keep a body immovable in a stream of water, flowing 
with a certain velocity, is the same with that which is reqiiir- 
ed to move this body with an equal velocity through stagnant 
water. 

A body in motion appears to be resisted by a stagnant fluid, 
because it is a law of mechanical nature that force must be 
employed in order to put any body in motion. Now, the body 
cannot move forward without putting the contiguous fluid in 
motion, and force is to be used to produce this motion. In 
like manner, a quiescent body is impelled by a stream of 
fluid, because the motion of the contiguous fluid is diminished by 
this solid obstacle ; the resistance, therefore, or impulse, difiers 
in no respect from the ordinary communication of motion among 
solid bodies, at least in its nature ; although it may be far more 
difficult to reduce the various circumstances attending it to accu- 
rate computation, or to obtain all the requisite data on which to 
found the calculation. 



Retislanct of Fktidt. 335 

601. The resistance which a body suflers from ihc fluid 
medium through which it is impelled depends on the veloeily, , 
form, and aiagiiilude of the body, and on (he hiortia and Icnnciiy 1 
of I he lluid. For fluids resist the motion of bodies through ihem, f 
(I.) by tlie inertia of their particles; (3.)by ihoir tenacity, that is, I 
the adhesion of those particles; (3.) by the friction of the bodjft 
against the particles iti ihe fluid. In perfect fluids the two lastl 
causes of resistance are very inconsiderable, and ihcrrforc arc 
not taken into the account; but the first is always very con- 
siderable, and obtains equally in the most perfect as in the n 
imperfect fluids. And that the resistance varies with the velo- 
city, shape, and magnitude of the uioving body is sufficiently 

'iouf. 



Br 



i.- 



We must carefully distinguish between resistance and re'orifiB 
J resistance is the i|uantily of mution, rctardaiion the qua* 
lily of vtlociljf, which is lost; therefore, the rclardalions arc a 
the resistances applied lo the quantities of matter; and in ll 
sane body the resistance and rctai'dalion ore proportional. 

602. To dtUrmint ihe force of Jivuh in motion, or the rtiUU 
offhiidi against bodita moctng in tlitm, 

(1.) In fluids uniformly tenacious, the resistance is as thM 
Telocity with which the body moves. For, since the cohesion oT 
the particles of ihc fluid is always the same for the same spaw,^ 
whatever be the velocity, ihc resistance from this cohesion will 
be as the space described in a given time ; that is, as the 
velocity. ' 

(2.) In a fluid whose particles move freely without disturts 
ing each other's motions, and which flows in behind as fast aft a 
plane body moves forward, so that the pressure on every pan 
of the body is the same as if the body were at rest, the rcsiafl 
ice will be as the density of the fluid. 

(3.) On the same hypothesis the resistance will be as iM 
_ lare of the velocity. Fop the resistance roust vary as tbj 
number of particles which strike the plane in a given time, mul 
liplied into the force of each against the plane; but both lU 
Bumber and (he force is as the velocity, and consequently thi 
listance is as the square of the velocity. 



i 
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This proof supposes that after the body strikes a particle, the 
action of that particle entirely ceases; whereas the particles, 
after they are struck, must necessarily diverge, and act upon the 
particles behind them; thus causing some difference between 
theory and experiment* This hypothesis, however, on account 
of its simplicity, is generally retained, and corrected afterwards 
by deductions from actual experiments. 

This ratio of the square of the velocity may be otherwise 
derived, thus. ^ 

It is evident, that the resistance to a plane, moving perpen- 
dicularly throuf'h an infinite fluid, at rest, is equal to the pressure 
or force of the fluid on the plane at rest, the fluid moving 
with the same velocity, and in the contrary direction to that of 
the plane in the former case. But the force of the fluid in mo- 
tion must be equal to the weight or pressure which generates 
that motion ; and which, it is known, is equal to the weight or 
pressure of a column of the fluid, whose base is equal to the 
plane, and its altitude equal to the height through which a body 
must fall by the force of gravity, to acquire the velocity of the 
fluid ; and that altitude is, for the sake of brevity, called the alti- 
tude due to the velocity. So that if tf denote the surface of the 
plane, v the velocity, and s the specific gravity of the fluid ; then 

the altitude due to the velocity t; being --, the whole resistance 

or moving force m, will be 

©3 % s »" 
tf X s X — = 



^g ^g ' 

g being 32,2 feet. And hence, other things being the same, the 
resistance is as the square of the velocity. 

(4.) If the direction of the motion, instead of being perpen- 
dicular to the plane, as above supposed, be inclined to it at any 
angle, then the resistance to the plane in the direction of the 
motion, as assigned above, will be diminished in the triplkate 
ratio of radius to the sine of the angle of inclination, or in the 
ratio of 1 to t', where i is the sine of the inclination. 
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For AB being the direction of the plane, and bd that of ihc Fig. un. 
inolion, ABD the angle whose sine is i; the number of particles 
or quantity of the fluid which strikes the plane. will be diminish- 
ed in the ratio of 1 to i; and the force of each particle will 
likewise be diminished in the same ratio; so that on both these 
accounts the resistance will be diminished in the ratio of 1 lo i' ; 
that is, in the duplicate ratio of radius to the sine of abd. But fur- 
ther, it must be considered that this whole resistance is exerted 
in the direction be perpendicular to the plane; and any force in 
a direction be is to its effect in a direction ae, parallel to bd, as ae 
to Bt, or as 1 lo i. Consequently, on all these accounts, the resist- 
ance in the direction of the motion is diminished in the ratio of 
1 to i'. And if this be compared with the result of the preced- 
ing step, we shall have for the whole resistance, or the moving 
force, on the plane, 



I 



(5.) If w represent (he weight of ihe body whose plani 
d is resisted by the absolute force m, then the relardingB 



/ = 



2gic 



(6.) And if the body be a cylinder whose surface or end ii 
0, and diameter d, or radius r, moving in the direction of its 
axis; then, because i= I, and « = nv' ^ -J " o', where 
j» = 3,141593, the resisting force m will be 



I 



the retarding force 



2gio 



(7.) This is the value of the resistance when the ena 
cylinder is a plane perpendicular to its axis, or lo the direction 
of ifac rooiion. But were its face a conical surface, or an elliptic 
section, or any other figure every where equally inclined to the 
axis, the sine of the inclination beingi; then Ibenumberof p.'irti< 
cles of the fluid striking the surface being slill the same, but ihi.- 
rce of each, opposed to the direction of the motion, diminished 
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in the duplicate ratio of the radius to the sine of the inclination, 
the resisting force m would be 



* TISD' V^i^ TT S R« »« t* 



8g 2^ 

But if the body were terminated by an end. or surface of any 
other form, as a spherical one, where every part of it has a dif- 
ferent inclination to the axis ; then a further investigation be* 
comes necessary. 

503. To determine the resistance of a fluid to any body moving 
in itf having a curved end a^ a sphere^ a cylinder with a hemisphen- 
cal end, ^'c. 

'ig. 241. 1. Let BEAD be a section through the axis ca of the solid, 
moving in the direction of that axis. To any point of the curve 
draw the tangent eg, meeting the axis produced in o ; also draw 
the perpendicular ordinates ef, e/, indefinitely near to each 
other ; and draw a e parallel to cg. 

Putting cr = x, ef = y, be z= z, i z= sine of the angle o, radius 
being 1 ; then 2 ny is the circumference whose radius is ef, or the 
circumference described by the point e, in revolving about the 
axis ca; and 2ny x e c, or ^n yd z^ is the differential of the 
surface, or it is the surface described by e e, in its revolution 
about CA ; hence 

— - — X 2 71 yd 2, or X ydz 

is the resistance on that ring, or the differential of the resistance 
to the body, whatever the figure of it may be ; the integral of 
which will be the resistance required. 

(2.) In the case of a spherical shape ; putting the radius ca 
or CB = R, we have 

R» — a?a), t = — = — = -, 

EG CE R 

and ydzorEF X Ee = cE X ae = Rda?; 

therefore the general differential 

7rs»2 ., J ♦ 
. x^ ydz 
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becomes 

. — . Kax = . x^ dxi 

the integral of which, or j »*, is the resistance to the spheri* 

eal surface generated by be. And when x or ct is = r or ca, 
it becomes for the resistance on the whole hemisphere ; 

which is also equal to ^ where d =: 2 r, the diameter. 

(3.) But the perpendicular resistance to the circle of the 
same diameter d or bd, by section 6 of the preceding problem, is 

: which beins: double the former, shows that the resist- 

ance to the sphere is just equal to half the direct resistance to a great 
circle ofit^ or to a cylinder of the same diameter. 

(4.) Since ^ ;r d' is the magnitude of the globe ; if s' denote 
its density or specific gravity, its weight w will be = | irv^sf^ 
and therefore the retarding force 

- m TT 8 r*^ D* 6 3sv9 

for- = 



w 16 g ws'd' S^^s'd* 

which is also equal to 



r» 



Hence 



2g8 

Ss 1 



4 s 'd 5 ' 



and 



8' 



,= -.fD; 



which is the space that would be described by the globe while 
its whole motion is generated or destroyed by a constant force 
equal to the resistance, if no other force acted on the globe to 
continue its motion. And if the density of the fluid were equal 
to that of the globe, the resisting force sufficient would be act- 
ing constantly on the globe without any other force, to generate 
or destroy the motion while describing the space j o, or ^ of itg 
diameter. 
Meek. 50 
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(5*) Hence the greatest velocity that a globe acquires in de- 
scending through a fluid, by means of its relative weight in the 
fluid, will be found by putting the resisting force equal to that 
weight. For, after the velocity has arrived at such a degree that the 
resisting force b equal to the weight that urges it, it will in^^rease 
no longer, and the globe will afterwards continue to descend with 
that velocity uniformly. Now, s' and s being the specific gravi- 
ties respectively of the globe and fluid, s^ — s will be the rela* 
tive gravity of the globe in the fluid, and therefore 

w = ^ ;r d' (s' — s) 

is the weight by which it is urged ; also 

;r s »» D» 

m = — - — 

is the resistance ; consequently 

;r s »* D* 



16^ 



= i^D'(s' — s), 



when the velocity becomes uniform; from which equation is 
found 



for the above uniform motion or greatest velocity. 

By comparing this with the general equations, 1; = \/g 5, it 
will be seen that the greatest velocity is that acquired by the 



accelerating force , in describing the space | d, or that 

acquired by gravity in describing freely the space 

s' — s , 

S ' 

If s' = 2 s, or the specific gravity of the globe be double that 

of the fluid, = 1 = the natural force of gravity ; and the 

9 

globe will attain its greatest velocity in describing | d or |^ of its 
diameter. It is further evident, that if the globe be very small, 
it will soon attain its greatest velocity, whatever its deDsity 
may be. 
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If a leaden bnll, for example, one inch in diamoter descend 
in water, and in air of the usual density at the eanh's surface, Lhe 
tpecilic gTiiFiLies of these bodies being 11,3, 1, 0,00122, res- 
pectively, since | of an inch is y,, or 0,1 1, of a fool, be- 
comes 10^ in the case of water, and 



11,3 - 



0,00122 



tO,UU122 
the case of air, we shall have 
arl 
i: 



926 nearly, 



= ^2 X 32^ X 0,11 X 10,3 = 8,54 

'1j, for the greatest velocity lhe ball can acquire per second 
water; and 



V2 X 32,2 X 0,1 1 X 926 — 256 
larly, for the greatest velocity in air. 






But if the globe were only one hundredth rf an inch in diam- 
eter, the greatest velocities would be only j'l of •''^ above rc- 
Bulis, or 0,85 of a foot in water, and 25,6 in air ; and if the ball 
'ere still further diminished, lhe greatest velocity would be di- 
inished also, in the subduplicate ratio of the diameter of the 
This is well illustrated in the fall of rain. The different 
sized drops descend with diirereni degrees of rapidity, hut all so 
gently as to cause no injury. Were this fluid so constituted as 
to allow the drops lo form in larger masses, or were the air much 
less dense, tender vegetables would snfTer by the shock, as they 
Mcaelimes do in fact by the more rapid descent of hail. 

504. It appears from the third step of the preceding article, 
that the resistance to (he motion of a cylinder moving in the 
direction of its axis is double that of a globe of the same diame- 
ter [ and in experiments with bodies that move slowly, this will 
learly hold true in water, but still more nearly in air; because 
particles move more freely than those of water, and less dis- 
irb each other's motions; but when lhe motion is more rapid, 
considerable aberrations will occur, both from the mutual dis- 
tarbance of the particles, and from the llitid not flowing in so ^t 
behind as the body moves forward ; in the air also, a new cause 
if deviation will ariiw. f5pom the condensation of the fluid before 
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the bodjr. Sir Tsaac Newton supposes, that in a continuous noiv- 
elastic fluid, infinitely compressed, the resistances of a sphere 
and cylinder of equal diameters are equal ; but this appears to 
be an error in theory as well as in fact. When the motion is 
slow in water, the fluid may be conceived to be nearly of the 
nature which Newton supposes; yet the resistances are almost 
as coincident with theory as when the motion is in air ; thus M. 
Borda found the resistance of a sphere moving in water to be to 
that of its greatest circle as 1 to 3,508, and in air the resistances 
were as 1 to 3,45. The experiments of Dr. Hutton in air give 
the resistances at a mean as 1 to 3|. 

The reason that experiment gives the ratio of the resistances 
greater than that of 3 to 1 seems to be this ; in theory it is supposed 
that the action of every particle of the fluid ceases the instant it 
makes its impact on the solid ; but this is not actually the case, as 
we have before observed ; and since the particles, after impact on 
the sphere, slide along the curvecTsurface, and hence escape with 
more facility thy along the face of the cylinder, the error will 
be greater in the cylinder; that is, the greater resistance will ex- 
ceed the theory more than the less. It is also to be observed, 
that the difference between the resistances of the globe and cyl- 
inder in water is greater than in air ; and this is directly contrary 
to what might be inferred from Newton's reasoning, which sup- 
poses them equal in a continuous fluid, but in the ratio of 1 to 3 
in a rare fluid, v 

605. To determine the relations of velocity^ space, and time, of a 
ball moving in a Jluid in which it is projected with a given velocity. 

Let u = the velocity of projection, s the space described 

in any time /, and t; the velocity acquired. Now, by step 4,arti- 

3 s o' 
cle 503, the acccleratine force f = — - : where s' is the den- 

sity of the ball, s that of the fluid, and d the diameter of the 
282. tall. Therefore the general equation vdv =i gfd s becomes 

J — 3 s »* J 
V da = a s : 

* 8 S' D ' 



and hence 

dv ^^ — 8 s 



da^zz "^'cdsy 
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putting c for r-7— • The correct integral of this is log, u — log. t?, or 
log. - =z cs. Or putting e = 2,718281828, the number whose 
hyp. log. is 1, then -=€•■, and the velocity 



u _^ 

'» = —-= «c"^. 

The velocity v at any time being the c"** part of the first 
velocity, the velocity lost in any time will be the 1 — c~* 

part, or the — - — part of the first velocity. 

(1.) If a globe, for example, be projected with any velocity 
in a medium of the same density with itself, and it describe a 
space equal to 3 d or 3 of its diameters ; then « = 3 d, and 



3s 
c == 



8 S' D "" 8 D ' 

therefore c 5 =: f , and the velocity lost is 

e^— 1 __ 2,08 
««• "" 3,08 ' 

or nearly | of the projectile velocity. 

(2.) If an iron ball of two inches diameter were projected with 
a velocity of 1200 feet per second ; to find the velocity lost after 
moving through any space, as 500 feet of air ; we should have 

D = tV = ii w = 1200, s = 600, s' = 7^, s = 0,0012 ; 

and therefore 

_ 385 __ 8 . 0,0012 . 500 _ 3.12.500.3.6 _ ^ 
^""8s'd"" S.Ti-i "" 8.22.10000 ""440' 

and 

1200 
V = — -- = 998 feet per second ; 

having lost 302 feet, or nearly i of its first velocity. 
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(3.) If the earth revolved about the sun, in a medium as dense 
as the atmosphere near the earth^s surface ; and it were required 
to find the quantity of motion lost m a year ; since the earth's 
mean density b about 4^, and its dbtance from the sun 13000 
of its diameters, we have 

24000 X 3,1416 = 75398 diameters = i, 

and 

3.75398.12 .2 . ^^^^ 

cs =z — = 7,5398 ; 

8.10000.9 ' * 

hence — -^ — = |||^ parts are lost of the first motion in the 
space of a year, and only the jtVt P^^^ remains. 
(4.) To find the time t ; we have 

, ds ds i^ds 

at z= — = — = . 

V u u 

Now, to find the integral of this, put z = e* ; then is c j = log. z, 

and 

^ dz ^ dz 

cds •=. — , or a » = — ; 

z cz 

consequently 

€^ d s zd z dz 



and hence 



d I or , 

u u uc 



z ^ , 

i = — = he* 

uc u c 



But as t and s vanish together, and when 5 = 0, the quantity 

e** . 1 

— is equal to — ; 

uc ^ uc 

therefore 

^ _ c« — 1 _J^ L — ^^1 — i^ 

u c cv cu c \v u/ 

the time sought ; where c s= — -, and 9 = — the vdodty. 
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506. /( i* proposed to dtUnnint Ike angle of indiniilion at 

nhich u current of nir acling vpun iht mils of a windmill will pro- 
Aux the greatest effect. 

Let CD represeni the velocity and impulsive force of the fig— 
wind againat a plane whose section is ab. By reducing this 
for-ce into the direction ce, we obiain ihc efficient force with 
which the tluid strikes against the plane; and by reducing this 
again into the direction ch, we obtain that force which imparls a 
rotatory motion to the E<ail. 

If CD be called a, and the angle cdk, ar, then ce = o sin x, 
and CB = a sin x cos x. But as the number of particles which 
strike against the plane is also diuiitiished on account of its incli- 
nnlion in the ratio of rad. to sin t:, it follows that the action of the 
fluid against the plane is expressed by a sin x' cos .r. 



f 



To find when this 
nlial, 

3 a sin X cos x' d 



a maximum, ' 



: havcj by taking the dif- 



2 cos x» — sin x' 



bence 

ainx = v'icosi, and or langi, radius being I,=:v2=1.4H. 

■low 1,414 is the tangent of 64^ 44' ; therefore 

' a: = 54=* 44'. 

It is obvious that this determination is obtained upon (be su[V 
posilion that the plane is at rest. We shall now proceed to in- 
quire at what angle the impulsive force produces the greatest 
effect, when the plane has acijuircd a dcierminale velocity. 

Let CD, aa before, represent the direction and impulsive force Fis.iu. 

of the wind, dc the direction and velocity of the sail's motion. 

By reducing the velocity of the wind and sail into the direction 

I perpendicular to the plane, the rrlative velocity of the wind, 

t with which it strikes the plane, is eh — dl. Hence (he 

A oilhc wind in producing a rotatory motion will be exprcss- 

3 by ta ■— DK. 
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Let CD, as before, be represented by a, and dg by e, then 
EH = a sin X cos a?, and dk = c cos x'. Hence the impulsive 
force is expressed by a sin x cos x — c cps a?*. But, as before, 
the number of particles of fluid which strike agait st the plane is 
diminished in the ratio of rad. to sin x, wherefore the whole 
force against the sail will be expressed by 

(a sin X cos x — c cos a:*) sin x. 



Let sin « = y, then cos a: = ^i — y«» 
and 

(asin xcoso? — ccosa:*)sina? = (ay \/l — y' — c(l — y*))y. 
By taking the differential of this quantity we obtain 

(a^l-y'dy-^-=^ + ^cydy)y + 

{ay^l^y^ — c (1 — y»)) dy = ; 
and dividing by dy, we have 

ay3 



Say VI— y' 7==- +3cy«— c = 0, 

or 

ya . c 3 y' — 1 

1— y» a yVi — y* 

But 

j-L = tang xS 

wherefore 

2_tangx»+(3-^)£tangx = o; 

and, by reducing this equation of the second degree, we have 

1 




(^=^)" X 't. 



3 r 



tang« = j2 + V F^y X;^ + — r^*^l' 



KttUoci 
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On the supposition ihat c ^ a, or, in other wordn, ihaL ilie 
it; of the suil is ecjuul to ihaL of ibe wuid, wc iiave 



tsng z 



J=.(^)V = 



Let us again suppose ihat c ^ 9a, or [hat the velorily of (he 
s double the velocity of the H'ind, then the formula becomes 



langx 



= >I'^+0-sw) + '-i 



AssiiBiing as an approximation, in order lo find x from this 
equation, (hat i(s value is 54° 44', we obtain as a nearer npproxi- 
mation x =^ 65° 24'. Taking the sine of ihis angle, and substi, 
luting it as an approximation in the second number of the equa. 
tion, we find, as a still more correct approximation, x := 6Q" 54'. 
Subaliluting (his again for x, we lind, as a fourth approxiinalion, 
V£;=z 69=^ 4', which we consider as (he correct value. 

ft'' 

I 

^Hka Substituting 75° as the value of x, we obtain as a lim ap- 
S|Hvximation x ^ 77° 3'. Substituting again this value, we 

dc'bice as a second approximation x — 77° 7', which may be 

considered as the true value of x in this case. 

The theory of winds has not arrived at that degree of per- 
fection which renders science subservient (o the purposes of life. 
We can as yet only attribute them in a vague manner (o the 
operation of a few general causes. From what we know of 
the expansibility of air by heat, one may easily conceive how 
the atmosphere must always be in a state of commotion, some 
parts of it being exposed lo an intense temperature, while other 
are comparatively cold. The portion which encircles the torrid 
zone, by receiving the rays of a vertical sun, is much rarer than 
that which surromids the higher latitudes. Hence, in order to 
maintain a due ecjuilibrium, the aerial column at the eijualor 
t be higher than it is in colder climates. This was found to 
t ibc case by Mr. Casson, who observed (hat for the same ele- 
(tion, the barometer falls only about half as much in the torrid 
it does ID the temperate zones. 



' Jlf«fc. 
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The air being thus expanded by means of beat, it is displaced 
by means of the denser air which rushes in from higher latitudes. 
The winds which are occasioned in this manner are called the 
trade winds, and are so uniform in their action, that they lender 
the greatest service to those wlio navigate the tropical seas* 
From October to May, the north-east trade wind continues to 
blow, and from April to October the south-west. 

M. De Luc has advanced a very ingenious explanation of the 
oblique direction in which these winds approach the equator. 
This he has attributed to the rotation of the earth. The air at 
any place, when apparently calm, or in a state of rest, possesses 
obviously the same velocity of rotation with which that place 
revolves. Now the rotatory velocity of any point on the carth^s 
surface is proportional to the parallel of latitude which passes 
through it, that is, to the cosine of latitude, as may be easily 
shown ; hence, were the whole atmosphere in a tranquil state, 
the actual velocity of every section of it would be proportional 
to the cosine of its angular distance from the equator. Let us 
now suppose, that from the influence of heat the condensed air 
of the north begins to move towards the south. Its rotatory mo- 
tion being the same with that of the region which it has left, is 
less than that of the place into which it has come. Hence, as 
the direction of the earth's motion is from west to east, it will 
appear to blow from east to west with a relative velocity equal 
to the difierence between the velocities of the parallel left and 
that come to. The same explanation obviously applies to the 
veesterly direction of the wind which rushes towards the equator 
from the south. In confirmation of this theory, it may be ob- 
served, upon the authority of Mr. Dalton, that in sailing north- 
wards, the trade-winds veer more and more from the east towards 
the north, so that about their limit they become nearly N. E. ; 
and vice versa^ in sailing southwards they become at least almost 
S. W. These winds are seldom perceptible in a higher latitude 
than 30^. Their place of concourse appears to be a little to the 
no#h of the equator, from the circumstance that the sun, the 
source of heat, is longer in the northern than in the southern 
bembphere. Near the equator they blow about 4^ from the 
east or west points. 
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This influx of air towards the equator appears to be counter- 
Wlanred by a current in ihe higher regions of the atmosphere 
towards the poles. The heated air at the equator cootinues to 
ascend until it reaches an altitude where its elasticity exceeds 
that of the air which surrounds it. It then begins to diffuse 
itself towards the poles, maintaining an pcfuilibrium in the »lmos- 
phrre, and moderating ihe intense cold of the climates lownrch 
which it is wafted. Such would be, perhaps, ihe only Auclub 
tions in the almoepherc were the whole globe covered with wai 
or the variations of heat in the earth's surface regular and c 
stanL, so as to be the same every where over the same parallel 
of latitude. As it is, however, we find the irregularities of heat, 
arising from the inierspersion of sea and land, to be such that 
though all the parts of the atmosphere in some sort conspire H 
produre regular winds round ihe torrid zone, yet the effect 6 
land is so great, that striking inequalities are produced ; witness tbj 
monsoons, the sen and land breezes, &c., which can be accounted 
for upon no other principle than that of rarefaction, because tl 
rotatory velocity of different parallels in the torrid zone is ncarlj| 
a)i1te. 



ii Iht Theory of fhr. Air Pump, and Pumps for raising WaUr, 



F 507. The Air-pump is a machine fitted to exhaust the aa^ 
1 proper vessel, and thus to produce what is called a va* 
J it is one of the most useful of philosophical experiments, 
eans of it the chief propositions relniive to the weight and 

picity of the air are proved experimentally, in a simple and! 

iBfactory manner. 

GflTrcprcaenlsasqiiare tablcof wood,»f, .4 two strong bar- fV^ 

■ tubes of brass, firu.ly retained in their position by ihc 

■piece TT, which i^ pressed on ihcm by screws 0, 0, fiKedon 

of the brass pillars A", A". These barrels communicate 

k^a cavity in the lower part D of the table. At the bottom 

^n each barrel is fixed a valve, opening upwards: and in 

i barrel a piston works, having a valve likewise opening up>J 
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wards. The pistons are moved by a cog-wheel in the piece 7T, 
turned by the^ handle B^ of which wheel the teeth catch in the 
racks of the pistons C, C. PQ is a circular brass plate, having 
near its centre the orifice ^ of a concealed pipe that communi- 
cates with the cavity at Z); at F is a screw that closes the orifice 
of another pipe, and which is turned for the purpose of admitting 
the external air when required. LM*\s a glass vessel, from 
which the air is to be exhausted, and which has obtained the 
name of receiver^ because it receives or holds the subjects on 
which the experiments are to be made. This receiver is placed 
on the plate jPQ, and is accurately fitted to it by grinding, or by 
means of moistened or oiled leather. 

When the handle B is turned, one of the pistons is raised and 
the other depressed ; consequently a void space is left between 
the raised piston and the lower valve in the corresponding barrel; 
the air contained in the receiverXJtf communicating with the bar- 
rel by the orifice K immediately raises the lower valve by its 
spring, and expands into the void space ; and thus a part of the 
air in the receiver is extracted. The handle then, being turned 
the contrary way, raises the other piston, and performs the same 
operation in the barrel containing it ; while in the mean time the 
first mentioned piston being depressed, the air by its spring 
closes the lower valve, and raising the valve in the piston makes 
its escape. The motion of the handle being again reversed, the 
first barrel again exhausts, while the second discharges the air 
in its turn ; and thus during the whole time the pump is worked, 
one barrel exhausts the air from the receiver, while the other 
discharges it through the valve in its piston. Hence it is evi- 
dent, that the air can never be entirely exhausted ; for it is the 
elasticity of the air in the receiver that raises the valve, and 
forces it into the barrel t ; and eaeh operation can only take away 



t Various contrivances have been adopted to facilitate the mo- 
tion ot* the valve, and thus to allow the air, when in a state of great 
rarefaction, to pass from the receiver into the barrels. Smeaton bad 
recourse to a valve presenting a broad surface, and supported on 
thin bars. Others have proposed to raise the valve mechanically by 
connecting it with the piston in such a manner that the piston shall 
exert its action at the moment it reaches the top of the barrel. A 
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pan of ihe remaining air, which is in proportion d 
quantity before the stroke, os the capacity of the barrel lo tin 
sutD of the capacities of the barrel, receiver, and comoiuriicalinl 
pipe. 

508. Now if we suppose no vapour from moisture, &c., to 

c in the receiver, the degree of exhaustion after any number 

{strokes of the piston may be determined by knowing the rcs- 

BCtivc capacities of the barrel and of the receiver, including the 

e of communication Slc. For, as we have seen aljove, that 

! Stroke diminishes the dcnsiiy in a constant proportion, 

mely, as much as the whole capiiciiy exceeds that of the cylin- 

r or barrel ; the exhaustion will go on in a geometrical prO|^ 

grcsston, the ratio of which is the same as that which the 

of the capacities of ihc receiver and burrel bears lo that of tl 

^-fieccivcr; and this ratio of exhnu.stion will continue until thfl^ 

Hrfbaticity of the included air is so far diminished by its rarefac- 

^^Bd as Lo render k too feeble to push up the valve of the piston. 

^Btni 
^Bu-r 



Let then the capacity of ihe barrel, receiver, and pipe of 
iinunication together be expressed by 6 + r, and that of the 
'rel alone by b. and let 1 represent [he primitive density of 
the air in the pump; ucsliallhave 






+ y:,::J: 



z the density after 1 stroke of the pistoiU 



method suggested ilsclf to Dr. Prince much more perfect and moro^ 
uplo. It dispeuscs with the valve entirely by extending the bar- 
I iIiiwiiwHrd so as to ailmit of the piston's descending below ths 
iHDing which conMimnicateg with the receiver, and thus allot 
Introduction of air into the barrel. Th<? sir in this case 

ihmiigh a vatve at the top of the biirrcl, opening ujiwarq 
rt) will nill he a limit however to the exhaustion ; for the wi 
lot be forced through the valve at the top of the barrel, unla 

iticity, and rDiiHeiiuently its density, produced by the m 

piston, exceeds the ilensliy of the cxierual air. To remove tl 

:itlty Or. Prince enclosed the valve in question in a vessel ( 

1(1 with n small exhausting npparnlus, by which tlio viJve « 

ived from ibe pr^asure of the atrao»])h(;re. Tbi* iipii'viidaKo J 

■otcetKiy, except fur [lurposes of veiy accurate exhaualiu 
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6 + f : f : : : = density after 2 strokes, 



6 + r : r : : —-- — — : —— - — r- = density after three strokes : 

and the nth power of the ratio r-x~» 

or 7= r- = D, the density after n strokes. 

From which we may easily find the density after any number 
of strokes of the piston necessary to rarefy the air a number of 
times, or to give it a certain density d, the primitive density 
being 1. For the above equation, expressed logarithmically, is 

or 

w X (log. r — log. (6 -f r)) = log. d ; 

consequently 

log. D 



n = 



log. r — log. (6 + r) ' 



in which expression d will be a fraction. If the number of times 
which the air is rarefied be expressed by n, an integer, the 
logarithmic equation will be 

lo?. N 
n = ^ 



log. (6 + r) — log. / 

A further reduction of the same theorem will furnish us 
with the proportion between the capacities of the receiver and 
barrel, when the air is rarefied to the density d^ by a definite 
number of strokes n of the piston. For since 

= D', 



(6 + r)' 



if we take the nth root of both members of the equation ve shall 
have 
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Thus, if d' be equal lo 

Ir 11, we shall liiiJ 



,j, and the number of atroka] 
= log- J ; 



llhat r: t + r 



Pumps for Raising fPattr. 



S09. The lerm pump is generally applied to a machine for 
raising waier by means of ihesipressure of the atmosphere. Of 
pumps there are a great many different sorts; we shall speak 
only of those iu most common use, and shall give merely such 
a general description of iheir consiruciion as will enable the 

lent to understand the principles on which their operatiatt|a 
:nds. 



MlDde 



The pumps mosi generally used are, the sucking pump, the 
UJting pvmp, and the forcing pump ; these have some parts in 
common, and particularly the pistons and valves ; ihey will 
therefore be treated in a connected way. 

The pi'ton is a body ABCD of circular base, which may be ^'8- * 
moved through the interior part of the lube or body of the pump, 
61]ing it px.»clly as it moves along. The suclirr or valve E is 
moveable about a joint in such a manner as either ro permit 
prevent the passage of the water, arcording as it presses 
irds or downwiirds. In figures 345, 246, there arc likewise 
M in ihe pistons. FOHK is another tul>e joined to ihc body 
the pump, and is grneralty called the pipe or sticking f 
Its lower extremity is immersed in the water, of which we stri 
pOM RS to |}e the horizontal surface. 

510. The vtrking pump is rrpresertcd in figure 245. 
pump if we Mipjiose n power Papplied lo the hendle of ihe pisU 
I lo raiRC it from / lo C. ihe air contained in the a 
wK&ifC tcDds by its spring lo occupy ihe (pace that the g 



^^ih< 
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ton leaves void ; it therefore forces up the valve £, and enters iulo 
the bodj of ihe pump, its elasticity diminishing in proportion as 
it fills a greater space. Hence it will exert on the surface GH of 
the water a less effort than is made by ihe exterior air in its 
natural state upon the 'surrounding parts of the same surface JRG, 
HS\ and the excess of pressure on the part of the exterior air 
will cause the water to rise in the upper pipe GK to a certain 
height //JV, such that the weight of the column 6^, together with 
the spring of the superincumbent air shall just be a counterpoise 
to the pressure of the exterior air. At this time the valve £ 
closes of itself ; and if the piston be lowered, the air contained 
between the piston and the base IV of the body of the pump, 
having its density augmented as the piston is lowered, will at 
length have its density, and consequently its elasticity, greater 
than that of the exterior air ; tMs difference of elasticity will 
constitute a force sufficient to push the valve L of the piston 
upwards, and some air will escape till the exterior and interior 
air are reduced to the same density. The valve L then falls 
again; and if we again elevate the piston, the water will be 
raised higher in FOHKj for the same reason as before. Thus, 
after a certain number of strokes of the piston, the water will 
reach the body of the pump; where being once entered, it will 
be forced at each stroke of the piston through the spout X ; for 
the water above the piston will then press upon the valve and 
keep it shut while the piston is rising ; so that a cylinder of wa- 
ter whose height is equal to the stroke OT of the piston (or the 
vertical distance through which it passes) will be raised by each 
upward motion and forced through the aperture Xj provided it is 
of an adequate magnitude. 

511. The lifting pump is represented in figure 346. Its man- 
ner of operation is this ; the piston PCD is here placed below 
the horizontal surface RS of the water, and when it is made to 
descend, it produces a vacuum between the valve E (which is 
pushed down by the exterior air) and the base CD of the piston. 
The weight of the water, together with that of the exterior air 
about R and 5, presses up the valve L, and the water passes into 
the body of the pump ; and when the water ceases to enter, the 
weight of the valve L closes it. Then, if the piston be raised, it 
raises all the water above it, for^<>« "Q the valve £, and introduc- 



PS tic waler inW the part IFYX. When ihe piston is raised lo 
lis highest position, the valve E is made to close by the super- 
liicumbent water, and retains the fluid there until, by a fresh 
-troke of the piston, more water is forced upwards through the 
valve E; that which was before in the upper part of the pump 
being expelled through a proper orifice or spout in the neigh- 
bourhood of X, in order lo make way for a new supply. By 
continuing the operation, water is delivered at every stroke of 
the piston. 

512. The forcing pump unites in some measure the properties 
of the other two. The piston ABCD, which here has no valve, 
being elevated, rarefies the air in the space DGHVOC, and the 

' water rises towards/^; the subsequent descent of the piston 
fabrCes some of the air in this space through the valve L ; the 
niext ascent of the piston closes the valve /., and raises the water 
in GK i and so on till the water passes through the valve £ and 
enters the space DIOC. Then the piston being pushed down, 
closes the valve E, and some of the condensed air is forced 
through the valve L. A further stroke raises more water into 
the space DOIC, and expels more air through L. At length the 
water reaches L, and the subsequent strokes raise it into the 
tube Jt/Omn, whence il is carried off by a spout, as in the 
other pumps. Or, if this pump be closed at m n, excepting a 
narrow pipe PS, when the water is raised by the process 
just described to o r, above the bottom S of the tube, the cbstic 
force of the compressed air in the space nrom will compel the 
water to issue from the aperture /* in a continued stream or jet, 
thus forming a fire engine or artilicial fountain. 

513. Lei us now enquire into the fundamental properties of 
these machines. By means of the lifling pump, water may be 
elevated to any height we please, provided we employ a suffi- 
cient force. But the estimate of this force requires various con- 
siderations. We must have regard to the dimensions of the pis- 
ton, the barrel of the pump, the height to which the water is t& 
be raised, and the velocity with which the water is to be movcd^ 
be&lde lh« effects of friction, &.c. At present, however, we shall 
twt examine these particulars in all their extent; but shall 

t ourselves to one of ibcm. JSow it is certain that (he 
52 
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power necessary to raise the water to any proposed height^ 
must at least be capable of sustaining in equilibrium the pres- 
sure experienced by the base of the piston when it is kept at 
rest, and the fluid has attained the required height. This pres- 
sure, then, wc proceed to estimate. 

In general the power must be, at least, capable of sustaining 
the weight of a column of water which has for its base that of 
the piston, and for its altitude the distance between the surface 
Figi246. RSoi the water in the reservoir and the upper surface XY of that 
in the pump. For when the base DC of the piston is below the 
surface RS of the water in the reservoir, it is manifest that the 
power has not to sustain the pressure of the water contained 
between i^Sand DC\ because this pressure is counterbalanced 
by that of the water surrounding the lower part of the pump, 
and which is transmitted by means of the inferior orifice of the 
pipe. The power, therefore, has only to sustain the pressure 
exerted upon the surface DC by the fluid comprehended between 
RS and XY\ which pressure is equal to the weight of a. column 
of water whose base is CD and altitude the vertical distance be 
414. tween RS and XY. 

When the piston is above RS\ the surface of the water in 
the reservoir, then it is evident the water contained between 
DC and RS' does not press the piston downwards. But, as in 
this case it can only be sustained above R'S' by the pressure of 
the air upon the water surrounding the pump, and as this pres- 
sure is only capable of sustaining in equilibrium the contrary 
pressure of the air upon the surface XY^ it follows that the sur- 
face DC is charged with a weight equivalent to the column which . 
has DC for its base and CR' for its altitude. And this pressure, 
joined to that which is exerted upon DC hj the superincumbent 
fluid between DC and Jf F, makes the whole pressure upon the 
piston, as before, equal to that of a column of water whose base 
is DC, and height the distance between XY and R'S'. 

514. The sucking pump requires in its theory thie aid of other 
principles. We must enquire if under the proposed circumstan- 
ces the water can possibly be raised to the piston, and made to 
pass through the valve L ; for in some cases the water will never 
pass a certain altitude, how many strokes soever we give to the 



piston. To understand this, suppose ibat ihe water has been 
actually raised to T, and that the situation of the piston in theFig54ft, 
figure is the lowest which can be given to it; and, for greater 
simplicity, suppose thai the pump is of the same internal diame- 
ter throughout. U is obvious that the air comprised in the space 
CDTZ is of the same density and elasticity as ihe exterior air (al 
least leaving out of consideration the weight of ihe valve /-, am 
the friction attending its motion ;) for if its spring were less, the 
water would rise higher than ZT, and if it were greater, it would 
raise the valve L, and mix with the exterior air till both became 
of the same density. Suppose now that the play of the pisioi 
or the distance ihrougli which it is raised al each stroke, is DOi 
then when die base CD is raised to OQ, the air which previous!; 
occupied the space CDTZ will tend to expand and fill the space 
QOTZ; and, if the water did not rise, would actually be so ex- 
panded. Its clastic force would then be less than that of the 
natural air, in the ratio of CDTZ to QOTZ, or of DT to OT. 
If, therefore, this elastic force, together with the weight of the col- 
umn of water whose height is ZR, constitute a pressure equal lo 
that of the attnosphcre, or equal to the weight of a column of 
water of the same base, and at a mean 34 feel in height, there 
will be an equilibrium, and the water will not rise further; if 

|[s joint pressure is greater than that of 31 feet of water, tl 
Iter cannot be retained so high ; but if it is less than a ci 
ttn of 34 feet, the water will continue to rise in the pump. 
i 
ef 



£15. From these considerations we may readily invcstigatj 
IgeDerat theorem. 

Let a be Ihe altitude or vertical distance from the point to 
e surface RS of the water in the reservoir, p=OD, the play of 



e piston, and x the distance OT; then we have DT = 

and ST, ihe height of the point T, will be a — x. Since the a 

contained in CDTZ has the same density and elasticity a 

(xterior air, its force may be measured by a column of water a 

|l same base ZT and 34 feel high ; and because when ihis a 

10 expanded as to fill the space QOTZ, the clastic force willb 

• in the ratio of DT to 07", we shall have (rejecting the base o 

e column, as equally affecting every part of ihc process) this 

r force expressed by tlie fourth term of this pro(n>rtion, 
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X : X — p :: 34 : — («—/'•) 

But the force which the water, comprehended between ZT and 
RS^ exerts in opposition to the exterior pressure of the air, is 
measured by the height a — x\ consequently, the elastic force 
of the air in the space QOTZ^ together with the weight of the 
water between Zrand RS, will be expressed by 

Now iii' order that the water may always rise, this joint pressure 
must be less than the weight of a column of water 34 feet high 
by some variable quantity, which we will call y ; so that the fol- 
lowing equation must always obtain, namely, 

— ^= ^ + a — X = 34 — V. 

X 

The value of x deduced from this equation is ambiguous, being 
thus expressed ; 

a? = ia + iy ± V((4« + Of)' — 34 p.) 

Now, when the water ceases to rise, y vanishes, and the 
equation becomes a? = i a db v (t ^* — 34 />) ; of which the 
two values are real, so long as i a^ is greater than 34 p* Hence 
we conclude, that when one fourth of the squuire of the greatest 
height of the piston above the surface of the water in the reservoir is 
greater than 34 times the play of the piston^ there are always two 
points in the sucking pump where the water may stop in its motion ; 
and the pump must be reputed bad when the lowest point to 
which the piston can be brought is found between these two 
points. 

But if 34 p be greater than J a", the two values of a?, when 
y is supposed = 0, become imaginary ; so that in a pump so 
constructed it is impossible that y should vanish ; that is, the 
pressure of the exterior air always prevails, and the water is 
not arrested in its passage. Hence we conclude, secondly, that 
in order that the sucking pump may infallibly produce its effect, the 
square of half the greatest elevation of the piston above the wattr m 
the reservoir must always be less than 34 times the play of the piston. 
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I 516. This general rule may also be easily deduced geomei- 
the valve £ to be placed at the surface US of 
tbe water, the tube to be of a uniform bore, and YS to be the 
height of a column of water whose pressure is equal to ihai of 
the atmosphere; that is, YS = 34 feet. Let the water be 
raised by working lo A" ; then the weight of the column of water 
SJ<r, together with the elasticity of the air above it, exactly balan- 
ces the pressure of the atmosphere YS. But the elasticity of the 
air in the space OM, {QO being the highest and CD the lowest 
situation of the piston,) is proportional to VS. jttj.; atid, conse- 
queDtly, in the case where the limit obtatus, and the water rises no 
_furthcr, we shall have YS=zXS+YS. ^"^ 



OTV 



Transposing A'S, 



k have 



YS — XS or yjV = YS 



DJV 

OJV' 



ox : DJ^ :: YS : VA*; 



OV— ZJA-orDO : 
ieequently 



OA- :: YS— YX or X'S : YS; 



DO.YS=0^r. XS. 

Hence we see, that if OS, the distance of the piston in its highest 
position from the water, and DO the length of the half-«trokc, or 
the play of the piston, be given, there is a certain determinate 
height, as SK, to which the water can be raised by thediScrencc 
of the pressures of the exterior and interior air ; for YS is to be 
considered as a constant quantity, and, of course, when DO is 
given, O.V . A'S is given likewise. To ensure, therefore, the de- 
livery of water by the pump, the stroke must be such that the 
rectangle DO . YS shall be greater than any rectangle that caa 
jiinadc of the parts of OS J thai is, greater than the square t 

IS, by a well-known theorem. 
■Hence we deduce a practical maxim of the same import ail 
■ preceding, which is, that no sucking pump can nilsf water tffict 
(, miUsi llitfilaif vf Iht pislon in fett be urealer than the nquar^ 
u grealiet kdghl of ihe piston, iliviiier} by 1 36. 
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51 7. Resuming the equation 

and finding thence the value of y, we have 

y = zr — -' 

X 

Fi|.248. Now let AB represent the greatest height of the piston above the 
^- surface of the water in the reservoir, and AD the play of the pis- 
ton ; suppose the different portions AP of the line AB to represent 
the successive values of x^ and lay down upon the perpendicu- 
lars PJIf the values ofy which correspond to these assumed values 
of a? ; so shall we have a curve MMCj which, while } a* is greater 

f .^^ than 34/?,wiIl cut AB in two points / and I\ in such manner that 
the ordinates PM will lie on different sides of AB ; the ordinates 
which are on the right^JB shewing the positive values of y,and those 
which are on the left AB the negative values. We see, therefore, 
that so long as J a* is greater than 34 p iie pressure of the ex- 
terior air is strongest, until the water has attained the height BP. 
At this point F it will stop (the motion acquired being left out of 
consideration,) because the value of j^ is = 0. But if the water 
by the motion it has acquired continues to rise till it reaches 
some point between P and /, it will not stop there, but will des- 
cend, if the valve does not oppose its descending motion ; because 
the value of ^, being there negative, indicates that the pressure of 
the exterior air is weaker than the united pressures of the water 
and the interior air. If the water reaches the point /, it will stop 
there, for the same reason that it would at the point P ; but if it 
rises above /, there is then no reason to fear that it will descend ; 
for all the ordinates PM between / and A being positive, shew 
that in that portion of the pump the pressure of the exterior air 
exceeds the combined efforts of the interior air and water. 

518. When, on the contrary, the value of \ a* is less than 
Fig.249. jjj3^ Qf 34 p^ ii^Q curve will intersect the axis AB ^ all the ordi- 
nates are positive, and consequently the pressure of the exterior 
air is always the strongest. This confirms and illustrates what 
has been laid down in article 515. 



If the sucking pump were to be placed so high above thf 
isual surface of ihe earth (as at the top of a high mountain), or 
1 low beneath it (as in a deep mine), that ihe pressure of the 
Mmosplicre would be sensibly different from the assumed mean 
pressure equivalent to 34 feel of water, we must ihen in all Ihe 
preceding investigation change the co-efficient 34 lo ihai which 
would express ihe height in feet of ihe corresponding column of 
water. And ihcse equivalent columns may always be ascertain- 
ed by means of the height of the mercurial column in the barom- 
eter ; the propor'ion being this ; as 30 inches, the mean aUilude of 
the mercurial column, to 34 feet, the mean height of the column 
of water, so is any other mercurial column in inches to its cor- 
responding column of water in feel. 

51 9. In the preceding calculation the pump has been supposed 
of a uniform bore throughout ^ when this is not Ihe case the so- 
lution is rendered somewhat more complex, but not difficult. To 
calculate the effort of the interior air when the water has not 
reached the body of the pump, having only attained the height 

HJf, for example, we must use this proportion; as the space Fig- U5. 
QOVJVM! : the space CDVXMI : : 34 feel : a fourth term, 
which being added (o the weight of the column of water whose 
Iicight is J^H, ought again to be equal to 34 — y, as before. Be- 
sides, when the sucking pipe f G is of a smaller diameter than the 
body of ibe pump, if the conditions which we have before specifi- 
ed obtain, the pump cannot fail to produce the proper effect; for 
the air is dilated with more facility in this latter case than when 
the whole is of the same diameter. We need only add on this 
point, that if the length of the stroke in a uniform pump, which 
is requisite lo render the machine cffeciual, be greater than can 
conveniently be made, it may be diminished by contracting ihe 
Hamttrr oftkt sucking pipe in ike svbduplicale ratio of the diminu- 
tion oflht U^lh of the alrokt. 

520. As lo the effort of which the power ought to be capable 
to sustain the water at a determinate height YH, it will be meas- 
ured according to what we have said respecting the lifting pump 
by ihe weight of a column of water whose base is equal to CD, 
and height that of A')' above RS. Here, loo, we leave oat of 
consideratioD the friction and the weight of thep 
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531. The velocily of the water flowing from the snckiog 
pipe into the barrel should be equal to the velocity with whicll 
the piston moves. For if it be greater, less work will be doni 
than the pump is competent to effect; and if it be less, a vacuum 
will be produced below the piston, which will therefore be noved 
upwards with great difficulty. 
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Fig. 250. 522. If we introduce into a vessel of water or other liquid, 
the shorter branch of a recurved tube DEF^ called a syphmit and 
exhaust the air from this tube by the mouth or otherwise, the 
water will rise in the tube and flow out at F, until the surface of 
the fluid in the vesbel shall have descended to the opening D of 
the syphon. 

The reason of this phenomenon is, that when the contained 
air is withdrawn, the pressure of the interior air upon the surface 
AB causes the fluid to rise into the syphon and to flow through 
the branch EF. And although when the flowing has commenced, 
the air presses the fluid at the point F with a force very nearly 
equal to that which is exerted upon the surface of the water in 
the vessel, still a transverse lamina at jP is urged downward by 
the entire column of water /F; this column must therefore de- 
scend ; but in descending it tends to form a vacuum at /, which 
cannot fail of being filled by the action, always exerted, of the 
incumbent air upon the surface of the fluid in the vessel. 

It will hence be seen that during the discharge through the 
syphon the air acts only with an effort proportional to the differ- 
ence of level IF between jP and the surface of the water in the 
vessel ; so that the flowing will be so much the more rapid 
according to the difference of the two branches of the syphon ; 
thus if F and D were on a level, no motion of the fluid would take 
place. We say generally, that the branch EF must be longer 
than the branch ED ; but in using this language it must be under- 
stood that the vertical height of £ above F must be greater than 
that of £ above D. The absolute height is not concerned, DE may 
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rendered much longer than jDjP by being ma Je crooked ; so long 
as the point D is higher than f, the fluid nil) pass until it arriveA 
at D provided ihc height of £ above D does not exceed 34 Feet.! 



I 



Of the Stmm Engine. 



S23. The whole theory of ihe aUmn m^inc is I'ounded opi 
iwo principles, the devclopcment of the elastic force of aqiieom 
vapour by heat, and the sudden precipitation of this vapour b 
cooling. On account of the extensive uses of this machine in 1 
arts, wc shall here treat of it at some length. 

Although it is generally sufficient in mechanics to create a 
one force or motion, in order to be able thence to deduce alt 
aoris of moiioris, yet for the sake of distinctness we shall sup|)ose 
that it is proposed, in the first place, to draw water from a mine 
by means of a sucking pump TT. Here the point in question is Fig. isi.l 
to raise the piston P'. For ihis purpose \\c attach the piston rod 
a 3 chain applied to one of the extremities^' of a bent levec. 
rving about its centre C. It is evident, that if we attach to thi 
jsitc arm of the lever a similar chain represented by 4D, i 
Uonly have lo pull this chain, in ortler to raise the piston / 
ll draw the water into the body of the pump by the externa 
e of (he atmosphere. This being done, the valves placei 
Kthe bottom of the pump will close; and the apparatus bcim 
\ to itself, if ne su|>pase the weight of the piston P", legcilM 
1 that of the frame which supports it, lo exceed the t 
bght oTAD and P, it is evident that the piston P' will descew 
> the water by its own weight and cause the waier n 
b valve opening through its cenire; and having reached ll| 
Mtom of the liody of the pump, will separate this water entire 
Blhc water below. Then by pulling anew the chain JlD, ' 
^11 misc this water with the piston, and at the same lime dra 

e water inro the body of the pump; after which the f 
■1 descend by its own weight in the same manner as bcfoB 
on indetinilely. It remains then lo give the requisite ti 
n lo the chain ,'ID. Por this purpose nc attach its lower i 
Mtch. bZ 
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trcmitj D to anolbcr piston P^ moving like the first in the body of 
the puinp TT likewise cylindrical ; but suppose the bottom of 
the body of the pump, instead of being immersed in water, to 
communicate with an air pump by means of which the air in it 
can be exhausted. It is manifest that after the exhaustion the 
pressure of the atmosphere upon the upper surface of the piston 
P will tend to make it descend ; and will, in fact^ make it descend, 
it the whole elTcct of this pressure exceed the weight of the pis- 
ton P', together with that of the column of water to be raised. 
Now the piston P, having descended to the bottom of the body 
of the pump, let the air be admitted below ; then the pressure on 
the two surfaces will be equal ; and the excess of the weight of 
the piston P beginning to act, P will rise in the bore of the pump ; 
after which, if we make a new exhaustion under P, we shall 
cause P to descend and P' to rise, and we can repeat these mo- 
tions at pleasure. 

But it will be seen that the air pump could hardly be em- 
ployed upon so large a scale. To supply its place, we introduce 
steam into the body of the pump TT. The simplest mefhod of 
doing this, and which, (although it has not hitherto been most 
generally employed,) is nevertheless attended with some pecn- 
Fig. 252. liar advantages, is the following. Under the body of the pump 
TT, let there be placed a boiler PF, filled in part with boiling 
water, the steam of which being equal or a very little superior in 
elasticity to the pressure of the atmosphere, may be introduced 
at pleasure into the cylinder TT by turning a stop-cock /f, which 
opens a communication between the pump and the boiler. Let 
there be likewise at the bottom of the cylinder a small lateral 
passage FS, shut by a valve 5 opening outwards. Now the pis- 
ton P being forced to the bottom or nearly to the bottom of the 
cylinder 7T, and the space below being filled with air, turn the 
stop-cock R which communicates with the boiler. The steam 
will rush into the cylinder, and by its impulse, together with its 
elastic force, will in part expel the air remaining in the cylinder 
by forcing it to open the valve S. In this operation a great quan- 
tity of steam is suddenly condensed by the cold surface of the 
cylinder TTand that of the piston P, and being reduced to water, 
is made to pass out through a descending tube -BGS", recurved at 
the lower end and terminated by a valve 5^, opening outwards. 
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condcnsatlciii, and cofisequent lo*s of sicam produced by 
ig, will conlinuc until the piston and the portion of tlio cy- 
T siluntod between it find [he boiler, nretirought lo the tem- 
ittire of [he sieum itself. Then, [hi^ sleam preserving its elas- 
fopin under ihe piston P, counterbalances entirely or partly 
prcasurcaaf the atninspliore ujron its upper surface. The 
■xcess of wciglu in /". acting therefore without obstacle, causes 
/ P lo descend and AP to ascend, which [ends lo produce in the 
ylindcr a vacuum into which, steam rising from the boiler, con- 
tinues to enter, until ihe piston P, having reached its highest point, 
the cylinder is completely filled with sieam. Having obtained 
ibis limit, the steam opens the valve Sand escapes, a[ first slowly 
id in the form of a cloud, on account tjf i[5 mixing with the air 
drops of water. According as the air is expelled this cur- 
il becomes gradiially stronger and more transparent. When 
ilic operator perceives that this point is attained, lie (urns tack 
the slop-cock, and then ihc whole cavity of the puinp remains 
filled with pure steam which only wants to be condensed by 
idden cooling in order lo leave a vacuum under ihe piston P. 
condensaiion is effected by the introduction of cold water 
;h is made lo descend from an elevated reservoir Z through 
tube ZRJ', closed at R' by a slop-cock called the injection 
■.ock. Upon turning this, the cold water thrown into llic 
iinder TT, precipitales cn[irely or partly [he s[eam contained 
and it flows out through the tube EGS" with the water which 
itta from this condensaiion; then a vacuum being left under 
piston P, the pressure of the atmosphere causes it to descend. 
This pistkin is again raised by the introduction of fresh sleam ; 
for if, as we have supposed, ihc water in the boiler is kep( in a 
state of ebullition, ihe steam has an elastic force at least equal to 
that of the air, and consecjuently its hitroduction under the piston 
P is sulljcicnt to counteract the pressure of the atmosphere ; so 
(bat the excess of weight in P' will raise P as before. Bui on 
the other hand, the steam, if heated loo much, may by its elastic 
force cause the boiler to burst. To guard against this, we adapt 
lop of the boiler a safely valve. S", which opens outwards 
1 known cfTort. When ihc clastic force of the steam is 
or inferior lo that of the external air, the valve remains 
but when it becomes equal to that of ihc atmosphere 
rechtancc of the valve together, the steam escapes am! 
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no explosion is to be feared. Still, however, it is necessary that 
the boiler should be made stronger than this limit of resistance 
supposes. For when the steam rushes into the cold cylinder 
and is condensed there, this precipitation is so rapid that the 
new steam forified dt the same time in the boiler is not always 
sufficiently instantaneous to supply its place. F^a momenta 
vacuum is left in the boiler, and the pressure of the external 
air being no longer counterbalanced, the boiler may burst inward 
if its sides arc not sufficiently thick. Thb accident sometimes 
happens, but it may always be prevented by means of a second 
safety valve^ which opens inward whenever the external pressure 
becomes too great. 

From this explanation it would seem that when the engine 
was once in operation nothing would remain in the piston or body 
of the pump but pure steam or a vacuum. But it must be re- 
marked that the injected water has also some air combined with 
it which escapes into the body of the pump ; since it is found 
there in a highly rarified state, being heated to a considerable 
degree by the great quantity of heat disengaged during the conr 
dcnsation. Happily this air, being in small quantity, and con- 
tained in a small space, is easily expelled through the valve S by 
the first effort of the steam introduced into the cylinder. 

524. The apparatus which we have described is not precbely 
the one first invented. It appears that the original attempt was 
simply to employ the force of steam as a moving power. But the 
more ingenious discovery of the method of condensing the steam 
by cooling was not made until 1696; and the English attribute 
it to Capt. Savary, who published an account of it in a treatise 
entitled Tht Miner's Friend. The mode of applying this princi- 
ple was still very imperfect. In 1 705, Newcomen, another Eng- 
lishman, gave it the form which we have described, in which, 
under the name of the atmospherical engine it was a long time 
unprofitably employed. 

Nevertheless, with the progress we have made in mechanics 
and the natural sciences, it is easy to perceive that this engine 
had many theoretical defects. It was a great imperfection that 
it required an intelligent person to watch it for the purpose turn* 
ing the stop-cocks to introduce water and steam every time the 
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ifilon reached its litnil. A good machine ought atH'a;ys to tend 
itself by Dicans of the first moving power, wiihoiil auy foreign 
aid. Another great inconvenience was the introduction of Mesm 
into a cold cjhnder ; since a great io^s was thereby occasioned, 
and was repealed at each stroke of the piston, the cylinder being 
continually cooled by the injected water necessary for ihe prccip- 
^^^tion. But these defects, which in the present state of the sci- 
^^Bres we are so prompt to observe, could not at first have been .so 
^^Mrily delected. They were perceived and corrected in 1 764, by 
^^Bstt, the disciple and friend of Black. Being then at Glasgow, 
^Hbere he was employed as a mJlhcinalical instrument maker, be 
^^tfes directed to repair a small model of Ncwcomeii's engine, 
^"Wiich belonged to the University in thai city. In ihe course of 
his attempts to make its operation satisfaetory, he observed that 
it consumed more coal in proportion to its size than the larffe 
^_|^iiics. Being curious lo ascertain the cause of this dit- 
^Hkence, and wishing to remedy so great a defect. Wait made 
^^Bsierous experiments for the purpose of determining what sub- 
^^■hnce is the most suitable for the cylinders; and what are the 
^^WGt proper means of creating a perfect vacuum; what is the 
^^nipeniture to which water rises in boiling, under diiferent 
^^■esaurrs ; and what the quantity of water necessary to produce 
^^■given volume of steam, under the ordinary pressure of the at- 
^Hbspherc. He determined also the precise quantity of coal 
^^Hcessary to convert a known weight of water into vapiur, and' 
^^B quantity of cold water required to precipitate a given iveigl 
^^Kleam. These several points being once exactly ascertained, 
^^Kvas led to perceive the defei ts of Newcomen^s engine, ai 
^^^pasign the cause of these defects. He saw that Ihe steal 
^^Blld not be condensed so as to produce any thing like a va* 
^^Kuo, unless the cylinder and the water it contained, as well as 
^^Wt injected and that arising from the condensed steam, were 
^^Wtled down at least to the temperature of aboul 33% and that 
^^Ka higher temperature the steam had still an elasticity strong 
^^■Dttgfa to oppose a very perceptible resistance to the weight of 
^^■l atioosphere. On the other hand, when it is proposed to at- 
^^Bl non) pcrlect degrees of exhaustion, ihe requisite quantity of 
^^^Bclcd Witter is augmented in a very rapid proportion; and 
^^Bkc results a great loss of steam, when the cylinder is again 
^^■d. These facts led Watt to conclude, thau in order to effcdfl 
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the most complete vacuum possible, nviik tbe Icubl expense of 
steam, it was necessary that tbe cylinder should be kept con** 
ftantly as hot as the steam itself, and that the injection of cold 
water should take place in a separate vessel which he called the 
tondenser^ and whose communication with the cylinder was sud- 
denly opened at the moment of the injection. Indeed after what 
is now known respecting the equilibrium of fluids, it is manifest 
that, if the air be exhausted from the condenser, the steam from 
the cylinder will enter it, on account of its own elasticity, the 
instant a communication is opened; and an injection of wa- 
ter made at this instant, will precipitate not only the steam 
actually in the condenser but also on the same principle, 
all the steam contained in the cylinder, which, rushing into 
the vacuum, continually formed by precipitatk>n in the conden- 
ser, is converted almost instantaneously into water. It only 
remains, then, to remove this water and disengage the air, in 
order to preserve always a vacuum in the condenser. Watt 
constructed a pump in such a manner as to be moved by the 
engine itself and which played continually in a tube void of air, 
the lower part being immersed in the water of the condenser. 
Finally, the condition of keeping the cylinder hot could not be 
fulfilled while there was a free admission of atmospheric air to 
the interior of its upper surface, which in the apparatus of New- 
comen, caused the piston to descend ; especially, since in order 
to prevent the passage of the steam between the cylinder and 
piston, the latter was ordinarily covered with a stratum of cold 
water which kept the interior of the cylinder wet. Watt con- 
ceived the bold and ingenious idea of dispensing entirely with the 
pressure of the atmosphere, and making the piston descend by 
the force of steam alone, by introducing it alternately above and 
below, and causing at the same time a vacuum in each case in 
the manner already described. Then he enclosed the rod of 
his piston in a collar of ^leather to prevent all access of air to 
the interior of the cylinder; and emploj^ing steam of an elas- 
ticity equal or even a little superior to the pressure of the at- 
mosphere, he obtained alternately above and below the piston a 
force equal, or a little superior, to the atmospheric pressure* He 
was then abhe, by substituting stiff rods for the chains .^P, ^P'y 
to produce a force in both directions ; whereas, in Newcomen's 
engine, the time during which the piston was ascending in the cy- 
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idcr, was entirely losl so far as the sleam was concerned, bince 
it was raised simply by liie excess of weight on the other a 
the large lever. Here was a saving Ixtlh of lime and expensi 
for the piston was accelerated each way by steam, aod I 
(juaDtiiy of fuel employed to keep it hot, during its ascent, wu 
not wasted. Watt took care, moreover, to surround the cylin- 
der with a case of wood, or some other substance whicli is a now 
conductor of heat; into the interior of which, he also occa^ 
sionally introduced the steam as a means of warming it. He 
^cwisc used so much ccoitomy in the construction of I 
xnl parts of his engine, that he succeeded in saving I 
i pf tl»e steam employed by Newcomcn. The slcai 
Jgine, thus improved, is represtDtcd in figure 3^3, ihe < 
pnation of wiiicb will now t>c easily understood. fD j 
I boiler, iii which the water is converted into steam by i 
Mtt of the furnace below. This boiler is sometimes madf 
I copfjcr, but mure frequently of ijon. lla bottom is c«^ 

ind ibc ilame curls around it. Towards the lop, 
E a safety valve S" fitted to rrsist a greater or less effort before** 
iniog, according to the degree of elastic force to be em- 
byed. That the conver>tou of water into steam may be con* 
!, it is necessary thai the water in the boiler should be Icep) 
raya at the same level, and conseijucnily that it should I 
iplied as fast as it is vaporized. This is cITcctcd by : 
, which supplies lh>' boiler from a small reservoir i, dllef 
with water, already healed, which the pump ( t takes from ihl 
condenser and forces into the lateral pipe'*''. But in ordd 
^introduce this into the boiler only when it becomes necessary 
^ apper oriiice of the tube n v is closed by a stopper, which II 
r lowered by means of a small lever a h ; and at lh< 
|ep arm A of the lever hangs a wire b m, drawn downwards bjl 
ir«igbt m, which is so adjusted in the boiler as to keep oa^ 
I with the upper surface of the water. Then if llie watq 
a below this level, the weight m, which it supports in part, n 
icend with il ; the lever turning will raise the stop]>er, i 
r the water to pass into the boiler; but as soon as ihc lc» _ 
e>es[ablishcd, the lever a b will again become horizontal, and 
a iha stopper lo its place. From the top of the boiler pro- 
ids the steam tube fT, which conveys the steam to the top o£ 
b cylinder TT, by (he ralve S, ami to the bottom, by ( 
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valve 9. The communication between S and S^ is effected hj 
means of a curved pipe, whose plane of curvature is perpendic- 
ular to the plane of projection in figure 253. One part onlj of 
this pipe is represented in this figure ; in order that the two valves 
S'^ S^^^ may be exhibited, of which we are presently to speak; 
but the whole may be seen in figure 354, where it is presented in 
profile. The valves S"^ 9"^ are those by which the steam of the 
cylinder is brought into communication with the condenser, on 
both sides of the piston ; and they are opened and closed at proper 
times by the engine itself, with the aid of two small projections, 
1, 2, attached to the rod 1 1 of the pump which serves to exhaust 
the condenser C. This opening is effected a little before the 
piston has completed its vertical motion, and the communication 
is then established between the two surfaces, in order that the 
equality of pressure thence resulting may weaken the effort 
which would be made if it were exerted on one side only, and 
prevent the sudden jar which would follow from the piston^s 
striking with its full force against the bottom of the cylinder. 

These are the principal conditions relating to the action of 
the steam, but there are others which relate to the manner of 
directing this action. Indeed, a bare inspection of the figure 
will s^how that the rod of the great piston and that of the pump 
which exhausts the condenser, being both inflexible, cannot be 
attached immediately to the large lever ^B\ for each point of 
this lever, describing an arc of a circle about its centre of rota- 
tion, would tend to change the point of attachment from a ver- 
tical direction, and this effort would break the engine. It is on 
this account, that, in the engine of Newcomen, where the piston 
only acted in its descent, its communication with the large lever 
was made by a chain applied to the arc of a circle. But in the 
engine under consideration, the inflexibility of the rods requires 
some other mode of communication. Mr Watt effected this by 
means of a particular assemblage of metallic bars, moving upon 
one another, and which compensate by their action, for the want 
of perfect verticality in the motion of the large lever. The figure 
represents also, several other useful appendages to the engine, 
such as flies to regulate its motion, and wheels to transmit it. 
There is also a very essential part designated by G, and called 
the governor. It consists of a vertical rod which is kept contin- 
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I carnca a 

Eummit a parallelogram formed of meiallic plales, turning free- 
ly one upon the other, in such a manner ihal this parallelogram 
may oprn more or less in a horizontal direction, according 
ihe plales diverge more or less from the axis. This div 
ence is produced by the centrifugal force exerted by the a 
in turning, under the influence of the engine, with greater or li 
rapidity ; which causes the upper vertex of the parallelogra 
to be depressed when the engine moves more rapidly, and c 
evaied when it moves more moderately. In order to give g 
er force to this ascending and descending molion, the exireml- 
lics of the plates are loaded nilh spheres of solid metal, and 
exeri (heir power upon a lever, whose other brar 
cales with a plate placed transversely in the passage tbroii| 
which the steam passes from the boiler to the cylinder ; so ihi 
when the engine works too slowly, the plate turns in i 
Diauner as to give a freer passage to the steam ; and, ( 
other hand, if the engine moves loo rapidly, the plate li 
position more nearly in a transverse direction, and diminishes 
the passage through which the steam has to pass. Thus the 
engine is made to govern and regulate itself, in such a manner 
as to preserve in its motions that uniformity which its purpose 
re<)uire- There are many other details which would furnis| 
matter for curious speculation ; but these details, belonging 1 
the mechanism, must be omitted hero, to make room for some 
other particulars, no less important, relating to the principles 
of the machine. 

625. The most essential of these is the determination of tl 
ipcraturc, at which it is most advantageous to employ t 
In fact, the higher (he temperature is, the greater wilf 
be Its elastic force, and consequently the greater will be its 
effect upon the surface of the piston, the vacuum being always 
the other aide. From the experiments of Southern, Clement, 
■nncs, and Dcspreiz, it has been found that the total quantity 
'beat necessary to change the same mass from water to a state 
of vapour, is very nearly if not quite the same for all tempera* 
tures. According to this principle, then, it will not be necessary 
to consume more fuel in order to form a given weight of steam 
of a higher temperature and more clastic, ihau is re()tiirec 
Mtch. 
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for the same weight at a lower temperature and less elastic. 
But while the steam is raised to a higher temperature, it becomes 
also more dense ; so that considerably more weight is necessary 
to fill the same cylinder, than when its temperature is lower. 
This second circumstance, therefore, requires in the same ma- 
chine, a greater quantity of fuel, according as the temperature 
of the steam is increased ; so that it only remains to ascertain 
whether this increase of fuel is, or is not, compensated by a 
corresponding increase of elastic force. Now this point is easi- 
ly decided, if we reflect that the vapour of water and that of 
other liquids, so long as they exist in a state of vapour, are sub- 
ject to the same physical laws of compression and dilatation, as 
the permanent gases. Accordingly, let w represent the weight 
of a cubic inch of aqueous vapour, such as it would be, if it 
were capable of being reduced to the temperature of melting 
ice, and under a barometric pressure of 99,92 inches ;t and let 
v/ represent the weight of an equal volume of the same vapour, 
as it would really exist at another temperature /, and with the 
elastic force F, equal or inferior to the maximum density be- 
longing to this temperature. If we put if = f — - 33, or the 
number of degrees distant from freezing, according to the laws 
of the dilatation of the permanent gases, we shall have 

wF 



29,92 (l+t'. 0,00208)' 



All the experiments of philosophers upon aqueous vapour, and 
those of Despretz upon the vapour of several other liquids, 
show that this formula is really applicable to them ; so that we 
may safely employ it for the purpose under consideration. Now 
calling d the quantity of heat necessary to convert 1 5,5 grains 
TroyJ of water, in a liquid state, at 32^, into vapour, having the 
temperature tf\dixf will be the absolute quantity of heat neces- 
sary to form the weight u/ of such a vapour ; and consequently 
if n be the number of cubic inches contained in the cylinder 
to be filled, the ^whole quantity of heat necessary for this pur- 
pose, will be 

Cfitr F 

'»,92 (!+<'. 0,00208) ' 



t Or, mofe aeciintely, 16,444 grams, or one gramme. 
\ Equl to 0,76 of a metre. 
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; Having thus brought into aa f^uation all the difierent ele* 
pis from which this expenditure of heat result^ we are able 
lenal^se the several effects produced b^ them. In the first 
pee, according lo the experiments of Clemeni, Southern, and 
Despreiz, before mentioned, c' is sensibly constant at all tempe- 
ratures al which we have jet been able to make observaiions, 
and accordingly ihe expenditure will be always the same. As 
lo the elastic force F, we know thai il augments according as 
the temperature is raised. But it will be seen by the formula 
thai ifae density m', and consequently the expenditure of heal, 
increases in proportion to F. Consequently iT we take away the 
factor (1 + I' . 0,00208), arising from ihe dilatation produced by 
the increase of temperature, the expenditure necessary to pro- 
duce the force F will be exactly proportional to this force, and 
we shull neither gain nor lose any thing by giving it a greater 
or less energy. But the influence of the factor (I + (' . 0,00208,) 
which increases as the temperature is raised, dtminisbes ibe 
expenditure in question, in proportion as the temperaliire be- 
comes higher; for if we operate, for instance, at 3t3^, (his factor 
f f^bccomes *7*4999'; and if at 320'-', it becomes 4,60900"; so that 
the relaiive expenditure in this last case, compared with that in 
the 6rst, with the same elastic force, is nearly in the ratio of 
f~ IT to nre, or nearly of 6 lo 7. Such then is the saving of heat 
-tf that may be made in the formation of steam in the extremes of 
temperature at which we have as yet operated. Accordingly if it 
were (rue that high pressure engines have, over those of the ordi- 
nary kind, an advantage as great as has been alleged, it must be 
sought in something else beside the saving of fuel. But in order 
to judge correctly of these engines it is necessary to take into 
consideration another element, namely, the ulterior developcment 
of clastic power, which the steam thus formed is capable of fur- 
nishing, when, after having been employed with its primitive 
energy in the first cylinder, it is made to pass into another larger 
cylinder where it dilates, undergoing a reduction of temperature 
at the Bftme time, in such a manner as always to fill the space 
iolo which it is received, until at length it is condensed into w aier, 
when it no longer has an elastic force, cither equal or inferior to 
the pressure of the atmosphere. Il is manifest that this niterior 
developcment of force must, in order that the whole cfi'cct may 
be appreciated, be added lo the mechanical [>ower :ii ihe 
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commencement ; and it is no less evident that it offers a peculiar 
advantage to engines in which the steam, before being condensed, 
is employed at a high temperature. Nevertheless, the numerous 
experiments which have been made within a few years upon 
engines of this kind, some of which have been accompanied 
with careful measurements, have not seemed to confirm, so much 
as might have been expected, the favourable view we have given 
above ; and if they have taught us a real saving of fuel, when 
considered with reference to the force actually developed, this 
saving does not appear to exceed the narrow limits just assigned 
to the effect of the heat of dilatation. So small an advantage 
will be far from compensating for all the additional precautions 
required in such engines, the dangers incurred and the numer- 
ous causes of waste to which they are liable. It is necessary, in 
the first place, to make the boilers, cylinder, &c., very strong, 
that they may resist the expansive force exerted by the steam. 
It is likewise necessary to give greater perfection to the pistons, 
and to apply more frequently some lubricating substance to 
preserve the contact. Repairs are in consequence often required, 
and the value of the engine is sensibly diminishedtm this account. 

Attempts have been made to remove this great inconvenience 
by an expedient formerly employed to perfect the first ioyentioa 
of Savary. It is this ; the piston, instead of being in immediate 
contact with the aqueous vapour, which melts and dissolves the 
grease with which it is impregnated, receives its motion through 
the intervention of a column of oil, or some other unctuous sub- 
stance not easily evaporated, on which the steam is made to act 
by pressure. For this purpose the cylinder in which the piston 
plays is enclosed in a larger cylinder with which it communi- 
cates, and which contains the oil. The oil rising and falling 
continually in the interior cylinder keeps it always lubricated. 
But although this ingenious arrangement may be sometimes 
adopted with advantage, it could not be used at high tempera- 
tures ; for, according to the judicious observation of Mr. Watt, 
the oil would be decomposed by the dissolving power of the 
steam. 

It has likewise been proposed to construct high pressure 
engines having a very great power with very little bulk, by em- 
ploying small boilers ' strong as to resist the most 
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■^^frcrful pressure, irhile tbcy admit of being heated, as it were^ J] 
I r«l hot; whereby steam would be obtained of an excessively 
high temperature, and which, developing itself by its expansive 
force in the great cylinder would possess even after ils dilaia- 
tioD an elastic force sufliciently energetic. ■ A similar arrange- 
ment was likewise attempted formerly, in order lo furnish steam 
for Savary's engine ; but i( does not appear lo have been found 
profitable enough lo be continued in use ; and after the calcul{k>J 
lions we have made on the expenditure of heat employed in thttfl 
formation of steam al every lemperalurc, it seems improbab]«il 
that a sufficient saving can be made in such engines to compeo* 
sale for iheir inconveniences. Advantages of a dilTerent kind 
might be realized, if we could succeed in employing, without lou,_ 
some licjuid diOcrent from water, having a much greater elasti^f 
force at the same temperature. fl 

One inevitable consequence of employing high tempcraturoS 
is, ihal the loss of heat by radiation is much greater, and thiiM 
makes an important item In calculating the results. To fonftl 
an idea of the diminution of etfcct arising from these different 
circumstances we are to remember that according (o I-avoisier 
and Laplace, 1 gramme or 1 5,444 grains Troy of charcoal, deve- 
lopes in burning 13038 degrees of heal by Fahrenheit's scale, osfl 
about 9^ on VVeilgewood's. Now 15,444 grains of water at tlKa| 
temperature of 212^, by being converted into steam abBor4> * 
1020,6° by Fahrcnheat; then 15,444 grains of charcoal would 
reduce to steam 200 grains of water, on the supposition that no heal 
^^u lost, and that the water is already brought to the temperature— 
^Bk913°. But after a grcRt number of experiments made upon thol 
^Hpst perfect engines and the bcM constructed furnaces, Mr ClemH 
^^nit found that 1544,4 grains of charcoal does not produce morJB 
than 6 or 7 times as much steam, and 1544,4 grains of the be^l 
fos!iil coal never produces more than 6 times as much sleamM 
^^■rliencc it will be §ecn that nearly half the heat is lost by radia- 
^^Hn, and the conducting power of the boiler and the surrounding 
^^Adies. The loss is without doubt still more considerable in 
^^■^ines of a high pressure. « 

^^ft fiS6. When wc know the elastic force of (he steam introduced 
^^Bfder the surface of the piston, it is easy in esiimatp the whofafl 
^^Hnsure resulting from il ; but in (hist estimate tt is necessary (41 
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take account of the tension of the steam which remains on the 
other side when the vacuum b not perfect. After all, this esti- 
mate fails of giving the primitive energy of the power employed, 
and much less the part which remains to be disposed of after all the 
friction is overcome and the different parts of the machine are put 
in motion. This useful part of the force can be measured a jnm^ 
teriari by the effect which the whole engine produce^. Ordina- 
rily we compare the effective power of an engine with that of a 
certain number of horses of a medium strength, and the force of 
the engine is estimated accordingly. By a great number of ez« 
periments of this kind Watt and Bolton supposed that a horse 
of ordinary strength, working 8 hours a day, would raise 3300 lb. 
avoirdupois one foot per hour. Smeaton made the estimate 
2300, and Clement about 1300. If, therefore, we divide the 
number of pounds that a steam engine will raise one foot (or, 
which is the same thing, the product of the number of pounds 
into the number of feet elevation), by the number representing a 
horse power, the quotient will be the number of horses to which 
the engine is equivalent. There are engines of the power of SO, 
SO, &c., horses. The most powerful engine that has yet been 
constructed is that employed in the mines of G>mwall. It has the 
power of 1010 horses, and serves to drain by pumps a mme 590 
feet deep. It is evident, that the power in questk>n is all that 
needs to be estimated ; for we can apply it to the raising of wa- 
ter, the turning of spindles, or to any other purpose that requires 
such a force. The transmission of the primitive motion can be 
effected by mechanical means and instruments of which we have 
already spoken, and which need not be again described. 
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Oft the Measure ofForct). 

VsKtameof living forcci has been applied to the forces of bodlcB 
in motioo, aod Ihal of dead foreti to those, nhicb, like a simple 
preuure, suppose no actual motioo in the operating cause. 

There nas, for a considerable time, a differeoce of opinion 
giBiong> mat he malic iaos in regard to the measure of li-aiag force*^ or 
the forces of bodies in motion. Some affirmed that these forces 
ought not 10 be measured hy the product of the mass into Ihe veJo- 
<My, accordinj; to the rale (hat has been given, but by the product 
of the mass into ihe square of Ihe velocity. As this dlS'ereDCe in 
the estimate of forces may be deemed of great importance in D 
cbanics, it (fill be proper to make a few remarks upon it. 

It is altogether unimportant nhether we measure the force 
bodies ID motion by the product of the mass into tbe velocity simply, 
or by the product of the mass into the square of the velocity, pro- 
Tided that in the two cases wc assiga different signiticatioDs to the 
word /ore*. When we assume as the measare of force, the product 
of the mass into the square of the velocity, we mean by the term ' 
force Ihe number of obstacles which a moving body is capable of 
overcoming 1 il is certain that the number of obstacles which mov- 
ing bodies of equal masses are capable of overcoming is proportional 
to the squares of the velocities. For example, if the body .1 has Rg. Si5. 
precisely the velocity necessary to close the spring ACB, an eqnal 
body M will require only double lliis velocity lo close four springs, 
each equal lo JICB. For, in the first instant, for example, the body 
•V advancing with a velocity double that of A, will close the four 
■priogs, considered as one, twice ns much as .'I would close its tin- 
gle springi each of the four springs then will be closed only half 
p tnacb as ACB, and consequently will have opposed daring thli^ 

ut ft resistance only half as great as that of ACB ; all the f«V 
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springs, therefore, in being each redaced the same angular quantity 
as ACB is reduced, will oppose only double the resistance. In the 
same manner it may be demonstrated that, in the succeeding in- 
stants, the resistance opposed by the four springs in being closed 
each the same angular quantity, as that by which ACB is closed in 
one instant, is always to that opposed by the single spring ACB^ in 
the same instant, in the ratio of the velocities belonging to the two 
bodies ; therefore a Telocity double that required to close one spring 
is sufficient to close four springs. Thus the number of springs closed, 
which are 1 and 4, are as the squares of the velocities 1 and 2 neces- 
sary to close them. 

We see then that the number of obstacles which bodies in mo- 
tion are capable of overcoming increases as to the squares of the 
velocities. £ut by the term force ought we to understand the nmi^ 
her of obstacles ? Is it not much more natural to consider it as denot- 
ing the mm of the resistances opposed by these obstacles ? For it is 
not merely the number, but the value of each obstacle which des- 
troys motion. Now in this case each instantaneous resistance being 
evidently proportional to the quantity of motion destroyed by it, 
(on which point all are agreed,) the sum of the resistances will be 
proportional to the quantity of motion destroyed. If then by forct^ 
we understand the sum^ and not merely the number of the resistances 
which a moving body is capable of overcoming, the force is propor- 
tional to the quantity of motion. From this principle it has likewise 
been inferred that the number of resistances overcome are as the 
squares of the velocities. The question then is in reality nothing 
more nor less than a question about terms, and reduces itself to find- 
ing the meaning of the word force. As to this point we are per- 
fectly at liberty, provided we employ that which we take for the 
measure of force agreeably to the idea which we attach to the 
term force, we shall always arrive at the same results. We shall, 
therefore, continue to take for the measure of forces the product of 
the mass into the velocity ; and consequently by the force of a body 
we understand the sum total of the resistances necessary to exhaust 
its motion. 

II. 

On the Compressibility of Water. 

The phenomenon of the transmission of spund through water and 
other liquids had loi^ indicated that they were capable of being 
compressed. Canton, an EngU^* '>her, clearly detected this 



properly by observiDg the volume occupied by a subslaocc compos^^ 

ed of oil, water, and mercury, first placed ia a facuiitUt and nfter- 

warris exposed to the pressure of the atmosphere ; but the resulla 

^■tbicb he obtnioed, though exact in themselves, were, however, 

^^k^te to he affected by the accidental variations oflbrm and lempc' 

^^■tnre to nhich the apparatus was subject. M. Oersted completely 

^Bnnoved these dilficullies by plunging the liquid to be compressed, 

' toi^ther with the vessel containing it, into another liquid to which 

the pressure was applied, and throng;h which it was made lo pass to the 

interior liquid without changing the form of the vessel, since it acted 

equally wilhln and without. M. Oersle<l found likewise that a pres- 

Bure equal to the weight of the atmosphere produces in pure water a 

diminutioD of volume equal to 0,00004f> of its original volume. The 

experiments of Canton gave 0,000044. M. Oersted found hy varj 

ing the pressure from J of the weight of the atmosphere to 6 attnt 

spheres, a change of volume sensibly proportional to the pressai 

Later experiments, made by Mr Perkins, seem to show that this pi 

portJanalily continues when the pressure amounts to 2000 almi 

pberes. Before the wuler, however, is entirely freed from 

r nation of volume, produced hy the pressure, is al first so 
Jr F*rapav enclosed in gloss tubes, bent and sealed, differc 
chemical products which were capable of developing gases hy ihfll 
multial comhinalion. He introduced Ihem into (he tubes in suchl 
mitnner that they remained separate in the different branches 4 
each lube, and were not mixed until the tube had been sealed, 
tlie gns developed in each lube was found to he confined lo a tin 

Trtlume, to which it could be reduced only by the action of a 

lersble pressure ; this pressure causes It to liquify in the follow- 
I. 1. Sulphurous ncid produced by Ihe action of sulphuric 
Id oti mercnry. S. Sulphuretted hydrogen produced hy the action 
'lydrochloric acid on Ihe sniphurel of iron in fnigments. 3. Cur- 
ie acid produced by the action of sulphuric acid on carbonate of 
imonU. 4. Oxide of chlorine, produced by chlorale of potash and 
Iphuric acid. 6. Ammonia disengaged from the combination ("^ 
Mtch. $i 



III. 



On the Condtfualion 0/ Gases into LiijuitU. 
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this sabstance with chloride of silver, &c. In each experiment the 
branch of the tabe containing the mixture was warmed^ while the 
other was cooled with moistened paper. 



IV. 

On the Construction of Valves. 

A VALVE is a kind of lid or cover to a tube or vessel, so contrived 
as to open one way by the impulse of any fluid against it, and to 
close, when the motion of the fluid is in the opposite direetion, like 
the clapper of a pair of bellows. In the air-pump this purpose Is 
effected by means of a strip of leather, bladder, or oiled silk, 
stretched over a small perforation in the piston, and ordinarily in a 
507. plate at the bottom of the barrel. 

In common water-pumps the valve, or suckerj as it is often called, 
is a thick piece of leather pressed down by a small wooden weight, 
and turning on the flexible leather as a Unge. It is represented at 
£, figure 245, &c. In the best metallic pumps for raising water the 
valve consists of a metallic cone with a stem and knob, as represent- 
ed at L in figure 247. The conical part is ground so as to fit accu- 
rately the rim of the opening in which it plays, and unlike other 
valves, it is rendered tighter by use, and is less likely to be ob- 
structed by foreign substances contained in the water. 

Mr Perkins invented a pump having a square bore, in which the 
valve consists of two triangular pieces of leather loaded with 
weights, and turning on a metallic hinge placed diagonally across 
the bore. Mr Evans adapted a similar kind of valve to the common 
pump of a circular bore, the form of the valve being a semi-ellipse. 
The chief advantage of this construction is, that there is very little 
obstruction to the motion of the water, and consequently less loss of 
power, than in the common pump, where the space, left for the pa8> 
sage of the water, bears a less proportion to the whole bore. 
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On the History and Ci/nslntelton of the Baronultr. 

The barometer takes its origin Trom the eiperimcnt of Torri- 
celli, wbo in consequence of the su^estioa of Galileo with reg'ard 
to the ascent of water in pumps, proceeded in 1 643 to make eiperi- 
ffleols mth a tube filled ivith mercury, conjecluriDg tbat as this 
dnid was about tLtrteen limes henner tbaD water, it would stand 
at only one thirteenth of the height to which ivaler rises in pumpa, 
or at about ttiirty inches. He, therefore, filled a glass tube about 
three feel long with mercury, and upon immersing the open end in 
a vessel of the same fluid, he found that the mercury descended in 
the tube, and stood at about twenty-nine and a half Roman inches, 
and this vertical elevation was preserved, whether the tube was 
perpendicular or inclined to the horizon, according to the known 
laws of hydrostalicai pressure. Tbb celebrated experiment was 
repealed and diversified in several ways with tubes filled with 
Other fluids and the result was the same in all, allowance being 
made for difference of specilic gravity, and thus the weight and 
pressure of the air were fully established. Such, however, was the 
force of prejudice that many refused to yield their assent till, at the 
suggestion of Pascal, the experiment was performed at different 
heights in the air with such results as led no longer any doubt upon 
the aobjecL 

Oreat care ia necessary in the construction of the barometer. 
The lube aAer being cleansed as perfectly as possible, is to be grad- 
aally heated, and to be kept at a pretty high temperature for a con- 
dderable time, for the purpose of ex|>elling all moisture (hat may 
be found adhering to it. The mercury is then to be introduced ; a 
small quanliiy only is first poured in by means of a fine funnel and 
thoroughly boiled in order to free it from airj then another portion 
4f added, and so on till the tube is filled. It ia afterward to be care- 
'4i>Uy inverted, and the open end immersed in a cistern of boiled 
aercury. 

The lube and cistern is enclosed in a metallic or wooden frame- 
work, containing the graduations and some necessary appendages. As 
the mercury rises and falls in the tube by the Hucluntions of the 
atmosphere, its surface varies also In the cistern. But the gradua- 
tloa is intended to mark the exact length of the column, reckoned 
from (his variable surface. If a horizontal section of the tube and 
Gbtem have a constant ratio (o each other throughout the extent 
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embraced by these changes, a correction conld be readily applied. 
Suppose, for instance, that a section of the cistern is 'one hundred 
times that of the tube, or that their diameters are as 1 to 10, and 
that the surface of the mercnry in the dstem coincides with the 
point from which the graduations commence when the mercary in 
the tube stands at 30 inches. The correction would be one ban- 
drcdth part of the difference from SO inches, and additive or sub- 
tractive, according as this difference was below or above 30. 

It is usual, however, in the best barometers to bring the snrfoce 
of the mercury in the cistern to the point from which the gradua- 

Fig, 232. tions commence by means of a screw F, acting on a flexible piece 
of leather which forms the bottom of the cistern. We are able to 
tell when the desired coiiMdence is effected by means of a mark on 
a piece of ivory floating on the mercury and sliding over a fixed 
object having a corresponding mark. Sometimes the cistern is of 
glass, and the point of commencement of the graduations is marked 
upon it, or (which is much better) Is indicated by the contact of 

rig. 231. a sharp ivory pin P, inserted in the cap, and descending into the 
interior of the cistern* 

There are varltus kinds of portable barometers constructed for 
the purpose of measuring the heights of mountains. The latest and 
most convenient is represented in figure 232. It is of the syphon 
form, and was Invented by Gay-Lussac The barometer being filled, 
the extremity of the shorter branch Y is hermetically sealed. In 
this state the barometer is inaccessible to the external air, and con- 
sequently is incapable of indicating the changes of pressure in the 
atmosphere ; but to open the communication, we draw out, by means 
of a blow-pipe, a small portion of the glass near the middle of the 
shorter branch, on the inside, and form a fine capillary tube, which is 
suflicient to admit the air but does not allow the mercury to escape, 
on account of the force with which it repels it in virtue of its capil- 
lary action. The difference of level between the two extremities 
5, A*, of the column being observed, it is reversed, and a part of the 
mercury enters the longer branch CX, and fills it, the rest falls into 
the shorter branch CY^ but cannot escape for the reason above 
mentioned. It may then be carried in this position, being always 
open to the air, but not to the mercury. 

This barometer may be enclosed in a cane and transported with 
great ease and safety. A small thermometer is appended, as in 
other cases, for the purpose of measuring the temperature of the 
mercury. By contracting the tube near the two ends we prevent 
all danger of its breaking by any sudden motion in the column of 
mercury. 
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observing regularly the height of llie barometer for 
Ic period io Ihe same place, tve fiod thai it Aoes not remnlnj 
coDataotly Ibe same. For some time nfrer Ihe instnimeDl 
veoteil it was supposed that Ihe mercury stood higher just befon4 
rain, aod lower during fair neather. Reasons were assigned for this 
supposed fact- U was said, that nhen it is about to rain Ihe sir is 
charged with water, and consequently that the weight of the atitio- 
iphere is more considerable ; and that, on the contrdry, this tveight 
must be less in fair neather, because the air is then relieved from 
a certain part of the moisture contained in it Unfortunately for 
this hypothesis it has been found more recently, that the quantity of 
wnter which the air is capable of containing, increases with the 
temperature, so that in summer it contains, for Ihe most part, more 

Idler than in winter, although there is less fair weather in winter 
an in summer. It appears also that the vapour of water is lighter 
lUi ibe same volume of air, when Ihe same elastic force is exert- 
I ; that is, if we substitute for a cubic foot of air, taken at a certain 
height in Ihe atmosphere, a cubic fool of aqueous vapour, of Ihe 
same temperature and ela^licily, the vapour will weigh lees than 
Ihe air, and will consequently eiert less pressure upon the barome- 
ter. We hence draw a conclusion the reverse of that which thmM 
lirst observers of Ihe barnmeler uiidertoolc lo maintain, namely, thatv 
the rise of the barometer indicates fair weather, and its fall, raln.^ 

Itiis is in fact agreeable lo obseiratioo in ordinary cases. But it mtut 
ft confessed that the reason now given is but little better tlian that 
B have been combating. 
, The vnriulions of Ihe barometer nre different in different placts. 
ley are almost nothing upon the tops of high mountains, and be- 
fcen Ihe tropics; even in the temperate zones Ihey nre never 
ery groal in calm weather. But Ihe barometer almosi always de- ■ 
scends rapidly before a violent storm, great changes taking place I^M 
a lew hours. On this account the instrument is particularly usefdH 
at s^rt. J 

By comparing observations made at dilTerent and remote placeij 
wc discover n remarkable correspondence, which shows a simulCaJ 
^^eousnesa in the mniinns of the atmospheric strata Ihul would hnidljfl 
^^■ue be«n expected. Still this correspondence is far from beltMS 
^^Brfecl, especially as to the quantity of the change. fl 

^^^ By esnmining a long series of observnttons maile In Ihe siim»J 
^^Kcc, we shall perceive amid all Ihe acciilcntn] irregularities, that 
^^^pre is a general tendency, occiMing periodically, lo rise and fall 
^^KccrtHin hours of the day. By a flbg series of observations, direct- 
^H^to thii point, M. Rnymond disconred, that in Fnuicc ihe buruneJ 
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ter attains its maximam elevation about 9 oVlock A. M., aAer which 
It descends till i^bout 4 P. M., when it is at its minimum ; from thli 
time it rises till near 11 P. M. when it reaches its maximum again, 
after which it commences a downward motion till 4 A. M. ; and 
thence it begins to return to the state first mentioned. This march 
is often deranged in European climates, where the atmosphere is so 
Tariable ; but under the tropics where the causes widch act upon 
the atmosphere are more constant, the periodical changes are regu- 
lar, and to such a degree that, according to Humboldt, cme maj 
almost predict the hour of the change at any time from a single eb- 
aenration ; and what is verj remarikable, these changes, according 
to the same distinguished philosopher, are not a£fected by any atmo- 
spherical circumstance ; neither the wind, nor rain, nor £dr weather, 
nor tempests, disturb the perfect regularity of these oscillations. They 
are found to be the same in all weathers and at all seasons. For 
further particulars relatire to the construction of the harometer and 
the theory of its fluctuations, the student is referred to DaniePs 



THE END. 
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